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Abstract

This thesis aims to study the one dimensional nonlinear Bresse-Timoshenko system with second
sound where the heat conduction given by Cattaneo’s law is effective in the second equation.
We prove that the system is exponentially stable by using the energy method that requires
constructing a suitable Lyapunov functional through exploiting the multipliers method. Fur-
thermore, the result does not depend of any condition on the coefficients of the system. Fi-
nally, we validate our theoretical result by performing numerical approximations based on the
standard finite element method, using the retrograde Euler scheme for temporal and spatial

discretization.

Keywords: Nonlinear Bresse-Timoshenko system, second sound, exponential decay , energy

method, numerical approximation, finite elements method.



Résumé

Cette thése a pour but d’étudier le systéme de Bresse-Timoshenko non linéaire unidimensionnel
avec second son oé la conduction thermique donnée par la loi de Cattaneo est effective dans la
seconde équation. Nous prouvons que le systéme est exponentiellement stable en utilisant la
méthode de I’énergie qui nécessite la construction d’une fonctionnelle de Lyapunov appropriée
en exploitant la méthode des multiplicateurs. De plus, le résultat ne dépend d’aucune condition
des coefficients du systéme. Enfin, nous validons notre résultat théorique en effectuant des
approximations numériques basées sur la méthode standard des éléments finis, en utilisant le

schéma d’Euler rétrograde pour la discrétisation temporelle et spatiale.

Mots clés: Systéme non linéaire de Bresse-Timoshenko, second son, décroissance exponen-

tielle, méthode de I’énergie, approximation numérique, méthode des éléments finis.
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Notations

In what follows, we will use the following notations:

RY N-dimensional real Euclidean space.
Q bounded open of RV,
o) border of €.
Di a real number greater than or equal to 1 for all 1 =1,...
p— =min{p;, i=1,2,...,N}.
pr =max{p;, i=1,2,...,N}.

/ . . 1 1
D; conjugate of p;, that is to say — + — =1
> injection compact.
_ . . 1 1 X1
D the harmonic mean of p;, that is to say = = N > —.

p i=117%
. Ng
“N_7

a.e. almost everywhere.
|E| measure of the set E, when its Lebesgue measure is finite.

supp(f) function support f.

Kcomp K compact.

M(Q)  set of Radon measurements bounded on §.
Dju = g—;.

Du = (Dyu, Doau, ..., Dyu) .

Vuz(au gu 6“>:grad u.

dz1’ Bzz * " dxN

N
diV(U) = Z Divi; vV = (’01, c. ,UN).
i=1

XE characteristic function of the set E.
sign(o), if |o| >v

Sy(o) = o
-, if |o| <w.
v



1, if >0

Vo € R, sign(o) = 0, if 0=0
-1, if o<0.
t, if |t|<k
Ty the truncation at height k& defined by Ty (t) = ¢ k¢
—, if |t| > k.
2
Y’ topological dual of the topological vector space Y.

D() the space of test functions (the space of functions C*°(€2) with compact support

included in an open © of RY).

LP(Q)) = {u :Q— R mesurable;/
Q

1
P
lul? < oo} endowed with the norm || u ||,= (/ \u]p>
0

L>(Q) = {u : Q — R, measurable; supess |u| < oo} provided with the standard || u ||.c= sup ess |u].
Q Q

Whr(Q) = {u € L*(Q); Vue LP(Q)} provided with the standard ||ul|

wlp(Q)

WP (Q) = {u € LP(Q); Vu e (LP(2))Y and u =0 on 99 }

N
LP(Q) = LM (Q) x LP2(Q) x ... x LPN(Q) = [] LP(Q), with p; > 1.

N
[0llx1a9) = 2o (Ivllzei + [ Div]|Le:).

1=1

D(Q) = X& Q) = {v € X(Q) such as v=0 on 89} C Wol’ﬁ(Q)_

_ J—
W5 =D(Q)  with [Julli = l[ull o) + [ Dyl rscoy

Ty

z;

Wol’ﬁ(Q):{ueLpi(Q) and 2L € [P(Q) with u=0 on 0Q Vi=1,...

= [Jull

+ [V

LP () LP(Q)"




Introduction

In the present thesis, we will interpret the numerical results that obtain using the finite el-

ement method and establish an error estimate the finite element method has become one of

the most important useful engineering tools for engineers and scientists. This work presents

introductory andsome advanced topics of the Finite Element Method (FEM). Finite element

theories,formulations and various example programs written in MATLAB are presented. The

work is written as a text work for upper level undergraduate and lower level graduatecourses,

as well as a reference work for engineers and scientists who want to writequick finite element

analysis programs.

We consider the following one dimensional nonlinear Bresse-Timoshenko system with second

sound

p

prow — k(0o +1b), + p1pr =0 in (0,1) x (0,00),
P30 + kqe + v + N0 =0 in (0,1) x (0,00),

| 704t + 0q + kb =0 in (0,1) x (0,00).

