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Abstract

This thesis is dedicated to the study of the qualitative behavior of some classes
of non-linear difference equations and system of difference equations. We fo-
cused on the study of the boundedness character, the asymptotic stability of
equilibrium points, oscillation, existence of periodic solutions and the global
attractivity about equilibrium points of second order quadratic autonomous
rational difference equation as well as the non-autonomous higher order ra-
tional difference equation. In addition to that we are interested to solve an
open problem concerning the system of higher order non-autonomous differ-
ence equations. As well as another third order non-autonomous system. As
an application of difference equations and their system, we have giving two
biological models. We conclude our work by giving some numerical examples
which permit to confirm and illustrate our contributions.

Keywords: Difference equations, Periodic solutions, Global asymptotic sta-
bility, Boundedness.



Résumeé

Cette thése est consacrée a I’étude du comportement qualitative de certaines

classes d’équations aux différences non linéaires et de systéme d’équations aux
différences non linéaires. Nous nous sommes concentrés sur 1’étude du car-
actére de la bornitude, de la stabilité asymptotique des points d’équilibres,
Poscillation, de I’existence des solutions périodiques et de I’attractivité glob-
ale autour des points d’équilibres de I’équations aux différences rationnelles
autonomes quadratiques du second ordre. Ainsi que I’équation aux différences
rationnelles non autonome d’ordre supérieur. Comme application des équa-
tions aux différences et leur systéme. Nous concluons notre travail en donnant
quelques exemples numérique qui permettent de confirmer et d’illustrer nos
contributions.

Mots clés: Equations aux différences, Solutions périodiques, Stabilité asymp-
totique globale, bornitude.
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Introduction

Difference equations, in the form of recursions and finite differences have recently been a
subject of big attraction for mathematicians thanks to their ancient appearance, richness
and appreciable flexibility for use. This use dated back to the beginning of the year 2000s
before Jesus Christ (B.C) by ancient civilizations like the Babylonians while studying
numbers.

Around 250.B.C., Archimedes employed the nonlinear difference equations to calculate
the circumference of a circle. In 1202, Leonardo de Pisa known as "Fibonacci" formulated
his problem of rabbits which led to the Fibonacci sequence 1,1,2,3,5,8,13... It is also known
that Isaac Newton made use of their calculus in the late 1600s. Then, around 1634, Gerard
Albert gave the general expression of the sequence of Fibonacci F, 1 = F), + F,,_1.

In 1769, Leonhard Euler had used for the first time linear difference equation to
approximate the solutions of differential equations. After that, George Boole wrote a
definitive treatise on the calculus of finite differences in 1872.

In addition to inertia gained by centuries-long research in differential equations, the
continued widespread modeling of scientific phenomena in terms of differential equations
and systems today leads to the growth of this field at a higher rate than difference equa-
tions.

Difference equations have become a valuable tool of a big importance in many fields
and scientific disciplines and this is due to their various applications in many domains
such as economics, ecology, biology, theory of probability,...See [13, 14, 22, 24, 25, 23|.

In fact, difference equations are used for the stimulation of ordinary differential equa-
tions or the partial derivation of differential equations in numerical analysis to solve the
equations by using sequences with the research of approximate value of the solution. In
addition, they are also used in modeling real life phenomena.

In 2005, Saber Elaydi in his book [22| Introduction to Difference equations, set the
fundamental principles and notions for the theory of difference equations.

Non-autonomous difference equations constitute a special class of difference equations
so as the coefficients are variable. By comparison with those with constant coefficients
(also called autonomous), their studies looks more difficult and complicated and there
are no many works in this way. Sometimes, in nature, the vital in a changing phe-
nomenon vary, and this explain well the consideration of discrete models represented by
non-autonomous difference equations, in particular the case of periodicity.

The main objective of this research work [Qualitative Study of Certain Second Order
Quadratic Difference Equations, 2022] is the qualitative study of behaviors of the solution
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of certain equations and system of autonomous and non-autonomous difference equations.
The present thesis comprises four chapters.

In the first chapter, we start by giving some notions about difference equations and
their systems as well as the tools needed in this research. Next, we give the application of
two biological models. The first is the Beverton Model with periodic environment which
arises in the study of response of population to periodically fluctuating forced environment
such as seasonal fluctuations in carrying-capacity or demographic parameters such as birth
or death rates. The second is concerned with the modeling interaction between species,
describing the intra-species dynamics when the biological life cycle of the species creates
distinct forms of the organism. Such is the case for many insects and one of the preeminent
examples in the literature is the larva-pupa-adult (LPA) or Flour Beetle Model.

In the second chapter, we study the quadratic fractional difference equation

ATy + 6xn—1 + Y
Ax,, + Bz, +C’

Tpt1 = ATy + bxn—l +

we investigate the boundedness of solutions, the global stability of the positive equilibrium
point and the occurrence of periodic solutions with non-negative parameters and initial
values.

In the third chapter, we are interested in the generalization of the works of kerker et
al.|37] where we investigated the global behavior of higher-order non-autonomous rational

difference equation
an + J:nfr
Tpi1 = ——, n=01,..,
Qp + Tpk
where {a,,},+, is a bounded sequence of positive numbers and 7 < k are positive integers.
We study the oscillation about the equilibrium point 4 = 1, then the boundedness of
the positive solutions. After, the analysis of the global attractor and finally the global

asymptotic stability (see [48]).
In the fourth chapter , we study the dynamics of higher-order difference equations
with period two coefficient

Yn—k Tn—k
xn+1:an+ ) yn+1:an+ ’ n:Oa]-a"'7

n xn

where {a,,} is a periodic sequence of non-negative real numbers and the initial conditions
x;, y; are arbitrary positive numbers for i = —k, -k +1,—k+2,...,0 and k € Z". The
purpose of the study here is to transform this non-autonomous system to an equivalent
fourth-order autonomous system and to discuss its behavior starting by the boundedness
character, the local stability, global stability as well as the rate of convergence of the
solutions.(see [49]).



Chapter Preliminaries and

Applications to Biology

1.1 Preliminaries

In this preliminary section, we recall some general notions about difference equations and
the stability with the linearization method. As well as some theorems that proved to be
useful to our thesis. For more details, we refer readers to [11, 22, 43, 54].

1.1.1 Definition of Stability of Difference Equations

Definition 1.1. (Difference Equations): A difference equation of order (k + 1) is an

equation of the form
Tp41 = f(na Tn, Tn-1, "'73:71—/6)7 n > O? (11)

where f : N x I*' — T be a continuously differentiable function. The set I is usually
an interval of real numbers, or union of intervals. The solution of equation (1.1) obtained
from initial point ( xo,x_1,...,2_%) is a sequence {x,} € I such that x, satisfies (1.1)
for all n > 0. An initial point ( xg,x_1,...,x_1) generates a (forward) solution {x,} by

iteration of the function
(n’ Tny Tn—1y o) xn—k) — f(n, LnyTn—1, ...,{En_k) - N x Ik—H — [7

so long as each iterate x,, stays in I. When the function f does not depend on index n,

the difference equation in (1.1) is autonomous, i.e;

Tpt1 = f(xnaxnfla ceey xnfk)a n > 07 (12)

otherwise, it is non-autonomous. Solutions of (1.1) or (1.2) are also called orbits or

trajectories.



1.1. PRELIMINARIES

Definition 1.2. (Equilibrium Point): A point T € I such that T = f(n,z,Z,...,Z) for
all n > 0, is called an equilibrium point of equation (1.1). In particular, T € I is an

equilibrium point of equation (1.2) if it satisfies the equation

T = f(z,z,..,T).
Definition 1.3. (Stability): An equilibrium point T of (1.1) is said to be

1. Locally stable if, for every € > 0, there exists & > 0 such that for all
Loy X1y, g € T with |v_p —Z|+ |2 g1 — T+ ...+ |xg — T| < then |z, —T| < e,

for all n > —k. Otherwise, the equilibrium T is called unstable.

2. Attractive if there exists u > 0 such that for all xg,x_1,...,x_) € I with
ek — Z| + | —py1 — Z| + ... + |wo — Z| < p, then

i 5, =3

If = o0, T 1s called globally attractive.
3. Locally asymptotically stable if it is locally stable and attractive.
4. Globally asymptotically stable if it is stable and globally attractive.

Definition 1.4. (Periodicity): A solution {z,},>_r of equation (1.1) is called periodic
with period p if there exists an integer p > 1 such that

Tpip = Tpn, forall n> —k. (1.3)

A solution is called periodic with prime period p if p is the smallest positive integer for
which equation (1.3) holds.

Definition 1.5. (Semi-cycle):

o A string of sequential terms {zy,...,xm}, | > —k,m < oo is said to be a positive

semi-cycle if x; >z, i € {l,...,m}, x1_1 < T and Ty < .

o A string of sequential terms {x;,...,xn}, | > —k,m < 0o is said to be a negative

semi-cycle if x; <z, i € {l,...,m}, x;_1 > T and Ty > T.

10



1.1. PRELIMINARIES

Definition 1.6. (Oscillation): A solution {x,},-_, of Eq. (1.1)is called non-oscillatory
if there exists p > —k such that either

Tp >, Vn>p or x,<x, Yn2>p,

and it is called osctllatory if it is not non-oscillatory.

Now, we give a reminder about the comparison principle for non-autonomous difference
equations (see [43]).

Theorem 1.1. Let z > 0 be a real number, g(n,z) be a non-decreasing function with

respect to z for any fized natural number n > ng, ng € N. Suppose that for n > ngy, we

have
Ty < g(n, Ty),
Yn+1 Z g(”: yn)
Then,
Tny < Yng
mmplies that
Tn < Yn, Yn > ng.

1.1.2 Linearized Stability Analysis

The linearized equation of equation (1.2) about the equilibrium point Z is

Ynt1 = DoYn + D1Yn—1+ - + DkYn—k, nEN (1.4)
where
 2,5,....8.p = s (@.2,....2) o (z,...,7)
= T,Ty...,T),p1 = T, Tyee iy T)yoo, Dp = T,T,...,T
Po O, h %1 Pk 0T 1

The characteristic equation of equation (1.4) is

NAL oA — o — e A —pr =0 (1.5)

11



1.1. PRELIMINARIES

Next, we set the theorem about Linearized Stability

Theorem 1.2. Let & be an equilibrium point of equation (1.2). Then, the following

statements are true

(i) If all roots of equation (1.5) lie inside the open unit disk |A| < 1. then T is locally
asymptotically stable.

(ii) If at least one root of equation (1.5) has absolute value greater than one, then T is

unstable.
Definition 1.7. The equilibrium point T of equation (1.2) is called

1. Hyperbolic if, no root of equation (1.5) has absolute value equal to one. If there
exists a root of equation (1.5) with absolute value equal to one, then the equilibrium

point T is called non-hyperbolic.

2. A saddle point if, it is hyperbolic and if there ezists a root of equation (1.5) with
absolute value less than one and another root of equation (1.5) with absolute value

greater than one.

3. Repeller if, all roots of equation (1.5) have absolute value greater than one.

1.1.3 Linearized Stability of the Higher Order Systems

Let f and g be two continuously differentiable functions:
foI"oe JHt— I g I g —

where I, J are some interval of real numbers. For n € N, consider the system of difference
equations

Tp+1 = f(xnu Tn—1y--yTn—kyYnsYn—15--- ,yn—k) (1 6)
Yn+1 = 9<-Tn, Tp—15++sLn—ks YnyrYn—1,- - - ayn—k)

where n, k € N, (x_p, 2 _py1,...,70) € I* and (y_p, Y_pr1s- -, %0) € JFL.
Define the map F': IF*! x JE1 — [k+1 x Jh+l by

F(X> = (fO(X)vf1<X)v cee ,fk(X)ago(X)ugl(X)a e 7gk(X))

where
X = (ug,uy, . .., U, Vo, V1, - ., k),
Jo(X) = f(X), fi(X) = uo, ..., fu(X) = w1,
9o(X) = g(X), 91(X) = vo, ..., gr(X) = vi_1.

12



1.1. PRELIMINARIES

Let

Xn = ('Trm Tp—-1y-+-3Tn—k>Yn,Yn—1,- - - 7ynfk)T
Then, we can easily see that system (1.6) is equivalent to the system written in vector
form

Xoi = F(X,), neN, (1.7)
that is
(
Tn41 = f(xnaxnfla---axnfkaymynflw--7ynfk)7
L, = Tn,
Tn—k+1 = Tp—k+1,
Yn+1 :g('rﬂnxn—lv‘"7xn—k7yn7yn—17"'7yn—k)7
Yn = Yn,
\yn—k—l—l = Yn—k+1-

Definition 1.8. (Equilibrium Point): An equilibrium point (T,y) € I x J of system
(1.7) is a solution of the system

v=flz,z,. . T,y Y . Y)
y=9(@ 7, 29,y,...,y)

Furthermore, an equilibrium point X € I*1 x J¥+1 of system (1.7) is a solution of the

system
X = F(X).

Definition 1.9. (Stability): Let X be an equilibrium point of system (1.7) and ||.|| be

any norm (e.g. the Euclidean norm).

1. The equilibrium point X is called stable (or locally stable) if for every e > 0 there
exist § such that || Xo — X|| < § implies || X,, — X|| < & for all n > 0.

2. The equilibrium point X is called asymptotically stable (or locally asymptotically
stable) if it is stable and there exist § > 0 such that || Xo — X|| < & implies

lim X, = X.

3. The equilibrium point X is said to be global attractor (respectively global attractor
with basin of attraction a set G C I*1 x JEHL) if for every Xo (respectively for
every Xo € G)

lim X, = X.

13



1.1. PRELIMINARIES

4. The equilibrium point X is called globally asymptotically stable (respectively globally
asymptotically stable relative to G) if it is asymptotically stable, and if for every X,
(respectively for every Xy € G),

lim X, = X.

5. The equilibrium point X is called unstable if it is not stable.

Remark 1.1. Clearly, (z,y) € I x J is an equilibrium point of system (1.6) if and only
if X =(2,%,...,2,9,7,...,7) € ¥ x J** is an equilibrium point of system (1.7).

Remark 1.2. From here on, by the stability of the equilibrium points of system (1.6), we

mean the stability of the corresponding equilibrium points of the equivalent system (1.7).

The linearized system associated to system (1.7) at the equilibrium point

X=(z,2,...,2,9,7,. ..

,7), is given by

Xn+1 = AX?’L)

n €N,

where A is the Jacobian matrix of the map F at the equilibrium point X given by

fo o 9fo, < 0fo , o Ofo, o 9fo, < fo , <
gqjéo(X) ‘3%1 (X) g"}k<X> gqjco(X) g‘]’cl (X) gv (X)

1, 1/ 1/ 1, 1/, 1,/ <

8_uO(X) 8_u1(X) 8_uk(X> 8_1)0(X) a_m(X) a—vk(X)

Of o Ofi, < Ofi or Ofi, o Ofi, e,

. gu[) (X) gm (X) guk (X) gvo (X) gvl (X) gvk (X)
90 , < 90 , < 9o ; - 90 , < 9o , < 90 , <
%(X) @(X) %(X) @(X) ?(X) @(X

9, g1, N, - a1, a1, o 9, 5
a—uO(X) 8_u1(X) 6_uk(X) 8_1;0(X) a—vl(X) a—Uk(X)

591@. > 3gk. > 591@. > 391«. > 691; > 391@. S
(‘9—u0(X) 8_u1(X) 6_uk(X) 8_1;0(X> a—vl(X) a—vk(X)

Theorem 1.3. 1. If all the eigenvalues of the Jacobian matrixz A lie in the open unit

disk |\| < 1, then the equilibrium point X of system (1.7) is asymptotically stable.

2. If at least one eigenvalue of the Jacobian matriz A have absolute value greater than

one, then the equilibrium point X of system (1.7) is unstable.

14



1.1. PRELIMINARIES

We give, in the following, two theorems (see [22, 54]) concerning the rate of convergence
of the solutions of the system (1.6).

Xpi1=(A+B)X,, neN (1.8)

where X, is an k-dimensional vector, A € C*** is a constant matrix and B : Z+ — COF*k
is a matrix function satisfying

||Bn|| = 0, when n — oo, (1.9)
where ||.|| denotes any matrix norm which is associated with the vector norm.

Theorem 1.4 (Perron’s First Theorem). Consider system (1.8) and suppose condition
(1.9) holds. If X,, is a solution of (1.8), then either X, =0 for all large n or

pel

0 = lim «
n—o0
exists and 0 is equal to the modulus of one of the eigenvalues of the matriz A.

Theorem 1.5 (Perron’s Second Theorem). Consider system (1.8) and suppose condition
(1.9) holds. If X,, is a solution of (1.8), then either X, =0 for all large n or
Xl

0 = lim
n—oo || X

exists and 0 is equal to the modulus of one of the eigenvalues of the matriz A.

15



1.2. APPLICATIONS TO BIOLOGY

1.2 Applications to Biology

The study of natural phenomena and social sciences that develop in space and/or time
by using the dynamical system is done by looking at the dynamic behavior or the geo-
metrical and topological properties of the solution, whether a particular system results
from Economics, Biology, Physics, Chemistry, or even social science such as population
models, disease and infection model, etc. In this section, we will include two examples
as specific cases derived from population modeling in biology. The first application is the
Beverton-Holt Model with periodic environment and the other one is the Flour Beetle
Model.

1.2.1 The Beverton-Holt Model With Periodic Environment

The Beverton-Holt model is a classical population model which has been considered in
the literature for the discrete-time case. Its continuous-time analogue is the well-known
logistic model.

The Beverton-Holt difference equation has wide applications in population growth [6],
and it has been studied extensively in [13, 14, 23|. Firstly, in [13] Cushing and Henson
studied the following difference equation

uKx,

n — y ZO’ :O,l,...7 110
T K (= D, O " (1.10)

It is known that for 4 > 1, K > 0, all non-zero solutions converge to the positive equilib-
rium point z = K, and for u < 1, K > 0, all solutions converge to the equilibrium point
z = 0. Later, a modification of this equation that emerged in the study of populations
living in a periodically (seasonally) fluctuating environment replaces the constant carrying
capacity K with a periodic sequence {K,,}. Thus, the Beverton-Holt model with periodic
environment is given by the following difference equation :

WK,
K, + (p— 1)z,

Tyl = x0>0, n=0,1,..., (1.11)

where p > 1 is a rate of change (growth or decay), K,, > 0 is a periodic sequence of period
p modeling periodicity of environment (periodic supply of food, energy, etc.), and x,, is
the size of population at nth generation.

Assuming x,, > 0 and rewriting (1.11) as

I Ky+(p—1)x,

1.12
Tn+1 ,UKnmn ( )

16



1.2. APPLICATIONS TO BIOLOGY

1
the substitution y, = — reduces (1.11) to the linear non-autonomous equation
Tn

1
Yntl = —Yn T Pny, X0 > 07 n = 07 17 ) (113)
U

where p,, = (ﬁ I_(i) The solution of (1.13) is given as

n—1
1 1
Un = 0+ Y i (1.14)
2 o M
and it is well studied and understood and shows the following properties.

Theorem 1.6. /8 Equation (1.13) has the following properties:

1. Equation (1.13) has the unique nonnegative periodic solution ¥y, with period equal

to p.
2. The periodic solution {,} is the global attractor of all solutions of (1.13).

3. The periodic environment is deleterious in the sense that the size of population in
periodic environment is smaller than the average of sizes in p constant environments.

We say that in this case the periodic solution is an attenuant cycle. Mathematically,

this means that

%(Ql+§2+---+§p)<%((Kl—1)+-~~+(Kp—1)) (1.15)

17



1.2. APPLICATIONS TO BIOLOGY

1.2.2 The Flour Beetle Model

In mathematical biology, the model of flour beetle (Tribolium) has attracted many re-
searchers during the last few decades. In [19], B.Dennis et al. have proposed and studied
the flour beetle population growth. They conducted both theoretical studies as well as
experimental studies in laboratory. The life cycle of the flour beetles consists of larval and
pupal stages each lasting approximately two weeks, followed by an adult stage, cannibal-
ism occurs among the various groups. Adults feed on eggs, larvae, pupae, callows (young
adults) while larvae eat eggs, pupae, and callows. Neither larvae nor adults eat mature
adults and larvae do not feed on larvae. Cannibalism of larvae by adults and of pupae
and callows by larvae typically occurs at much reduced rates and is assumed negligible in
the model.

Let L,, P, and A, are the number of feeding larvae, pupae, and non-feeding larvae,
and adults, respectively, at time n, the unit of time is taken to be the feeding larval
maturation period so that after one unit of time, a larva either dies or survives and
pupates. This unit of time is also the time spent as a non-feeding larva, pupa and callow.
Then the larval-pupal-adult (LPA) model, is a system of three difference equations:

Lni1 = bA, exp(—ceqAn — caly),
Pn+1 - Ln(]- - Ml)7 (116)
Api1 = Prexp(—cpadn) + An(1 — )

Where b is a positive constant describing the number of eggs laid per adult per unit of
time in the absence of cannibalism. The constants y; and p, are the larval and adult
probability of dying form causes other than cannibalism, respectively. Thus 0 < pu; <1
and 0 < p, < 1. The term exp(—ce,A,) represents the probability that an egg is not
eaten in the presence of A, adults, exp(—c L, ) represents the probability that an egg is
not eaten in the presence of L, larvae and exp(—cp,A,) is the survival probability of a
pupa in the presence of A,, adults. The constants c., > 0, ¢ > 0, ¢y, > 0 are called the
cannibalism "coefficients". It is assumed here that the only significant source of pupal
mortality is adult cannibalism. Note that, the number N = @ is called the inherent
net reproductive number. ’

The LPA model of flour beetle with no larval cannibalism on eggs, that is the case
when ¢, = 0, the system (1.16) is equivalent to the following difference equation

Apir = (1 — pa)An +0(1 — ) Ap—a exp(—ceaAn—2 — cpadn). n>2, (1.17)
when Ly, Py and A are given and non-negative, we have

Ay = Pyexp(—cpao) + (1 — pa) Ao
Ay = (1 — ) Lo exp(—cpadi) + (1 — pa)As
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1.2. APPLICATIONS TO BIOLOGY

Set o« = 1— i, B =0b(1— ), ¢1 = Cea, C2 = Cpg Ty = Apyo for n > —2. Then equation
(1.17) becomes

Tpp1 = oy + Brp_sexp(—cix,_o — coxy). n >0, (1.18)
where

T_9 = AO
r_1 = A = Pyexp(—cpado) + (1 — p1a) Ao
o = Ay = (1 — ) Lo exp(—cpadr) + (1 — pa) Ay

In [41], Kuang and Cushing studied the global asymptotic stability of equilibrium points
of the equation (1.18) as demonstrated in following theorem.

Theorem 1.7. Equation (1.18) has the following properties:

1. If a+ B < 1, then every solution of the equation (1.18) converges to the zero

equilibrium point.

2. Ifa+pB>1, f <min{e(l — a),eai—;} and max{z_9,x_1,z0} > 0, then

lim supz, < L,
n—00 cre(l —a)

and every solution of the equation (1.18) converges to the positive equilibrium point
o 1 B
T=_—u In(%).

1. Equation (1.18) has a periodic solution of prime two {...,70,0,70,0,...}, 7 # 1, if
and only if

(T — )7

= (1—ar)’

(1.19)
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Chapter | Global Stability of Second
Order Quadratic Rational

Difference Equation

2.1 Introduction

Second order rational difference equation with quadratic terms show a wide variety of
dynamic behaviors. It is shown that relying on the parameters and initial values there
can be globally attracting equilibrium points.

In [44] Lazaryan et al. investigated the dynamic of the second order equation

ar, + 6xn71 + Y

2.1
A.Z'n + BiCnfl + C ( )

Tpt1 = aT, +

where
0<a<l, «ap,7v,AB>0, a+pf+~v,A+B>0, C>0, (2.2)

with non-negative initial values. In their work, they demonstrated that when (2.2) holds
then equation (2.1) typically does not have periodic solutions of period greater than two.
At the end, they concluded with the following conjecture:

Study the following equation

ax, + Pr,_1+ 7
A[IZ‘n -+ an,1 —+ C

Tpi1 = axy, + bx, 1+ (2.3)

Conjecture : Let (2.2) hold and further assume that b > 0 and a +b < 1. Then,
the equation (2.3) does not have any prime periodic solutions of period greater than
two, investigated the equation (2.3) Dehghan et al. in [16]. They studied the global
attractivity of the positive equilibrium point, the occurrence of periodic solution and they
gave conditions for the occurrence of chaotic behavior.

In this chapter, we investigate the boundedness and local stability of solutions, the
global attractivity of the positive equilibrium point and the existence of periodic solutions
for the quadratic rational difference equation (2.3) where

0<a<l, at+b<l, >0, o,B3,7,A,B>0, a+p+7,A+B>0, C>0 (2.4)
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2.2. EXISTENCE AND BOUNDEDNESS OF SOLUTIONS

with non-negative parameters and initial values. We obtain sufficient conditions that
imply the global asymptotic stability of the equilibrium point. We also obtain necessary
and sufficient conditions for the occurrence of solutions of prime period two solution when
v >0, and aA+ B > bB.

2.2 Existence and Boundedness of Solutions

When (2.4) holds, we can assume that C' = 1 in (2.3) without losing the generality by
dividing the numerator and denominator of the fractional part by C' and relabeling the
parameters. Thus, we consider

ax, + BT, + 7

2.5
Az, + Br,_1 +1 (2:5)

Tp1 = ATy + bxn—l +

Note that the underlying function

au + v+

f(u,v):au+bv+Au+BU+1

is continuous on [0, 00) X [0,00). The following result gives sufficient conditions for the
positive solutions of (2.5) to be uniformly bounded from above and below by positive
bounds.

Lemma 2.1. Let (2.4) hold and assume further that
a=0 if A=0 and =0 if B=0. (2.6)

Then every solution {x,} of (2.5) with non-negative initial values is bounded.

Proof. Let
< gqf A>0
=44 i (2.7)
0 if A=0
5 4f B>0
R / (2.8)
0 if B=0

21



2.2. EXISTENCE AND BOUNDEDNESS OF SOLUTIONS

By (24), p=061+02+~v >0 and for all n >0, we have

axry, + Brp_1+ 7y
Az, + Bx,_1+1

Tpy1 = ATy + b2y 1 +

+ b + ATy, + an—l + v
= ax, + bx,_
! Az, + Bx,_1+1 Az, + Bzr,.1+1 Ax,+ Bx,_1+1
Ty 61:71—1
<ax,+br, 1+ —+ +
- ! Az, Bz, i

S axn+bxn—1+61 +52+’7
<ar,+bxr,_1+p.

By using comparison, we can write the right hand side as follows

Ynt1 = QYp + bYp—1 +p

and this equation is locally asymptotically stable if a + b < 1, and converges to the

equilibrium point 4 = m. Therefore,
lim supz, < S
n—o0 “1—(a+0b)

Now, suppose that v > 0. Then for all n > N

v L
(A+ BYM +1

Tp =

Theorem 2.1. Every solution of equation (2.5) is unbounded if a > 1 (orb>1).
Proof. Let {x,}5° ;| be a solution of equation (2.5), we see that

ax, + Pr,_q1+ 7y
Ax, +Bzx,_1+1

Tpa1 = ATy + b1 + > axy,
also we notice that the right hand side can be written as follows

Yn+1 = aYn, tmplies that y, = a"yo

and this equation is unstable because a > 1, and lim,,_, ¥, = co. Then, by using ratio

test,we find that {x,}°> ;| is unbounded from above (when b > 1 is similar). O
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2.3. EXISTENCE AND LOCAL STABILITY OF UNIQUE POSITIVE
EQUILIBRIUM POINTS

2.3 Existence and Local Stability of Unique Positive
Equilibrium Points

Lemma 2.2. If the condition (2.4) holds and v > 0 then, equation (2.5) has a positive

equilibrium point T that is uniquely given by

a+B—(1—(a+b)++[a+B—(1—(a+b)]2+4(1—(a+b)(A+ B)y
2(1-(a+0))(A+ B) '

T =

Proof. The equilibrium point of equation (2.5) must satisfy the following equation :

_ . ar+pT+y
= - 2.
z ax+bx+A:7;—|—Ba‘c+1 (2.9)
Then,
_ar+fr+vy
1— b))t — ——— =
( <a+ )):L‘ Az + B+ 1
(1—(a+b)[(A+B)x*+1]— (a+B)z—7=0
(1—(a+b)(A+B)2* —[(a+8)—(1—(a+b)]z—v=0.
Let
dli’Q—in'—d:g:O, a+b<1, b>0,
where
di=(1-(a+0b)(A+B), dy=a+p—-1+4+(a+b), d3s=r.
That is to say, the equilibrium points must be the roots of the quadratic equation:
S(t) = d1t2 — dgt — d3 (210)

If the condition (2.4) holds, then d; > 0 and d3 > 0. There are two more cases to consider.

Case 1: If dy = 0, then equation (2.10) has two roots given by:

d
ti:i,/d—?’.

Thus, if v > 0, then the unique positive fixed point of equation (2.5) is

. B
_\/(1—(a+b))(A+B)'
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2.3. EXISTENCE AND LOCAL STABILITY OF UNIQUE POSITIVE

EQUILIBRIUM POINTS

Case 2: When dy # 0, then the roots of (2.10) are given by

_ dy /AR + 4did;
N 2d, '

In particular, if v > 0, then the unique positive fixed point of (2.5) is

r =

a+ﬁ—(1—(a+b))~|—\/[a+ﬁ—(1—(a+b))]2+4(1—(a+b))(A—|—B)'y'

21— (a+10b))(A+ B)

(2.11)

]

Next, we consider the local stability of z under the hypotheses of the above Lemma.
The characteristic equation associated with the linearization of equation (2.5) at the point

x is given by
N — fu(Z, )\ — fo(2,7) =0

where
f(u,v) = au+ bv +

with

(aB — AB)v +a — Ay
(Au+ Bv 4 1)?
a Alou + fv +7)

fulu,v) =a+

au + v+
Au+ Bv +1

1

a+Au—|—Bv+1_ Au+ Bv+1
and

(AB —aB)u+  — By
(Au+ Bv + 1)?
B Blau + v +7)

fv(uav> =b+

Au+ Bv +1

1

—p —
+Au+Bv+1 Au+ Bv +1

Now, from the equation (2.9), we have

e e

—~

Yields

Au+ Bv +1
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2.3. EXISTENCE AND LOCAL STABILITY OF UNIQUE POSITIVE

EQUILIBRIUM POINTS
and
o B B((a+ B)z +7) 1
Jl@2) = a1 T A Bl (AT B il
- B _ B(1-(a+b)x
(A+B)z+1 (A+B)z+1
We define (1 (a + b)Az
o a—(1—(a T
ful@,7) A+Bz+1
and
fea)—py Do (=@t b)BE

(A+B)7 +1

Then, the equation (2.12) is equivalent to the equation

M —p\—q=0. (2.13)

To solve the equation (2.13), we calculate p? + 4¢ and we have two cases:

Case 1:

Case 2:

when p? 4+ 4¢q < 0, the two roots of the equation (2.13) are complex if p? + 4¢q < 0

or ¢ < —(5)?, namely,
A = PVt A 4g)

- 2

A = PVt dg)

2

Note that the fixed point Z is locally asymptotically stable if both roots of equation
(2.13) are inside the unit disk of the complex plain. In this case

e \/<p>2 e Y

and

2 2

So both roots have modulus less then 1 if and only if ¢ > —1 or equivalently,

qg+1>0,ie.,

f—(1—-(a+b)Bx
(A+B)z +1

((a+b)B+bA+B)+A)z+b+5+1>0.

This is clearly true if the condition (2.4) holds. So if the condition(2.4) holds, and

v>0andif -1 < g < _%2 then 7 is locally asymptotically stable with complex
roots.

b+ +1>0

when p? + 4¢q > 0, the two roots of the equation (2.13) are real if p*> + 4qg > 0 or

q > —(%)?, namely,
A = PV
2
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2.3. EXISTENCE AND LOCAL STABILITY OF UNIQUE POSITIVE
EQUILIBRIUM POINTS

and

\ p+\/P?+4q
2= .

2

Now, z is locally asymptotically stable if and only if |A\;| < 1, and || < 1. First, observe
that Ay < 1 if and only if p + ¢ < 1, or equivalently

a—(1—(a+b))A§:+b+ﬁ—(1—(a+b))B§:

1
(A+B)z+1 (A+B)z+1 =

a—+

and a—(1—(a+b)Az+5— (1 (a+b)Bz

(A+B)z+1
(a+b)(A+B)z+(a+b)+a—(1—(a+b)AzZ+ - (1—(a+b))Bt—(A+B)x—1<0
20(A+B)[(a+b) = 1]z 4+ (o +B) +(a+b) —1<0

2A+ B)[1—(a+b)z> (a+p)—[1—(a+Db)] (2.14)

which is true if (2.4) holds and 7 > 0, see (2.11). Next, note that p < 2. To see this,
p — 2 < 0 if and only if

a+b+ <1

a—(1—(a+0b))Az

T AT B L —2<0
(a—=2)[(A+B)z+1]+a—(1—(a+b)Az <0
a—(1—=(a+b)Az — (2—a)[(A+ B)z + 1] < 0. (2.15)

From (2.14), we have
(2—a)(A+B)z=(2—-2a+a+2b—2b)[(A+ B)z]

=2(1—(a+0b)[(A+ B)x] + (a + 2b)[(A + B)7]
(2—a)(A4+B)z > (a+8)—[1—(a+b)]+ (a+2b)(A+ B)zZ.
It follows that
a—(1—(a+b0)AT — (2 —a)[(A+ B)z + 1]
=—(1-(a+0)Az—(2—a)(A+B)z—(2—a) +«
<—a—p+[l-(a+b)]—(a+20)(A+B)z—(1—(a+b)AT—(2—a)+a
<—(1-(a+b)AZ—1—-b——(a+2b)(A+ B)x
< 0.
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2.3. EXISTENCE AND LOCAL STABILITY OF UNIQUE POSITIVE
EQUILIBRIUM POINTS

This proves that (2.15) is true. Finally, p > —2. Since this is equivalent to

a—(1-(a+b)Ax
ot (A+B)z+1 >

a—(1—=(a+b)Az > —(2+4+a)[(A+ B)z + 1]
—AZ + aAZ +bAT+ (2+a)(A+ B)z > —a—(2+a)
(-1+a+2+a+0)AT+ (24 a)BT > —a — (2 +a)

or
(14+2a+b)AZ + (2+a)BT > —a—(2+a)

which is true if (2.4) holds and v > 0. Now, a routine calculation shows that Ay < 1 if
p+\ﬂﬂ+4q<1
2
VPE+49<2—p

pP4dg<4d+4p®—4dp

and only if

p+qg<l1
g<l-—p

which is indeed the case shown by the above calculations.

Next, Ay > —1 if and only if
p+p?+dg > —2 (2.16)

If p > —2, then (2.16) holds trivially. On the other hand, if p < —2 or p + 2 < 0, then
(a+2)[A+B)z+1]+a—(1—-(a+b)Az <0

(1+2a+b)AzZ+ (2+a)[Bz+1]+a <0

which is impossible if (2.4) holds. It follows that |\y| < 1 if (2.4) holds and v > 0.

Next, we consider A; and note that A; < 1 if and only if p— /p? + 4¢q < 2. This is clearly
true if p < 2 which is in fact the case and we conclude that A\; < 1 if (2.4) holds and
v > 0.

Next, A\; > —1 if and only if

p—Vp*+4q > 2.
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2.3. EXISTENCE AND LOCAL STABILITY OF UNIQUE POSITIVE
EQUILIBRIUM POINTS

This requires that p > —2, which is true if (2.4) holds and v > 0. Now the above
inequality reduces to p+1 > q or

a0 (L= (a+b)AT _,  B—(1-(a+b)Bs

N Oy (AT Bz 11

B—(1—=(a+b)Brxr—a+(1—(a+b)Az < (a+1—-0)[(A+ B)x + 1]
f—a—(14+a—b) <2(B+aA—bB)z. (2.17)

We also note that if the reverse of the above inequality holds, i.e.,
204a+B-bB)z<f—a—(1+a—0). (2.18)

Then the above calculation shows that A\; < —1 while |A\o| < 1. Therefore, in this case =
is a saddle point. If 5 —a — (1 4+ a —b) < 0 then (2.18) does not hold and Z is locally
asymptotically stable.

The proceeding calculations in particular prove the following

Lemma 2.3. let the condition (2.4) holds and ~y > 0. Then the positive equilibrium point
T of (2.5) is locally asymptotically stable if and only if (2.17) holds and a saddle point if
and only if the reverse inequality, i.e., (2.18) holds.

Since Z is non-hyperbolic if neither (2.17) nor (2.18) holds, Lemma(2.3) gives a com-
plete picture of the local stability of z under its stated hypotheses.
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24. GLOBAL ATTRACTIVITY OF THE POSITIVE EQUILIBRIUM POINT

2.4 Global Attractivity of the Positive Equilibrium Point

In this section, we give sufficient conditions for the global attractivity of the positive fixed
point. The following general result from [30]

Lemma 2.4. let I be an open interval of real numbers and suppose that f € (I™,R) is

non-decreasing in each coordinate. Let T € I be fized point of the difference equation
Tt = f(Tn, Tty ooy Tneme1) (2.19)
and assume that the function h(t) = f(t,.....,t) satisfies the conditions
h(t) >t if t<z and h(t)<t if t>z tel. (2.20)

Then I is an invariant interval of (2.19) and T > 0 attracts all solutions with initial

values in 1.

We now use the preceding result to obtain the sufficient conditions for the global
attractivity of the positive equilibrium point.

Theorem 2.2. (a) Assume that (2.4) holds with v > 0 and suppose that f(u,v) is
non-decreasing in both arguments. Then (2.5) has unique fixed point T > 0 that is

asymptotically stable and attracts all positive solutions of (2.5).

(b) Assume that (2.4) holds with v > 0 and
Ba —2Ab< A <2aB+aB, By<b+p, Ay<a+~. (2.21)

Then, equation (2.5) has a unique equilibrium point T > 0 that is asymptotically

stable and attracts all positive solutions of (2.5).

Proof.  (a) The existence and uniqueness of Z > 0 follows from Lemma (2.2).
Next, the function h in (2.20) takes the form

(a4 B)t+~

h(t) = (CL + b)t + m
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GLOBAL ATTRACTIVITY OF THE POSITIVE EQUILIBRIUM POINT

Note that the equilibrium point Z of (2.5) is a solution of the equation h(t) = t.
So, we verify that conditions (2.20) hold for ¢ > 0. The function h may be written

as
a+B+7

h(t) =tp(t), where ¢(t)=a+b+ AT B+

Note that ¢(z) = b — 1. Further,

T

—[(A+B)t+1]% — (A+ B)la+ 3+ 1]
[(A+ B)t + 1]?

¢'(t) =
so ¢ is decreasing (strictly) for all ¢ > 0. Therefore,
t <z implies ¢(t) > ()

to(t) > to(z)
h(t) >t
and
t>x implies ¢(t) < ()
t(t) < to(7)
h(t) < t.

Now, by Lemma (2.4) z attracts all positive solutions of (2.5). In particular, Z is

not a saddle point so by lemma (2.3), it is asymptotically stable.
We show that if the inequalities (2.21) hold, then the function

au+ v+

= b
f(u,v) = au + U+Au+Bv—|—1

is non-decreasing in each of its two coordinates u, v. This is demonstrated by
computing the partial derivatives f, and f, to show that, f, > 0 and f, > 0. By
direct calculation f, > 0 iff

aAu+ aBv+ a — Aau — APv — Ay >0
(Au+ Bv +1)? -

a

a(Au+ Bv)* + (2aB + aB — AB)v + 2aAu+a + o — Ay > 0.
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2.5. PERIODIC SOLUTIONS

The above inequality holds for all u, v > 0 if
Ay<a+a, AB<2aB+ aB. (2.22)

Similarly, f, > 0 iff

B(Au+ Bv+1) — B(au + fv +7)
(Au+ Bv +1)?

fv:b+

b[(Au + Bv)® + 1+ 2(Au + Bv)] + BAu+ BBv + 3 — Bau — Bfv — By > 0
b(Au + Bv)? + 2bBv + (2Ab + A — Ba)u+ b+ 3 — By > 0

the above inequality holds for all u,v > 0 if
By<b+p, AB>-2Ab+ Ba. (2.23)

By the inequality (2.22) and (2.23), conditions (2.21) are sufficient for the function
f to be nondecreasing in each of its coordinates.
O

2.5 Periodic Solutions

The following theorem gives necessary and sufficient conditions for the existence of positive
period two solutions of equation (2.5) when aA + B > bB.
Theorem 2.3. Assume that (2.4) holds with v > 0, and aA+ B > bB. Then (2.5) has

a positive prime period two solution if and only if the following conditions are satisfied.
1. f—a—(14+a—10b) > 0;
2. (A—B) > 0;

Ay
(A-B)(1+a—-10)
B—a—(14+a—0b) B—a—(1+a—b)_4aA(ﬂ+b—1)+B(1—b)(a+a)

(aA+ B —bB) (aA+ B —bB) (A—B)(1+a—-0b)(aA+ B —bB)
Proof. Suppose that there exists prime period two solution

3.

"7¢7w7¢7¢7“'

of equation (2.5), with ¢,% > 0 and ¢ # ¢ we see from equation (2.5) that

a + o+

Al Wy e )
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2.5. PERIODIC SOLUTIONS

B ao+ P+
Gt S B 1
Then
_ay+ o+ _ a4+ B+
Yields

(1= B)Adts + (1 = B)Be? + (1 — b)p — aAY? — aBotp — ay = avr+ o+ (2.24)

(1—b)Ag + (1 —B)BY* + (1 — b)d — aAd® — aBoy —ap = ap+ B+~ (2.25)

Subtracting (2.24) from (2.25) gives

(1=0)(¢* = ¥%) + (1 = b)(¢ — ) + aA(¢* = ¢*) + a(p — ) = a(t — ¢) + B — ).
Yields
(@—V((Q-b)B+aA)(¢+¢)+1-b+at+a—p]=0.

Since ¢ # 1, it follows that

B—a—(1+a—0b)

OV = AT BB

(2.26)

Since aA + B > bB, we infer from (2.26) that 8 — a — (1 +a — b) > 0 is a necessary
condition for the existence of positive period two solutions.

Again, adding (2.24) and (2.25) yields

21— b)Adw + (1 — B)B(8 + %) + (1 — b) (6 + ) — aA(6? +v2) — 2aBénb — a(6 + v)
=a(¢+9) + B(o+1) + 27,

then,

2(1-0)A—aB)gp+ (1 =b)B—aA)(¢* +¢*) + (1 —b—a—a—p)(¢+¢) = 27, (2.27)
it follows by (2.26), (2.27) and the relation
(0° +4°) = (¢ +)* =260 for all ¢,9 €R,
that

2((1-b) A—aB)pu+((1-b) B—aA) (¢+4) ~2((1-b) B-aA) g+ (1-b—a—a—B)(6+¢) = 29
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2.5. PERIODIC SOLUTIONS

and
2(1-b)A—aB—(1-b) B+aA)t — (6+)[(ad—(1-b) B)(6+1)+(b+B—1+(a+a))]+27,
then,

2(A— B)(1+a—b)d)

o+
~ aA+B-0bB
[(aA+bB—B)(B—a—(1+a—b)+(a+p—(1—a—0b))(aA+ B—bB)] +2y
_ 9+

aA+ B —bB
[(aA+bB—B)(f+b—1—(a+a))+ (aA—(bB-B)(B+b—1+ (a+a))]+2v

P+

:m[2aA(5+b—1)+23(a+a)(1—b)]+2fy.

Thus,

f—a—(14+a—0>)
(aA+ B —0bB)?

(A-B)(1+a—0b)py = { ] [@aA(B+b—1)+ B(1l—b)(a+ a)] + .
(2.28)

Since from (2.26) we have § —a — (1 +a —b) > 0, then 4+ b — 1 > 0. Thus, the right

hand side of (2.28) is positive and therefore, A — B > 0 is another necessary condition

for the existence of positive period two solutions and

— 1 B—a—(1+a—>b)
SV K (aA+ B —bB)? )(“A(5+b—1>+B(1—b)(a+a()2)2+9;}.
Let _B_a_(1+a_b)
(aA+ B —bB)
and
1 B—a—(14+a—0)
P:(A_B)(1+a—b) K (aA+ B — bB)? )(aA(ﬁ—i-b—1)+(B—bB)(a—|—a))+7

with S, P > 0. Now, it is clear from (2.26) and (2.29) that ¢ and v are the two distinct

positive real roots of the quadratic equation

t?—St+P=0
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2.5. PERIODIC SOLUTIONS

with
L S++/S?—4P
B 2
which will be the case if and only if
S*—4P >0

implies that
4y
(A-=B)(1+a-0)
f—a—(1+a—Db) B—a—(1+a—b)_4aA(ﬁ+b—1)+B(1—b)(a+a) -
(aA+ B —bB) (aA+ B —bB) (A= B)(1+a—b)(aA+B—-0bB)|"

We also study the nonexistence of period two solutions.

Theorem 2.4. Let D be a subset of real numbers and assume that f : D x D — D is
non-decreasing in x € D for each y € D and non-increasing in y € D for each x € D.

Then, the difference equation x,+1 = f(x,,Tn_1) has no prime period two solution.

Proof. Assume that the above difference equation has prime period two solution. Then

there exist real numbers ¢ and ¢, such that

[ ) =v and [f(Y,¢) = 9.

When ¢ = 1, we are done. So assume that ¢ # 1. If ¢ < 1), then by the hypothesis

F(o,0) < f(,¢) < f(¥, 9)

which implies that ) < ¢, which is contradiction. Similarly, if ¢ > v, then by hypothesis

f,0) < (¥, ¥) < [, )

which implies that ¢ < v, which is also contradiction. O

Now, we establish the connection between existence of prime period two solutions and
stability of equilibrium point.

Theorem 2.5. Let (2.4) hold with v, aA+ B —bB > 0. Then (2.5) has a positive prime

period two solution if and only if T is saddle.

Proof. First, when a + 8 — (1 — (a + b)) = 0, then the equilibrium point

o v
\/(1 —(a+0b)(A+B)
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This implies that
f—a—(14+a—-b) =-2a—20<0

and Z must be stable so (2.5) has no prime period two solution.

Now assume that o+ — (1 — (a + b)) # 0. Then the equilibrium point is given by

a+B—(1—(a+b)++[a+B—(1—-(a+b)2+4(1—(a+0b)(A+ B)y
2(1-(a+0)(A+ B) '

T =

By Lemma (2.3), 7 is saddle if and only if

f—a—(14+a—0b)
2(aA+ B —bB)

which implies that § — o — (1 +a —b) > 0.

Now,
f—a—(14+a—0)
2(aA+ B —bB) ’

T <

implies that

a+B—(1=(a+b)++[a+B—(1—(a+b)]2+4(1—(a+b)(A+ B)y
21— (a+b))(A+ B)

f—a—(14+a—0b)
2(aA+ B —bB)

iff

Via+8—(1—(a+0))?+4(1— (a+b)(A+ B)y
(1—-(a+0))(A+ B)
f—a—-(1+a-b) a+B8-(1-(a+D))
(aA+ B —bB) (1—(a+0b)(A+ B)

iff

Via+8—(1—(a+b))2+4(1 - (a+b)(A+ B)y

(B—Oé_(l‘i‘a_b))(l_(a+b))<A+B) —[a—i—ﬂ—(l—(&"i‘b))]

= (aA+ B — 0B)
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iff

(a+B8—(1—(a+0b))*+4(1—(a+b)(A+ B)y
(B—a—(1+a—0))*(1—(a+0b))?*(A+ B)?

(aA+ B —bB)?
B-—a-—(Q+a=0)(1—(a+b)(A+B)la+p—(1—-(a+D)))
(aA+ B —bB)

+(a+ B —(1—(a+b)))?

<

-2

4(1 - (a+b))(A+ B)y
(B—a—(1+a—0))*(1—(a+0b)*(A+ B)?
(aA+ B —0bB)?
B—a—(14a=b)(1—-(a+b)(A+B)a+5—-(1—(a+1b)))
(aA+ B — bB)

<

-2

ift

(B—a—-(1+a—-0)*1—-(a+0b))(A+ B)
(aA+ B — bB)?
(B-—a—-(1+a-0)(a+B8—(1—(a+D)))
(aA+ B —bB)
_ B—a—(14+a-0))

(aA+ B —bB)
[(ﬁ—a—(1—|—a—b))(1—(a—|—b))(A—|—B)
(aA+ B —bB)

_B-a—-(1+a—0b)

~ (aA+ B —bB)

5 {(ﬁ—a—(1—|—a—b))(1—(a+b))(A—|—B)—2(aA—i—B—bB)(a+5—(1—(a—|—b)))
(aA+ B —bB) '

4y <

-2

—2(a+6—(1—(a+b)))}

Adding and subtracting (14 (a —b))(A — B)[8 — a — (1 + a — b)] to the numerator of the

second fraction in previous equation yields
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B—a—(14+a—-0b)(1—-(a+0b)(A+B)—2(aA+B—-bB)(a+—(1—(a+b)))

(
+Q+(@=b))A-B)[—a—-14+a—0b)]—(1+(a—b)(A—-B)f—a—(1+a->b)]
—(1l+@=-b)A-B)f-a—-(1+a-b]+[B—a—-1+a-b)][(1-(a+b)(A+B)
— (14 (a—b)(A—B)] —2(aA+ B —bB)(a+— (1 - (a+b)))
=1+ (@a=b)A-B)B—a—-(1+a—-0b)]+(B+b—1+(a+a))(—2aA—2B + 2bB)
+(B+b—1-(a+a))(—2aA+ 2B — 2bB)
—(1+@-b)A-B)f—a—(1+a—0b)]—4aA(B+b—1) —4B(a+ a)+ 4bB(a + )
—(1+(a=b)A-DB)B-—a—(1+a—0b)]—4[aAB+b—1)+ B —b)(a+a).

Thus, we have

f—a—(14+a—0)
(aA+ B —bB)
(14+(a—0)(A-B)[f—a—(1+a—b)]—4aA(f+b—1)+ B —b)(a+ )]
(aA+ B —bB) '

4y <

X

Since v > 0, it must be the case that the right hand side of last expression is positive,
which implies A— B > 0. Dividing both sides of the above expression by (A—B)(1+a—b)
then yields:

Ay
(A-B)(1+a-0)
f—a—(14+a—=b)[f—a—(14+a—0) 4@A(ﬂ+b—1)+B(1—b)(a+a)

(aA+ B —bB) (aA+ B —0bB) (A-B)(1+a—10b)(aA+ B —bB)

and the proof is complete, since the conditions of Theorem (2.3) are satisfied. O]

We end our discussion in this section with the following immediate consequence of the
results already established.

Lemma 2.5. Let (2.4) hold with v, aA+ B —bB > 0, and suppose that f(u,v) is non-

decreasing in u and either non-decreasing or non-increasing in v.
1. Equation (2.5) has no periodic solution of period greater than two.

2. If equation (2.5) has no prime period two solution then all solutions of (2.5) converge

to the positive fixed point .
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2.6 Numerical Examples

For confirming the theoretical results, we consider some numerical examples which repre-
sent different types of solutions to equation (2.5) as follows:

Example 2.1. Consider the equation

0.5z, +4.82, 1 + 3.3
i1 = 0.22, + 0.3z, 2.30
Tl Tn St e 1 1 (2.30)

with the initial conditions x_1 = 0.3, ©o = 3.5. In this case, the condition (2.4) holds
and the inequality (2.17) holds. Then, from Lemma (2.3) the equilibrium point & = 1.15
which was given by the formula calculated in Lemma (2.2) of the equation (2.30) is locally
asymptotically stable. See Figure 2.1.

. figure 1
45
4
35
sk
g 25
2 1
15 -M
1k
05
0 1 1 1 | 1 1 1 1 | ]
0 10 20 30 40 50 60 70 80 90 100

Figure 2.1:  Plot of the solution {x,},>¢ of the equation (2.30) with the initial values
r—1 = 03, Ty = 3.5.

38



2.6. NUMERICAL EXAMPLES

Example 2.2. Consider the equation

252, +1.82,_1 + 0.3
i1 = 0.5z, + 0.3z, 2.31
Tnt1 R PR O P | (2:31)

with the initial conditions x_y = 0.03, xo = 0.5. In this case, the conditions (2.21) are
satisfied. Then, the equilibrium point T of the equation (2.31) is asymptotically stable and

attracts all positive solutions of equation (2.31). See Figure 2.2.

figure 2

x(n)

0 10 20 30 40 50 60 70 80 90 100

Figure 2.2: Plot of the solution {x,},>¢ of the equation (2.31) with the initial values
r_1 = 003, Ty = 0.5.
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Example 2.3. Consider the equation

0.02x,, + 0.03x,,_1 + 0.06
1= 0.5z, + 0.62,_ 2.32
Tntl B P | P | (2.32)

with the initial conditions x_y = 1.03, o = 0.05. In this case, 1 —(a+b) < 0 the condition
(2.4) is not satisfied. Then, the equilibrium point T of the equation (2.32) is unstable. See
Figure 2.5.

figure 3

20

x(n)

60 70 80 90 100

Figure 2.3:  Plot of the solution {x,},>¢ of the equation (2.32) with the initial values
v 4 =1.03, 20 = 0.05.
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Example 2.4. Consider the equation

0.5z, + 1.8z,-1 + 0.02

nt1 = 0.01z,, + 0.8z,
Tntl T+ 0-8n—1 + 6x, +3r,—1 +1

(2.33)

with the initial conditions x_1 = 4.4, xo = 0.07. In this case, the conditions of Theorem

(2.3) are satisfied. Then, the solutions of the equation (2.33) have a positive prime period
two solution. See Figure 2.4.

5 figure 4
45+
4l
3.5
3
g 25
ol
150
1H
0.5
0 1 | 1 1 1 | 1 ]
0 20 40 60 80 100 120 140 160

Figure 2.4: Plot of the solution {z,},>¢ of the equation (2.33) with the initial values
r_1 = 44, Ty = 0.07.
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On the Global Behavior
Chapter of Higher-Order Non-
autonomous Rational

Difference Equation

3.1 Introduction

In this chapter, we study the global behavior of the more general rational difference
equation
&n + xnfr

. n=0,1,.., (3.1)
Qp + Tpg

Tpyl =
where {a,,},+, is a bounded sequence of positive numbers and r < k are positive integers.
by taking the sequence {an},,50 to be bounded. The study of this equation is extension
of the works of the mathematicians Dekkar et al. [18] and Kerker et al. [37] which was
the study first proposed by E.Camouzis and G.Ladas in their monograph [11] in which
they treated the global asymptotic behavior of higher order rational difference equations.
Besides, the importance of this equation itself, the study of these rational difference
equations has offered prototypes that played an essential role in the development of the
theory of nonlinear difference equations.

Recently, a huge interest was accorded to the study of difference equations

a+ Bx,
Tpi1 = ————" peN, 3.2
+1 A + an,k ( )
with their different particular cases, where the parameters «, 3, A, C are non-negative
real numbers, and k is positive integer (see for example [11, 39, 42]).

In [39], Kocic et al. studied the following higher order difference equation

a + by,

R eN, 3.3
A+yn—k " ( )

Yn+1 =

with a, b, A are nonnegative real numbers and k£ is a positive integer. They showed, among
others, that the positive equilibrium point of the Eq. (3.3) is globally asymptotically
stable. These results were extended in [18] and [37] to the non-autonomous rational
difference equation

Qp + Yn

T op=0,1, .. (3.4)
Qn +yn—/€

Yn+1 =

Precisely, Dekkar et al. [18] considered Eq. (3.4) in the case where {«,, },>¢ is a periodic
sequence of positive numbers with period 7', while Kerker et al. [37] studied Eq. (3.4)
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3.2. OSCILLATION OF POSITIVE SOLUTIONS

when {ay,}n>0 is a bounded sequence. Recently, Kerker and Bouaziz [36] studied the
oscillation and the global attractivity for the more general difference equation (3.1) with
{an},,50 1s a convergent sequence of positive numbers and < k are positive integers. For
more related works see 2, 5, 11, 28, 29, 45, 47, 56, 57|.

In our work, we deal with a generalization of Eq. (3.1) by taking the sequence {a,,},,
to be bounded. Our discussion starts with the oscillation about the equilibrium point
T =1 (Theorem 3.1), then the boundedness of the positive solutions (Theorem 3.2), after,
analysis the global attractor (Theorem 3.5) and finally the global asymptotic stability
( Theorem 3.6).

3.2 Oscillation of Positive Solutions

In this section, we study the oscillatory behavior of positive solutions of Eq. (3.1).
Theorem 3.1. Every positive solution of (3.1) oscillates about T = 1.

Proof. Assume that Eq. (3.1) has a nonoscillatory solution. Then, there exists nog > —k
such that

x, > 1, for all n > ng

or

T, <1, for all n > ny.
Suppose that x, > 1, ¥V n > ng. So, for n > ng + k, we have

n n—r 1 n 1
P Y/ ) S o S (3.5)
Qp + Tp_k Qp + Tk

Let p be the smallest integer in {ng + k, ...,ng + k + r} such that
r, =max{z;, i =no+k,...,no+k+r}.
Therefore, there exists a non-negative integer m and j € {0,...,7}, such that
k—r+p=m(r+1)+j.

Hence, we get

Qno+2k+p + Tno+2k—r+p

Lno+2k-+p+1
Ono+2k+p + Tno+k+p

g +2k+p + Tnotk+m(r+1)+j

Cno+2k+p + Tng +k+p
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3.2. OSCILLATION OF POSITIVE SOLUTIONS

Consequently, by using (3.5) we have two cases:
Case 1: If m = 0, we obtain

Qnot2k+p T Tngtktj

Tno+2k+p+1 —
Qg+ 2k+p T Tno+k+p

Qno42k+p + Tnotktp

IN

Qo+ 2k+p T Tno+ktp

Case 2: If m > 1, we obtain

Qnot2k+p T Tngtktj

Tno+2k+p+1 <
Qo+ 2k+p T Tno+ktp

Qno42k+p + Tnotktp

< = 1.

Qnot2k+p T Tnotk+p
Then, in both cases we have a contradiction, and the proof is complete.

[]

To confirm our result on the oscillatory behavior of the positive solutions of Eq. (3.1),
we consider the two following numerical examples.

Example 3.1. We consider the following fifth order difference equation

—1)"+4
P e i (3.6)
n+l — _1\n N
(S 4y,

with the initial values y_4 = 1.2, y_3=10.9, y o =0.7, y_1 = 1.9, yo = 1.3. The solution
of Eq. (3.6) is oscillatory about §y = 1, see Fig. 3.1.
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0.6 _

04 | | | |
0 100 200 300 400 500

n

Figure 3.1: Plot of the solution of equation Eq. (3.6) with the initial values y_4 = 1.2,
Yy-3=09vy.,=07 9y, =19, yo=1.3.
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Example 3.2. We consider the following rational difference equation

n+12
_ Tngs T Yn—2
Yn+1 = 7312

(3.7)
nts T Yn—11

with the initial values y_11 = 0.02, y_10 =35,y 9 =91,y s =12,y 7 =33, y_¢ = 0.5,
Y5 =28, y4 =15y 3=19 yo=27 y 1 =115, yo = 0.3. The solution of Eq.
(5.7) is oscillatory about §j = 1, see Fig. 3.2.

350

300 - i

250 -

200 -

Yn

150

100 -

50 -

LUt 1 J|i J Jh LU,

0 100 200 300 400 500 600 700 800
n

Figure 3.2: Plot of the solution of Eq. (3.7) with the initial values y_1; = 0.02, y_10 = 3.5,
Y_9 = 91, Y_sg = ]_2, Y7 = 33, Y_6 = 05, Y5 = 28, Y_g4 = 15, Y_3 = ]_9, Y_o = 27,
Y_1 = 115, Yo = 0.3
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3.3 Boundedness of Positive Solutions
Hereafter, we shall use the following notations
a = lim a,, a = inf{a,} and A =sup{a,}.

We have the following result.
Theorem 3.2. Assume that
a>1. (3.8)
Then, every positive solution of (3.1) is bounded.
Proof. We have
Oy +Tpyr A 1
a

ni1 = ————— < —Zn—r, 3.9
ot Oy + Tk - * a’x ( )

which gives (see [22, p. 77])
T < ta = ch . (3.10)

Since a > 1, the right hand side of inequality (3.10) tends to % as n — oo. Then, by
Theorem 1.1, there exists M > 0, such that

T, < M, Vn > k.

Hence, Eq. (3.1) yields

a
iy > =m > 0.
Tn+1 = A I Vi m
O
Theorem 3.3. Assume that a < 1 and that there exists a positive integer m such that
k=r+m(r+1). (3.11)

Then, every positive solution of (3.1) is bounded.

Proof. Let {x,},-_, be a positive solution of (3.1). Assume, for the sake of contradiction,

that the solutions are unbounded. Then, there exists a sub-sequence {x,, 1} such that
lim 1 = +o0, Tp,41 = max{x, :n <n; + 1}.
1—00

From (3.9) we have
lim z,,, _, = 400. (3.12)

1—00
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Furthermore,

0, (1 = T, —p) + (1 — Ty k)T —r
ani + xni—k

0< Tni41 — Tpy—r =

which implies that

O,

Ty—te < +1—ay,,. (3.13)

n;—r

In view of (3.12) and (3.13), we see that {x,,_} is bounded. Hence, by applying (3.9)

repeatedly we obtain

m+ Tn,_k, ifa=1,
xni—r S
@™ =1)+a "wp_k, ifa<l,
which implies that {z,,_.} is also bounded. This is a contradiction. O

3.4 Global Asymptotic Stability

In this section, we investigate the global asymptotic stability of the equilibrium point.
First, we have the following local stability result.

Theorem 3.4. Assume that (3.8) holds. Then, T =1 is stable.

Proof. Choose M > A/(a — 1) such that

1
ks M.
T_fy .y Tp € <A+M7 )

Since @ > 1 and from Theorem (3.2), we have

A f: ap S mmsM
then
A+ M <tnsM
Therefore,
T, € (ﬁ,M) , Vn > —k. (3.14)

Next, setting

_ 1
M(s):mm{l—i—e,l_e—A}
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and

5(e) = min{]\/[(s) 11— ﬁM(E)} ,

for € € (0,1), we obtain

(1—5,1+5)§< M)§(1—6,1+5). (3.15)

A+ M’

Now, if we take x_g,...,x0 € Ry with |z_p — 1| + |2_g11 — 1| + ... + |zo — 1| < 6, then
(3.14), combined with (3.15), yields

|z, — 1| < e, Vn > —k,

and so T is stable. O

In the next theorem, we establish the global attractivity of the equilibrium point.

Theorem 3.5. Assume that (3.8) holds. Then, T = 1 is the global attractor of all positive
solutions of Eq. (3.1).

Proof. Let {z,},-_, be an arbitrary positive solution of (3.1). Set

I = liminf x,, and S =limsupx,
n—00 n—00
which by Theorem 3.2 exist. Let {n,} and {n,} be an infinite increasing sequences of

positive integers such that

lim x, .1 =1 and limz,, ;=35
q—o0 p—o0

By taking sub-sequences, if necessary, we assume that {ou, }p, {0, } ) {Tn,—r }ps {Tng—r o>

{@n,—k}p and {1}, converge to Ay, ag, L, I, L;; and [}, respectively. Clearly
lT,LT,lk,Lk S [[,S} and CL(),A() € [CL,A].
Then, the Eq. (3.1) yields

_ao‘i‘lr > Clo"‘l
ao+1lx — ag+ S

and

Ay + L, <AU+S
Ao+ Ly = Ag+ 1

Since the function (z + I)/(x + S) is non-decreasing, we have

S:

7> a—f-].
“a+ S

(3.16)
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Similarly, since (x 4+ 5)/(x + I) is non-increasing, we obtain

< a+S'
“a+1

(3.17)
Combining (3.16) with (3.17) gives
a+(1—a)l <IS<a+(1-a)S.

Consequently, since a > 1 we obtain I > S, and so the sequence {z,} is convergent to

the unique limit [ = 1. O
From Theorems 3.4 and 3.5 we obtain the following result.
Theorem 3.6. Assume that (3.8) holds. Then, the equilibrium point T =1 of Eq. (3.1)
15 globally asymptotically stable.
Next, when condition (3.8) does not hold, we have

Theorem 3.7. Assume that a > 0 and k = 2r + 1. Then T is the global attractor of all
positive solutions of Eq. (3.1).

Proof. Let {x,},-_, be an arbitrary positive solution of (3.1). In view of Theorem 3.1, it
suffices to show that all positive solutions of Eq. (3.1) which are oscillatory about z are
attracted to it. Setting

Z,(f) = Tn(ri1)+is  forallm >ng+kandi=0,..,r,

it follows from Eq. (3.1) that

(@ _ _
Zpr1 = L) (1) 4+ = Tn(r41)+itr+1

O (r41)+itr + Tn(r41)+itr—r

)
A (r4-1)+itr + Tn(r41)+itr—k
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we have k = 2r + 1 yields:

(i) On(r+1)+itr T Tn(r+1)+i

A (r4-1)+itr + Tn(r+1)+itr—2r—1

O (r4+1)+itr T Tn(r+1)+i

O (r41)+itr T T(n—1)(r+1)+i

(4) + ()
= H, forallm>0and=0,...,r,
n + n—1
where ﬂ,(f) = Qp(r41)+i+r- Hence, all sub-sequences {zﬁf)} , 1 =0,...,r, satisfy the same

second order difference equation

B + 2n

R (3.18)

Zn+l =

In the sequel, we will show that £ = 1 is the global attractor of all positive solutions of
Eq. (3.18). Let {2n},>_, be an oscillatory positive solution of (3.18), and let {p;} and
{q:} be sequences of integers such that z,, < 1 and for i = 0,1, 2, ...

{#pi+1, -, 2¢;}  1s a positive semicycle, (3.19)

ie.,
zn>1, ne(p+1,...,q¢), 2z <1, and z,+1 <1,
and
{%gi+1, - 2p,. | 18 & negative semicycle, (3.20)
ie.,

2y <1, ne(g+1,...,pi11), 24 >1, and 2z, 41 >1

For each i = 0,1,2,..., let P, and @Q; be the smallest integers in {p; + 1,...,¢;} and
{¢; +1,...,pis1}, respectively, such that

2p, = MaxX{Zp, 41, .., 2} and 2o, = min{zg 41, ..., Zp,., }-

From (3.18) it follows that the extreme point in any semicycle occurs in one of the first

two terms of the semicycle. Consequently, we have Vi > 0

pit1<P<p+2 and ¢+1<Q;<q+2 (3.21)
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Let

I = liminf z,, = liminf 25, and S = limsupz, = limsup zp,.
n—o0 100 n—00 1—00

Next, by Theorems 3.2 and 3.3, I and S exist, and they satisfy
0<I<1<S5<o0.
By definition of [ and S, Ve, 0 <e < I and § > 0, dng € N such that
I—e<2, <546 Vn>nyg.
Now, we consider the positive semicycle (3.19) with p; > ng + 1. Then, we have

Zp1>1—¢e, forn=p;, .. P —1,
zp>1, form=p;+1, P —1.
From (3.21) we distinguish two cases:
Case 1: P, = p; + 1. In this case we have

By, + 2y,
ZPi:Zp'H”l:/Bpl—pz

Pi+zpi—1
_ Butl

Since the function (z + 1)/(xz + I — €) is non-increasing, we obtain

a+1
zp < ——, Ve >0,
P= +1—¢
and so .
g < a—+ '
“a+1
Case 2: P, = p; + 2. In this case, we have
2y,
ZPi = Zpi+2 = pit2 X zpr‘rl
Zpi+1
_ 6pi+1/zpi+1 +1 « 5171' + Zp;
ﬂpﬁ-l + 2p, Bpi + Zp,—1

< ﬁpi-i-l +1 « ﬁpi + Zpi
T Bpit1+ 2 B + Zpi—1
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and since the function (x + 1)/(z + z,,) is non-increasing, we have

a+1 % B, + Zp,
a+ zp, Bpi + 2p;—1 '

P >

To estimate the last term in the right hand side of this inequality, we have:

Case 2-a: If z,,_1 < z,,, then the function (x + z,,)/(x + z,,—1) is non-increasing, and

then
a+1 a+ zp,
Zp, = X
a-+zp A+ zp-1
a+1
<——, Ve>0
a+1—c¢
Case 2-b: If z,,_1 > z,,, then
ZPZS a+1 /Bpi+zpz
a+zp Byt %,
1
ot , Ve >0.
a+1—¢

Therefore, in the two sub-cases we obtain the inequality (3.23).
Similarly, we consider the negative semicycle, (3.20) with ¢; > ng + 1. Then, we have

Zn—1 < S+57 fOI'TL:qZ',...7Q7;— ]-7
<1, forn=¢+1,0Q;—1.

From (3.21) we distinguish two cases:
Case 1: ); = ¢; + 1. In this case we have

2Q; = Zg41 = St 2
' " /BQ'L + 21
S By + 1 '
T By t+S+0

Since the function (z +1)/(x + S + ¢) is non-decreasing, we obtain

a+1

arsts 0

2Q, =

and so .
7> 9t

“a+ S

(3.24)
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3.4. GLOBAL ASYMPTOTIC STABILITY

Case 2: (); = ¢; + 2. In this case, we have

Za:
_ _ ~qi+2
Qi = Rqi+2 = X Zgi+1
Rgqi+1
_ /BQi+1/Zqz'+1 +1 x qu’ + Zq;
Blh'-i-l + 2, 6%‘ + Zg-1

> qu'-l-l +1 « qu' + Zq;
Bu+1+ 24 Ba + 241

and since the function (x + 1)/(z + z,,) is non-decreasing, we have

a+1 % Ba + 2,
a+ zy qu‘ + Zqz‘—l.

2Q, =

To estimate the last term in the right hand side of this inequality, we have:

Case 2-a: If z;,_1 > z,,, then the function (x + z,,)/(x + 24,_1) is non-decreasing, and
then

a+1 a+ zg
X

>
= a+zg a+ 24
a-+1
— V6 >0.
T a+S+9

Case 2-b: If z5,_1 < z,,, then

1 . _
a+ " Bg + 2q

Zp >
b= a+zg Btz
a+1
—, Y5 >0.
T a+ 5490

Therefore, in the two sub-cases we obtain the inequality (3.24).

Combining (3.23) with (3.24) gives
at+l—al <IS<ag+1-4aS.

Consequently, since a > 0 we obtain I > S, and so the sequence {z,} is convergent to the

unique limit [ = 1. O
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3.4. GLOBAL ASYMPTOTIC STABILITY

Now, we give four illustrative examples:
Example 3.3. We consider the following fifth order difference equation

5 + cos(nm) + n%l + Yn—2

54 cos(nm) + =5 + yna’

yn_;’_]_ - (325)

with the initial values y_4 = 0.3, y_3 = 5.5, y_o = 0.9, y_1 = 4.2 and yo = 1.2. From
Theorem 3.5, the equilibrium point y = 1 is the global attractor of all positive solution of
Eq. (3.25), see Fig. 3.5.

1.3

Yn

09 - _

0.8 - _

0.7 - _

0.6 | | | |
0 20 40 60 80 100

n

Figure 3.3: Plot of the solution of Eq. (3.25) with the initial values y_4 = 0.3, y_3 = 5.5,
Yy2=209y1=42and y, =12
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3.4. GLOBAL ASYMPTOTIC STABILITY

Example 3.4. We consider the following eighth order rational difference equation

7 + Yn-3

) 3.26
Qp + Yn—7 ( )

Yn+1 =
where o, = 1 — 2= Here, we take the initial values as follows: y_7 = 0.3, y_g = 0.1,

ys=34, 9y 4=05vy3=19 9y ,=17 y 1 =15 and yg = 2.3. From Theorem 3.7,
the point §j = 1 is the global attractor of all positive solution of Eq. (3.26), see Fig. 3.J.

J

2.5

05 1 1 1 1
0 20 40 60 80 100

n

Figure 3.4: Plot of the solution of Eq. (3.26) with the initial values y_7 = 0.3, y_¢ = 0.1,
Y5 =34,y 4=059y3=19 9y =17 y_ 1 =1.5and yy = 2.3.
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3.4. GLOBAL ASYMPTOTIC STABILITY

Example 3.5. We consider the following siath order rational difference equation

(67% + Yn—2
] = ——, 3.27
Ynt (67% + Yn—5 ( )
where
/5, ifn=3j
ap =14 3/10,  ifn=3j+1,
2/5, ifn=3j+2.

Here, we take the initial values as follows: y_5 = 0.8, y_4, = 0.3, y_3 = 2.9, y o = 1.7,
y_1 = 1.5 and yo = 1.3. From Theorem 3.7, the point y = 1 is the global attractor of all
positive solution of Eq. (3.27), see Fig. 3.5.

3

25 f

O | | |
0 50 100 150 200

n

Figure 3.5: Plot of the solution of Eq. (3.27) with the initial values y_5 = 0.8, y_4, = 0.3,
Yy 3=29 vy =17y 1=15and yy =1.3.
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3.4. GLOBAL ASYMPTOTIC STABILITY

Example 3.6. We consider the following rational difference equation

2+ (TL + 1)72 + Yn—1
2+ (n+1)2+yp10

Yn+1 = (328)

with the initial values y_10 = 2.7, y_9 =11, y s =03, y_ 7 = 0.3, y_¢ = 0.3, y_5 = 3.4,
y4 =25y 3=11,9y9=05,y1=0.5, yo=1.8. From Theorem 3.7, the point y = 1
is the global attractor of all positive solution of Eq. (3.28), see Fig. 3.6.

1.8

0.8 i

0 20 40 60 80 100
n

Figure 3.6: Plot of the solution of Eq. (3.28) with the initial values y_jo = 2.7, y_g = 1.1,
Yy-s =03,y 7=03,y6=03,y5 =34, y4=25,y3=11,yo =05,y = 0.5,
Yo = 1.8.
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Dynamics of a System
of Higher Order Differ-
ence Equations with a

I\ Period-Two Coefficient

Chapter

4.1 Introduction

In this chapter, we tackle one open problem of the three problems proposed by Giimiis in
his article [27], 2018, in which he treated the semi-cycles of the positive solutions for the
system

. Ty
:En+1:A—|—y i Yni1 = A+ i n=0,1,... (4.1)

n xn

with parameter A > 0, and the initial conditions x;, y; are arbitrary positive real numbers
for i = —k,—k+1,...,0 and k € Z*. He also proved that if A > 1 then the unique
positive equilibrium point (z,y) = (A + 1, A + 1) is globally asymptotically stable. The
study of Giimiis is an extension of the work of Zhang et al. in [58], who studied the
asymptotic behavior of the positive solutions of the symmetrical system of the rational
difference equation (4.1) in the cases 0 < A <1, A=1and A > 1. When 0 < A < 1,
they found out that when 0 < A < 1 there exist unbounded solutions of the system (4.1) ,
and when A = 1 they proved that the system (4.1) has two periodic solutions. Also, they
found that any positive solution is bounded and persists. In the same study, they have
shown that the unique positive equilibrium point (z,7) = (A + 1, A + 1) attracts all the
positive solutions when A > 1. After the study of Giimiis, in [4], Abualrub and Alogeili
examined the first open problem. They studied the oscillatory behavior, the boundedness,
the persistence of the positive solutions and the global asymptotic stability of the unique
positive equilibrium point of the system of two rational difference equations:

n— Ty
Ty = A+ Ry =BT 0, (4.2)

n xn

with the parameters A > 0, B > 0 and the initial conditions z;, y; are arbitrary positive
real numbers for i = —k, —k+1,...,0 and k € Z*.

In this work, we investigate the dynamical behavior of the system of difference equa-

tions y T
Tpt1 = Oy + Zﬁk7 Yn+1 = Qp + nik7 n = 07 1’ ce (43)

n xn

where {«,,} is a periodic sequence of non-negative real numbers and the initial conditions
x;, y; are arbitrary positive numbers for i = -k, —k+1, -k +2,...,0 and k € Z™*.
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4.2. BOUNDEDNESS CHARACTER

We consider the system (4.3) when the period of {a,} is two; namely, as, = a and

a9ny1 = [. Then, we obtain
Yon—k

Top+1 = + R (44)
Yon
Yon+1—k
Tonia = B+ ——, (4.5)
Yon+1
Top—
Yont1 = . + 2 ka (4.6)
Lon
Tont1—
Yonyz = B+ =, (4.7)
Ton+1

If a,, = = f = A, then the system (4.3) turns into the symmetrical system (4.1)

— Ty
xn+1:A+y k? yn+1:A+ k? TLZO,]_,...

n :L‘n

with the parameter A > 0, and the initial conditions x;, y; are arbitrary positive real
numbers for i = —k,—k+1,....,0 and k € Z", which was studied in ([27],[58]).

Throughout this chapter, we assume that o # 3. We study the boundedness character
of the system (4.3) in the cases: 0 < o, f < 1 and a, § > 1. We use the linearization
method to give a necessary and sufficient conditions for the local stability. In addition, we
investigate the global behavior of the system (4.3). Furthermore, we determine the rate
of the convergence of the solutions and we give some numerical examples that support
our theoretical results.

4.2 Boundedness Character

In this section, we investigate the boundedness character of (4.3). We show that if k € Z™,
a, B > 1, then every positive solution of the system (4.3) is bounded. When 0 < o, § < 1
and k is odd, then there exist unbounded solutions of the system (4.3).

Theorem 4.1. Suppose that
a>1 and [ >1. (4.8)

Then every positive solution of the system (4.3) is bounded.

Proof. Tt is clear from equations (4.4), (4.5), (4.6) and (4.7) that

Top > 67 Yon > 67 Top—1 > Q,  Yop—1 > Q, for every n > k. (49)
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4.2. BOUNDEDNESS CHARACTER

We assume that & is odd. Then, from the equations (4.4), (4.5), (4.6), (4.7) and (4.8),

we obtain
Yon—k Yon—k
Topt1 = 0+ - <a+ = ,
Yon 6
Yon—k—1 Yon—k—1
Ton = B T < B
Yon—1 (67
Ton—k Ton—k
Yonil =+ —— <+ —— |
Ton 6
Lon—k—1 Ton—k—1
Yon = B + = < 6 + = .
Ton—1 «@

From (4.10), (4.12) and using induction we get

1 1 1
w2n+1<a(1+3+§+@+)+u1
af

1 1 1
y2n+1<a(1+—+§+@+---)+ﬂl

af
= ﬁﬂn,

where g1 = max {T g, Y, T pr2, Yht2, T kids Y—kids - - - > Thy Yb J -

Similarly, we get

1 1 1
Toppa <P |1+ -+ =S +—=5+... |+
a o a

af
- +,U/27
a—1

1 1 1
Yot < B 1+—+—2+—3+--- + Uo
a (0% (6%

af
= +,u27
a—1

where j1p = MaX {T_ 41, Yokt1, Topt3, Y—kt3) Tektss Y—kd s - - - s Tht 1> Yk 1 -
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4.2. BOUNDEDNESS CHARACTER

Now, we suppose that k is even and «, § > 1. Then, from the equations (4.10), (4.11),
(4.12), (4.13) and using induction, we obtain

1 1 1 1 1 1
Topt1 < a0+ +@|: +a_6+(04,3)2+(a5)3+ :|
+1{1+i+ Lo ]+
) T AT LR Y A B
1 af 1 af
_a+1+_ﬁ<a6—1>+3(a5—1>+“3
_afla+1)
= Taf_1 + 1435
<a+1+i[1+i+ I N ]
Yon+1 3 3 (/8)2 (045)3

1 [1+ 1 1 1
B of " (@B? " (aBy

1
_a+1+_<a,8—1)+3

+. }+u

)+M4

_aﬁ(a+1)
- ap -1 o
1 1 1 1
x2n+2<6+1+a—5{1+@+<aﬁ)2+(a5)3+...}
—f—l{l—i—l ! ! + :|+
of " (@BP " (app T

B 1 af 1 af
_5+1+a_ﬂ(aﬁ—1)+5<a6—1)+ﬂ4

_ap(B+1)

@5—1 +,U4a

<6—|—1—|—1 1+1+ L + ! +
Yon+2 B B (

o) " (aB)
1 1 1 1 1
Ta { T a8 " @pr * By +} o

B 1 af 1 af
‘“”a_ﬂ(aﬁ—1)+5<aﬁ—1)+“3
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4.2. BOUNDEDNESS CHARACTER

where
f3 = MaX {X i1, Yoks To g3 Ymkt 2y Tmkbss Y—btds - - s Thot 1, Uk}
and
o = MAX {L g, Y—kt1s Tkids Y—kt 3> T—kt6s Y—kt5s - - - » Th, Ykt 1 -
The proof now is completed. n

Next, we study the existence of unbounded positive solutions of system (4.3) when
O<a<land 0< g < 1.

Theorem 4.2. Suppose that 0 < a < 1 and 0 < f < 1. Let v = max{«, f} and

{Zn, Yn}or . e a positive solution of (4.3). Then the following statements are true:

(Cl) [fk is Odd7 0< Ty Tkt 2y - - o s Tl Yk Y—bit 25 - -, Y—1 < 1
1
and Tkt 1y Tkt 3y oy L0y Y=kt 1, Y=k435 - - - Yo = i then
lim x5, =00, lim y9, =00, lim 9,11 =, lim Y911 = a.
n—00 n—00 n—00

n—oo

(b) If k is odd, 0 < & _py1, 0 ky3,- s T0, Yot 1s Ykt s -, Yo < 1

1

and Ty Tt 2y ooy Tty Yk Ykt 2y s Y1 > 1—7 then
lim z9,4y =00, lim yg,y1 =00, lim 29, =/, lim yy, = f.
n—oo n—o0 n—o0 n—oo

Proof. (a) Since v > « and v > [ then

_ 1
O<:c1:oz—|—&<oz+—<oz—|—1—fy<1,

Yo Yo

T_k 1
O<ypr=a+—<a+—<a+1-—v<I,

Zo Zo

Y_ 1
T =B+ T S Bty g > Yo >y
Y1 1—v
T_k+1 1
Yo=F+——>B+T 41 > T py1 > ——.
T 1-— Y
By induction, we get
1
0 < Top_1,Yon_1 < 1 and o, Yo, > T— for n=12,...
-7
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4.2. BOUNDEDNESS CHARACTER

So, from x9,,1 = a + yZy’;—;’“ implies that x5, = a + % and Yo, = o + 2=k - , for
[ > k—;?’ and k is odd we have
Yai—1 L2l—(k+2)
> 200 + Ty (2k+42)
Ty = o+ Yai- (k) > QA Ys—(k+1) = @+ O+ Tal-(2k42)
Yai—1 L41—(k+2)
Yal—2k—3
Ty
> 30+ Yu—3k+3) = 30 + o+ Sk
T4l—(3k+4)

> 4o+ Tal—(4k+4)-
Similarly, we obtain xg > 6 + 26— (6k46). S0 for all r =1,2,...
Topl > 21+ Topl_2r(k+1)

Hence, if n = rl, then since r — oo and so lim,,_ .o, T2, = o0. In the same, we get
lim,, o0 Yon = Q.
We consider the system (4.3) and we take the limits on both sides of each equation in the
system

Yon—k Ton—k

Topt1 = &+ y Yopp1 =+
y2n Ton

we obtain lim, o, 9,11 = a and lim,_, yo,+1 = a. This completes the proof of state-
ment (a).

Now, we prove the statement (b). Since 7 > « and 7 > (3 then, we have

_ 1
O<x2:B+M<ﬂ+—<B+1—7<1,
N (1

1
0<ys= ﬁ—i— <ﬂ+—<ﬁ+1—7<1,

1
xl—a+y—>0z+y k> Y- > —,
Yo 1—7
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4.2. BOUNDEDNESS CHARACTER

T_ 1
NW=a+—>0+T_p>T_ > —.
To 1-— Y
By induction, we get
1
0 < Top,Yon < 1 and xop,_1, Yon_1 > T—~ for n=12,...
-7
From z9, = B + % implies that x9,.; = 8+ yQy’;—"“ and 1o, = [ + ﬂci’;‘—f;l, so for
[ > k—;‘g and k is odd yields
Yai—k To|—(2k+1
Torgr = B+ T > Bty = Bt B+
Yai L20—(k+1)
> 28 + To—(2k41),
Yal—k Tgl—(2k+1
SL’4[+1:6+ 1 >ﬁ+y4l7k:ﬁ+ﬁ+¥
Yl L4l—(k+1)
Yal—(3k+2
> 20+ xy—@rr1) =28+ 6+ G
Yal—2k—2
T4l—(4k+3
> 38+ Yu—(akez) = 30+ B+ ——
L4]—(3k+3)
> 48 + Ty (4kt3)-
Similarly, we get w11 > 68 + T (6k+5). So for all r =1,2,...
Topip1 > 2B + Tor— (20 (k+1)-1)-
Consequently, if n = rl, then since r — oo, lim, ,o To,4+1 = o0. Similarly, we get

lim,, oo Yonr1 = 00. Now, we consider the system (4.3) and we take the limits on both
sides of each equation in the system,
Yon+1—k — B+ 332n+1—k7

Tonte = [+ s Yong2
Yon+1 Lon+1

we obtain
lim z9p0 =04 and  lim yo,0 = .
n—00 n—00
This completes the proof of statement (b). O
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4.3. LOCAL ASYMPTOTIC STABILITY

4.3 Local Asymptotic Stability

The system (4.3) can be converted into a four-dimensional discrete system with constant
coefficients. To this end, let

Up = Top—1, Up = To,, In = Yon—1, Wp = Yon, n:07172a-'-

We consider the case k = 2m. Hence, for n > 0 we have

Yon—2m Wn—m
Upt1 = Topt1 = O+ =a+ )
Yon W,
Lon—2m Un—m
oyl = Yoy =+ ——— =a+
Tan Un

Yon+1-2m tnferl
Un+1=$2n+2=5+—y :/B+—t ;
2n+1 n+1
Ton+1-2m Up—m+1
Wpi1 =Yz =0+ —— =0+ ——.
Ton41 Un+1

So, for n = 0,1, ..., the system (4.3) is equivalent to the system

Wn—m

Unp+1 = o+

Un41 = ﬂ_’_ Ctyznr;::v:L (414>
tn+1 =a+ T

'U; w
Wpy1 = ﬁ‘f‘ —nomton

QWnp+Wn—m

where the initial conditions are wg = yg, W_1 = Y_2,. .., W_py = Y_2m, Vo = Lo,
Vol = Togyeny Uiy = Toom, to = Y1, o1 = Y35 ooy Tomil = Yo2mi1,U0 = Toq,
Ug =T 3, ., U_ypr1 = T_omy1- One can easily see that the system (4.14) has a unique

equilibrium point £ = (a«+ 1,8+ 1,a+ 1,8+ 1). In this section, we use the linearization
method to give necessary and sufficient conditions for the local asymptotic stability.

Theorem 4.3. If a > 1, > 1 and k is even, then the unique positive equilibrium point
E=(a+1,0+1,a+ 1,5+ 1) of the system (4.14) is locally asymptotically stable.

Proof. The system (4.14) can be formulated as a system of first order recurrence equations

as follows:

ul) =, u? =y, U = s
o) =0, 0P = v g, 0 = v,
t0 =t 6 =t g, Y = b,
0 — 0002 — 1wl —
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4.3. LOCAL ASYMPTOTIC STABILITY

The linearization of the system (4.14) about the equilibrium point E is given by

L1 = AZ,, (4.15)
where
Z, = (unl), un2), .. ,uflm), vnl), Uq(f), . ,vq(lmﬂ), tg), tff), . ,tflm), wnl), wf), . ,wgmﬂ))T
and
Zn+1 =
1 2 m 1 2 m—+1 1 2 m 1 2 m+1
(ufw)rlv uflll? ce 7u£1,+)17 Ur(LJZb Ur(LJZb SRR 7(1+1 )7t517217t£z+)17 s 7t£1,+)17 w?&lla w7(z+)17 te 7w7(1+1 ))T
(m~+1) (m) (1) (m~+1)
et W @ men g e ) o) g P
w7(11) OéUr(Ll) +U7(1m+1) UT(})
1) 4(2) (m—1) uy ! 1) ,,(2) (m)\T
t’n, 7tn b 7tnm7 75_'_ = = 7w’n 7wn ) 7w’n,m>
aw%l) 4 w7(lm+1)
With
1 1 1 1 1 1
augz-l)-l —0 augz-i)-l _ aufh)q _ augz-i)-l _ au;]rl _ au;]rl _
oud T T au™ T el T T gl T gl o adm
8u7(11-l)-1 _ —wpt! aug—l)—l _ 8“5121 _ 3“5121 1
e @Y o O ™ e
8“7(12421 _ augrl _ augl _
D =1, @ =0,..., (m+1)_0’
Owly o 0w 0wl dwlh o dulh
aus) 3u7(1m_2) 8u£zm_1) au%m) 8wﬁlm+1)
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avgﬁl —0 3@5#)1 —0 av1(11+)1 _ %m)vgmﬂ) avﬁl —0 81’511421 _
8u£}) T 8u£zm) ’ E)U,(ll) (ow,(ll) + vﬁLWH))Q7 81}9 T (%ﬁlm) ’
82},(;21 _ —timpM 31}&21 _o 5@&21 _ 8@,(121 _ Y
8U7(Lm+1) (04'07(11) + Uy(Lerl))Q atgll) 8t£1m71) atglm) avy(ll) + ,U7(Lm+1) ’
81)(1421 ol
e =0,..., —" =0,
owH oY
8”512421 o avgl o a”ﬁl _ 8%(12421 .
m =0 m = h oy =0 oy =0
m+1 m+1 m+1 m—+1 m+1
(%£L+1 ) 0 8”7(1;1r : _ (%ﬁwj ) _ avw(m—l-—f : —0 (%iH_;r ) —0
pu T atm 0 P Tyt b gyt ~ e e =
atq(zl—i)—l —0 atg—i)-l _ atg}ﬂ _ —upt atfgzl-&)-l _ atq(zl—i)—l _
aul T o™ T o )2 el T e
ol 1l .l
aw(]m+1) Ur(}) ’ 81553) RS 8w,(1m+1) )
o, ot ol ol ot
D=0 o 0 = b =0 s =0
Ouy, Ovp, Oty, Otr, Own,
tth _ Oty o Ot o ity
0, =0, e g
Oun, Ot Ot Otn Own,
3“’53421 _ awa(v,lll _ awgl _ wy 8“’53421 _ awq(v,1+)1 _
8u,(11) T 8u7(1m_1) ’ 3u£1m) awg) + wnmﬂ)’ 81)7(11) T at%m)
oull el ool oulh _ oull el
0 @l o e oul D (au® + )
2 2 2 2 2
awfﬁ)-l —0 8“17(111 _ awr(z—i)-l 1 871%(1421 —0. 8w£ll —0
duy ot owy owy dwl" Y
m—+1 m+1 m—+1 m—+1
awfﬁl : B 0 7(1+J1r ) . awfwj ) . awr(LJrJlr) .
(1) =0,..., (mfl)_o’ (m) — 7 (+1)_0’
Ouy, Owy, owy" owy"
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4.3. LOCAL ASYMPTOTIC STABILITY

and A is the jacobian matrix at the equilibrium point E under the above linearized

system (4.15), it is as follows:

A=
0 0 0 0 0o 0 0 00 50 7
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
00 ... 1 0 0 0 .. 0 0 0..0 0 0 0 .. 0 0
1 —1 1
00 .. 0 0 Gy 0 0 0 G 00 0 & 0 0 .. 0 0
00 ...0 0 1 0 .. 0 0 0..0 0 0 0 ... 0 0
0 0 0 0 10 0 0 0 0 ... 0
0 4 0 L 0 0 0 0 .. 0 0
0 0 0 0 0 0 0 0
0 0 0 0 .. 0 0 0..1 0 0 0 .. 0 0
1 1 —1
0 L0 0 ... 0 0  0...0 0 Gy 0 - 0 Grerm
0 0 0 0 .. 0 0 0..0 0 1 0 .. 0 0
00 ... 0 0 0 0O .. 0 0 0.0 0 0 0 .. 1 0

(4m—+2)x (4m+2)

Let A1, Ao, ..., Agmao be the eigenvalues of the matrix A. Define
D = diag(dy,ds, . .., dgmi2)
be a diagonal matrix such that d; = d,,11 = doymi2 = dgpmeo = 1 and
d; = dopmy14¢ =1 —ie, foreachie€ {2,3,...,m,m+2,...,2m + 1}.

Since «, B > 1, we can take a positive number ¢ such that

B—1 (a+1)(+1)—-3 }
B+DE2m+1)" (a+1)(B+1)2m+1)) "

0<e< min{ (4.16)

Hence, for all 7, 1 —ie > 0, and its clear that D is an invertible matrix. Computing matrix
DAD~! where
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4.3. LOCAL ASYMPTOTIC STABILITY

D

dy
0

o A=

o &~ o

dm+l
0

0

dm+2

0

d2m+2

0

0

0

dam+2

0
0
0

0

0

0
0

d2m+3

0

1

dam+3
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0 0 0
(1’3m+1 0 0
0 dgmi2 O
0 0 d3m+3
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
1
d3m+1 0 0
1
0 d3m+2 0
1
0 0 d3m43
0 0 0
0 0 0

0

dm+1
0

0

d4m+2

dam+2




4.3. LOCAL ASYMPTOTIC STABILITY

DAD™! =
0 ... 0 0 0 ... 0 0 0 ... 0 T Y A | B |
sV 0 0 0 ... 0 0 0 ... 0 0 0 ... 0 0
0 ..o o 0 ... 0 0 0 ... 0 0 0
0 ... 0 0 om0 sl o o 0 o8 0
0 ... 0 0 s o0 0 0 ... 0 0 0 ... 0 0
0 0 ...o&m 0 0 ... 0
0 o) o0 sy o0 .0
0 ... 0 0 0 ... 0 0 sEmP 0 0 0 ... 0 0
0 ... 0 0 0 ... 0 0 0 ..M 0 0 ... 0 0
0 ... 0 &M, 0o ... 0 0 0 ... 0 0 &g 0 g
0 ... 0 0 0 ... 0 0 0 ... 0 0 agm o 0
0 ... 0 0 0 ... 0 0 0 ... 0 0 0 ... oUmb o
where
5m2) _ —dy st _ s _ @
1 - ) 1 - ) 2 - )
(B + 1)d3m 0 (B+1)dam+2 dy
sm=1) _ dm, 5D _ A @m+1) —dyy1
m - ) m+1 1 Ddpma1’ m+1 - )
d. (B+1)(a+1)dm 11 (B+ 1)(a+ 1)domia
sGmtn _ 5D _ i 5@ _ Gami
m+1 (Oé i 1)d3m+1, m+2 dmy1’ 2m+1 de )
Sy —domy2 SEMH) L damso @mt2) _ dom+3
? ? ?
m+ (ﬁ + 1)dm+1 m+ (B+1)d2m+1 m- domio
Im+1 — ) 3m+2 Ddm? Im+2 T
d3m (a+1) (ﬂ + ].)(O[ + 1)d3m+2
sm+2) _ —d3m 2 5GmED _ dsmis s@am+D) _ dam2
3m+2 T ) 3m+3 T dgman’ 4m+2 T :
(ﬁ + 1)(06 + 1)d4m+2 3m+2 d4m+1

From the following four inequalities

l=dy >dy>--->d,, >0,

1 =dps1 > dpyyo > -+ > dop > doppgr >0,

1 = domg2 > dopmgz > -+ > dzy > dgpyr > 0,

I =dgmy2 > damyz > -+ > damyr > damy2 > 0,
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4.3. LOCAL ASYMPTOTIC STABILITY

we get
do ds dpm, A2 dom+1
— <1, —=<1,...,— <1, <l1,..., <1,
d; dy dm—1 dm+1 dom
d2m+3 d3m+1 d3m+3 d4m+2
<1,..., 1, <1,..., < 1.
d2m+2 d3m d3m+2 d4m+1
Furthermore, since o, § > 1 and by using (4.16) we have
1 n 1 < 1 n 1
4+1 B+1D)(1-=02m+1)e)  B+1D)A—=02m+1)e) (B+1)(1—2m+1)e)
2
<
(1—2m+1)e)(B+1)
<1
and
1 . 1 . 1
(a+1)(B+1)  B+D(a+D)A—=02m+1)e) (a+1)(1—me)

w

SGBtDa+D
< 1.

—~

1—(2m+1)e)

Since A and DAD™! have the same eigenvalues, we have

max{|A;} < [|DAD ™|

B 1 1 dy dy A
—max{(BJrl)+(ﬁ+1)(1—(2m+1)5)’ dds " Ay
dm+2 d2m+1 d2m+3 d3m+1 d3m+3 d4m+2
G, T, i, S, o,

1 1
CESCESUR

1
B+ D(a+1)(1—(2m+ 1)) + (a+1)(1— ma)}
< 1.

So, the modulus of every eigenvalue of A is less than one. Hence, the unique equilibrium

point £ = (a+1,6+1,a+ 1,5+ 1) of the system (4.14) is locally asymptotically stable.
Thus, the proof is completed. O]
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4.4 Global Asymptotic Stability

In this section, we show that all positive solutions of (4.3) are attracted by a period-two
solution.

Theorem 4.4. If a > 1, f > 1, then every positive solution of the system (4.3) converges
to the period-two solution (o +1,a+ 1), (B+1,8+1),... asn — co.

Proof. Let {x,,y,} be an arbitrary positive solution of the system (4.3) and let

up = limsup xo,11, 4 =liminfxy,1 us =limsupwzy,, [l =liminfzy,
n—00 n—o0 n—00 n—00

uz = limsup yon+1, I3 =liminfys,1q, uy =limsupys,, [y =liminfy,,
n—o00 n—0o0 n—00 n—00
Using Theorem (4.1), we get

L <up < 400, Iy <uy < 400, Ilyg<ug<+oo, Iy <uy< +oo.

Now, we assume that k is even. Then the system (4.3) implies that

wm<at 2t wp<BH2 ug<atol, ug <B4t
l4 l3 l2 ll
I l3 ly L

h>a+—, L>2+—, L>a+—, L>p+—
Uy us (%) Uy

which implies that
Buy + 1 <lyuy < aly +uy,  aug + 1y < lug < Bl + g
and
aug + Iy <lguy < Blz +ug,  PBuz + I3 < lhuz < aly + uy.
Therefore, we obtain
(B—1)(ug —l) +(a—1)(ug —1ly) <0
and

(B—1)(ug —13) + (= 1)(ug — I3) <0.
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4.4. GLOBAL ASYMPTOTIC STABILITY

Since a > 1, B > 1 and uy — Iy, us — ly, ug — Iz, ug — ly > 0, we get
ul—llz(), ’LLQ—ZQZO, u3—l3:0andu4—l4:O.

Now, we assume that & is odd. Then the system (4.3) implies that

Ulga‘f—%, u2§6+%7 U3§Oé+%, U4S/B—|—%,
4 3 2 1
l l [ [
zlza+u—3, 5225+u—4, zgza+u—1, z4zﬁ+u—2
4 3 2 1

which implies that
Buy + 1l < lyuy < aly +ug, oauy + 13 < lyuy < Bl 4 ug
and
aug + 11 < lgug < Blz +uy, Puz+ 1y < louz < aly + u;.
Consequently, we obtain
(B—=Dus + (1 —a)ly < (a—1)lg+ (1 = B)us
and
1=+ (a—1ux < (B —1)ls+ (1 — a)uy.
By addition, we get
(B—=1)(ur — ) + (@ = 1)(ug — lo) + (@ — 1) (ug — lg) + (B — 1)(uz — I3) < 0.
Buta—1,86—1>0and u; — l1,us — lg, ug — I3, uy — l4, > 0. Thus
u — 101 =0, us—1I0b=0, wug—I3=0anduy—1y=0.
So, we use (4.14) to get

l1:U1:Oé+1, l2:u2:5+1, ngU3:Oé+1, l4:U4:B+1
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4.5. RATE OF CONVERGENCE

Moreover, it is obvious that since o # (3, then from equations (4.4), (4.5), (4.6) and (4.7)
lim x9,11 # lim x9,, lim yo,11 # lim yo,.
n—oo n—roo n—oo n—oo

Finally, since I = uy, ly = ug, l3 = us, ly = uy, it is clear that {x,,y,} converges to the
period-two solution (o + 1,a+ 1), (B+ 1,8+ 1),... as n — oc. ]

From Theorems (4.3) and (4.4) we obtain the following result.

Theorem 4.5. If a, 8 > 1 and k is even then the period-two solution {(a+1,a+1),(5+
1,8+1),...} of the system (4.3) is globally asymptotically stable.
4.5 Rate of Convergence

Let {(un, vn, tn, w,)} a solution of the system (4.14) converging to the equilibrium point
(@,v,t,w). We seek here to determinate the speed of convergence of {(uy, vy, tn, w,)},
called "Rate of convergence", and to do this we will build a system of errors, we have

k k
Upy1 — U = ZAi(un—i —u) + Z Bi(wy,—; — w),
Un—l—l_U_ZE Up—i —V _I'ZE nl_ )
tp1 —t = Zci(tn—i —t)+ ZDi(Un—i —0),
i=0 i=0

k

k
Wpy1 — W = Z Gi(wp—; —w) + Z Hi(up—; — ).

i=0 i=0
Set
e =u, —a, e =v, —v, ¥ =t, —t, M =w, —w.
Hence we obtain
k
) 2
n—i—l_ZAen Z+ZB€n 7 €n+1:Z ()+ZF6n 79
=0
k
P = Zce(?’) —i—ZDen .o =Y a, G, +ZH6n ;
=0
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4.5. RATE OF CONVERGENCE

where

A;=0i€{0,1,....m—1}, By=—mm B —0ie{l,2,....m—1},

w
1 tn—m n—m . —th—m n
B,,=—, Ey= +1V . E=0ie{l,2,....m—1}, E,= +1V 7
Wn, (avn + vn-m)? (avy, + Vo )?
F=0i€{0,1,....m—2m}, Fpi=—" ' C=04i€{0,1,...,m—1},

QUp, + Un—m
Up—m+1Wn—m

—Vp— 1
Dy = nm, D;=0,ie{l1,2,....m—1}, D, =—, Gp= ,
0 v2 et " / Un ° (Qwy, + Wn_pm)?

Gi:0,i€{1,2,...,m—1}, Gm:(&;un—Fmlen)Q’ Hi:O’Z‘G{O’l’_“,m—2’m}

W,
Hmfl =

QWp, + Wp—m

Taking the limits, we have

-1
hmAl:OforZE{O,l,,m—l}, limB(]:T,

n—00 n—00 w

1 t

lim B;=0forie{l,....,m—1}, lim B,=—, lim Ey=———,

n—oo n—00 w n—00 (a+ 1)22)

: : _ —t
T}LIlgoEiZOfOTZG{l,...,m—l}, T}LI{:OEm:((X—i_—l)qu,

v
lim F,=0foric {0,1,....m—2m}, limFp, = ——
g Fr=0tor i€ {0, L om = 2m, -l e = 0y
—1

lim C; =0forie{0,1,...,m—1}, lim Dy=—, lim D;=0forie{l,...,m—1},
n—00 n—00 v n—00

) 1 . U . .
nh—>noloDm:57 nh—?goGO:m, nh_{l;loGZ:OfOI'ZE{l,,m—l},

. —U . . . w
nh_{Iolon—m, nh_{l;loHZ—OfOI'ZE{O,l,,m—Q,m}, nh_}n;lonfl—m
Hence

—1 1 t —t
By = — ny Bn =— bn7 Ey = - ns E, = — dna
0 'u_J+a w+ 0 (a+1)2v+c (a+1)2v+
—1 1 U —U
Dy =— ns Dy, = - ns Gy = _ hna Gn = _ knv
0=5 + 1_}—|—g 0 (a—|—1)2w+ (a+1)2w+
G _
Fn1= — + Dn, Hy1 = — + On,
" la+ 1o P T a+) ¢

where a,, b,, cn, dyn, fr, Gn, Pny kny Py ¢gn — 0 for n — o00. Consequently, we obtain a

system of the form
En+1l = (A + B(n))em
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where

_ 1 (1) 2 (2)
e, = <en),...,en7m+1,e;),...,en_m
= (un — Uy ooy Up—pmt1 — U, Uy

and
00 00 0 0 0
10 00 0 0 0
00 10 0 0 0
00 00 ¢ 0 0
00 00 1 0 0
_loo 00 0 0 1
B(n) =14, 00 f 0 0
00 00 0 0 0
00 00 0 0 0
00 0 g 0 0 0
00 00 0 0 0
00 00 0 0 0
0 0 0 0 0
10 0 0 0 0
00 ..1 0 0 0
1
00 ... 0 0 Grbegy O
00 ..0 0 1 0
A—|00 . 0 0 0 0
00 ..0 0 &0
00 0 0 0 0
00 ..0 0 0 0
00 ... 04 0 0
00 0 0 0 0
00 0 0 0 0

(3) 3)
y €, ,...,enierl,
1_}7 y Un—m — U, tn
0 0 . 0 0
0 0 . 0 0
0 0 . 0 0
dy, 0 ... 0 pn
0 0 . 0 0
0 0 . 0 0
gn O 0 0
0 1 0 0
0 0 . 1 0
0 0 . 0 0
0 0 . 0 0
0 0 . 0 0
0 0 0
0 0 0
0 0 0
-1
0 B (a+1) 0
0 0 0
1 0 0
1

0 0 1
0 0 0
0 0 0
0 0 0
0 0 0

e(

1)

— t, '--7tn7m+1 — t,wn — W

g e

[e>ien)

o

) n—m

O )T

=1
B+1

o

0

o

0

—1
(B+1)(a+1)

0

0

0

with ||B(n)|| — 0. Therefore, we can write the limiting system of error terms about the
equilibrium point (@, v, ¢, @) as follows:
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€nt+1 =
—1 1 8%1)
00 0 0 0 0 ... 0 0 0 ... 0 0 0 0 g .
10 0 0 0 0 ... 0 0 0 ... 0 0 0 0 ... 0 0 n-1
: a
00 .. 10 0 0 0 0 0 0 0 0 0 0 0 -t
1 — 1
00 ... 0 0 Fpem O 0 e 0 = 0 0 0 0 e
00 0 0 1 0 0 0 0 0 0 0 0 €n
00 0 0 0 0 1 0 0 0 0 0 0 0 0 €l
-1 1 3
00 0 0 4 0 &= 0 ...0 0 0 0 0 0 e
00 0 0 0 0 0 0 1 0 0 0 0 0 0 ¥,
00 ..0 0 0 0 0 0 0 1o 0 0 0 0 @
L 1 -1 n—m
00 ...0 0 0 0 0 0 0 Fmem O 0 G oD
00..0 0 0 0 0 0 0 0 1 0 0 o
. . . . —1
00 0 0 0 0 0 0 0 0 0 0 0 1 0 @

which is the same as the linearized system of system (4.14) about equilibrium point
(@, v,t,w). Finally, we apply Perron’s theorems to obtain the following result.

Theorem 4.6. Assume that a solution {(u,, vy, t,, w,)} of the system (4.14) converges
to the equilibrium point (u,v,t,w) which is globally asymptotically stable when o, > 1

and k is even . Then, the error vector

n 7"'7en7m+17 n n—m» n—m-+1»~n n—m

e, = <e 1) (1) e@ @ e®  e® e® . eW )T

_ _ _ _ _ - _ _\T
= (Up, — Uy ey U1 — Uy Uy — Dy ey Uy, — Oy by — Ty ooy b1 — £, Wy — W,y ey Wiy, — W)

of every solution of the system (4.14) satisfies both of the following asymptotic relations:

lim {/|len|| = |NiJr(@, 0,8, )|, for somei=1,2,....k
n—o0

or

lim He”—“” = |\ Jr(u,v,t,w)|, for somei=1,2,...k
n—os | e|

where |\;JJp(u,v,t,w)| is equal to the modulus of one the eigenvalues of the Jacobian

matriz evaluated at the equilibrium point (4, v,t,w).

78



4.6. NUMERICAL EXAMPLES

4.6 Numerical Examples

In this section, in order to confirm our theoretical results, we consider some numerical
examples.

Example 4.1. Consider the system (4.3) with k = 9 and the initial conditions x_g = 3,
rg=412,=06,r =13, v 5=01, 2.4 =2T2x3=9,2.9=05, x4 =28,

To = 577 Y9 = 2; Y-s = 04; Y7 = 3; Y-6 = 1017 Y-s5 = 77 Y4 = 42; Y3 = 1.9 ’

Yyo=17,y_1=06.7, yo =3. Moreover, we take the parameters o = %, £ = %, i.€.,
5 .
¢ i neven,
oy =
% if n odd .

In this case 0 < a« < 1,0 < 8 < 1 and k is odd. Then, by virtue of Theorem (4.2), the
solution of the system (4.3) is unbounded (see Figure 4.1).

%108 figure 1

Y(n),X(n)

| il

0 50 100 150

Figure 4.1:  Plot of the solution {(xy,¥n)}, o of the system (4.3) with £ = 9 and the
initial values z_9 =3, v.s =4, 2.7 =06, 26 = 1.3, 2.5 =01, 24, =27 2.3 =9 ,
T o=0,x_1=2820=07,yYy9=2,ys=04y,=3y¢=101,y 5=7y_4=42,
Y_3 = 1.9 y Yo = 7, Y1 = 67, Yo = 3.
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Example 4.2. Consider the system (4.3) with k = 4 and the initial conditions x_, = 4,

r_3 = 3 , T_9g = 106, r_1 = 2, Tog = 08, Y 4 = 2, Yy_3 = 14 , Yo = 4, Y1 = 1, Yo = 4.

Moreover, we take the parameters o = %, b = g In this case o, B > 1 and k is even.

Then, by virtue of Theorem (4.4) the solution of the system (4.3) converges to the period
two solution {(%, %), (3,3),...} (see Figure 4.2).

figure 2

Y(n),X(n)

I I I I I I I I I |
0 20 40 60 80 100 120 140 160 180 200
n

Figure 4.2:  Plot of the solution {(x,yn)}, s of the system (4.3) with k = 4 and the
initial values x4y = 4, x 3 = 3, o = 1.06, x_1 = 2, 19 = 0.8, y_4 = 2, y_3 = 1.4,
Yy—2 =4 ya=1L1y=4

Example 4.3. Consider the system (4.3) with k = 3 and the initial conditions x_3 = 1.4
L o=26, v 1=14, 20=11,y3=21,y =14,y 1 =31, yo=0.8. In addition,
we take the parameters o =5, § = 3. In this case a, § > 1 and k is odd. Then, by virtue
of Theorem (4.4) the solution of the system (4.3) converges to the period two solution
{(6,6), (4,4),...} (see Figure 4.3).

Example 4.4. Consider the system (4.3) with k =5 and the initial conditions x_5 = 1.4,
T_4 = 26, Tr_3 = 14, T_9 = ]_]_, r_1 = 24, To = 18, Y_5 = 201, Y_yg = ]_4, Y 3 = 31,
y_o =0.8, y_1 = 2.3, yo = 5.9. Moreover, we take the sequence {c,} as follows

10 ifn even

8 ifn odd

oy =

In this case o, 5 > 1 and k is odd. Then, by virtue of Theorem (4.4) the solution of the
system (4.3) converges to the period two solution {(11,11),(9,9),...} (see Figure 4.4).
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figure 3

Y(n),X(n)

Figure 4.3:  Plot of the solution {(x,yn)}, s of the system (4.3) with k = 3 and the
initial values v _3 =14, x =26, 21 =14, 2o =11,y 3=2.1,y o =14,y = 3.1,
Yo = 0.8.

figure 4
20 9

18
16

14

Y(n),X(n)

[o2]
T

0 1 1 1 | 1 1 1 1 | ]

0 20 40 60 80 100 120 140 160 180 200

Figure 4.4:  Plot of the solution {(#,,¥yn)},5 of the system (4.3) with k = 5 and the
initial values x_5 =140 4, =26 ,x 3=142x_,=1.1, 21 =24, xo = 1.8, y_5 = 2.01,
Yy = 1.4,]/,3 = 31, Y o = 08, Y1 = 23, Yo = 5.9.
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Conclusion and Perspective

This thesis combines some basic notions with some studies and their results that we have
achieved about the behavior of some types of difference equations and their systems. More
precisely non-linear, autonomous and non-autonomous difference equations of second and
higher order besides a system of difference equations of higher order.

In the first chapter, we have given two examples by describing two biological phe-
nomena as an application of difference equations and their systems which were studied
by mathematicians. Next, we moved to the study of difference quadratic equation where
we discussed according to some parameters the local and global stability as well as the
existence of periodic solutions. After that, our study was oriented to generalize the re-
sults of non-autonomous difference equation more specifically the equation with bounded
coefficient. The latter is the main goal of our study in the third chapter. The results
obtained in this chapter were published in an international journal see [48].

In the fourth chapter, we are interested in the study of an open problem proposed in
[27]. This open problem is a system of difference equations with periodic coefficient

Yn—k Ln—k
Tp41 = Oy + » o Ung1 = Qp + ) n:O,l,...

n x?’L

where {«,} is a periodic sequence of non-negative real numbers and the initial conditions
x;, y; are arbitrary positive numbers for ¢ = —k, -k +1,—k +2,...,0 and k € Z*. This
system was difficult to study that is why we transformed it to a system of difference
equations with constant coefficient. And we obtained the sufficient results that prove the
behavior stability of solutions. It was published in an international journal see [49].

As a future perspective, we are interested in the study of the following system of
difference equations

. Ty
an:an—l—u, Yni1 = Bn + k, n=20,1,...

n xn

where {a,, }, {8,}, are periodic sequences or convergent sequences or bounded sequences of
non-negative real numbers and the initial conditions x;, y; are arbitrary positive numbers
fori=—k,—k+1,-k+2,...,0and k € Z*.
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