With the initial and boundary conditions

;

\

(p(&Z,O) = 900(1:)7 9015(3;70) = wl(x),w(x,O) = Z/)()(:E) in (07 1)7
¢t<x> 0) = ¢1($), Q(ZE, O) = HO(ZL’), q(x, O) = qo(m) in (07 1)’
90(0>t) = (p(l,t) = w(ovw = ¢(1,t) = Q(0>t)

=q(1,t) = 0(0,t) =0 (1,£) =0 i (0, 00),

where ¢ € (0, +00) denotes the time variable and = € (0, 1) is the space variable along with

the beam of length L, in its equilibrium configuration. Here ¢, 1, 0, ¢ and f(¢)) are specific func-

tions represent, respectively, the transverse displacement of the beam, the rotation angle, the
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different temperature, the heat flux and forcing term. The coefficients py, p2, p3, p1, 70, 6, 7, b,
k and A\ are positive constants represent the constitutive parameters defining the coupling
among the defferent conponents of the materials.

From physical point of view, it is well known that the model using the classic Fourier’s
law leads to the physical paradox of infinite speed of heat propagation. Many theories have
subsequently emerged, to overcome this physical paradox but still keeping the essentials of
a heat conduction process. One of which is the advent of the second sound effects observed
experimentally in materials at a very low temperature. Second sound effects arise when heat is
transported by a wave propagation process instead of the usual diffusion. This theory suggests
replacing the classic Fourier’s law ~6, + ¢, where v is the coefficient of thermal conductivity
and ¢ is the heat flux by a modified law of heat conduction called Cattaneo’s law 70, + q + 7¢;.
Here, the parameter 7 > 0 represents the relaxation time describing the time lag in the response
of the heat flux to a gradient in the temperature. The obtained heat system is of hyperbolic
type and hence, automatically, eliminating the paradox of infinite speeds. Among the works
that have been realised in this fiéeld, we refer the reader to [34, 35]. In the following Figure
we introduce the displacements and the rotation angle in the (z1,x3) plane as well as the
temperature distribution with its contribution to the deformation of the beam as showing in
many works for instance [10] where

e u = u(xy,t): the longitudinal displacement of points lying on the x;-axis,
e ) = 9(x1,t): the angle of rotation for the normal to the x;-axis,
O is the Taylor’s expansion for the temperature distribution in the

(21, z3)-plane (with zo = 0):
@(.’131, Xs, t) = @(.Tl, 0, I3, t) = 91(.1', t) + 1'393(.1', t)

where 0, and 63 are temperature components (functions) that may represent the temperature

deviations from the reference temperature ©( along the longitudinal and vertical directions.
Elishakoff et al. [27, 28], gave a brief description on the beam model in one-dimensional for

beam vibrations. The classical Bernoulli-Euler differential equation ignores rotational inertia

and shear deformation. It is given by
Elosrae + pApyu =0, <3>

where E is the modulus of elasticity, / is the moment of inertia, ¢(x,t) is the transverse

2



T3

Temperature at (x,0, z3):

0= 9[(.’1‘1) + I3 9;;(.1‘1) """""""""""""

“ | - u = T

Displacements. rotation angle and temperature distribution in the
(x1, x3)-plane

displacement, z is the axial coordinate, t is the time, p is the material density, and A is the
cross-sectional area.

Later, Bresse [19] and Rayleigh extended and corrected the Bernoulli-Euler equation (3), by
taking into account the rotary movement of the beam elements. The angle of rotation equals
the slope of the deflection curve ¢,, the associated angular acceleration is ¢,4. As a result, the
moment of inertia of the element about an axis through its center of mass equals ply,;dx and

according to D’Alembert’s principle, we obtain

where V' (z,t) is the shearing force and M (z,t) the bending moment.
Replacing this equation in the case of dynamic equilibrium with the forces of transverse vibra-

tion, we have

Ve = —pApy = (M, — Pf%tt):c- (5)




Physically from elastic theory, we have M = Elp,,, then it results in a Rayleigh model for the

uniform beam oscillations given by

EIQOza:a:a: + pAQOtt - pjﬁowztt - 07 (6)

we call equation (6) the rotatory inertial.
Afterwards, Timoshenko [48] extended the equation (6) by adding the impact of the shear

deformation, expressing the slope of the deflection curve in two parts

Y ==+, (7)

1 as the rotation of the cross-sections with the neglection of the shear deformation and ( as
the angle associated with the shear deformation at the neutral axis in the same cross-section.

On the other hand, according to the mechanics of solid we can write

M = Elt,, (8)

where k; is the shear coefficient and G is the shear modulus.
The state of dynamic equilibrium of forces in the vertical direction is given by

Deriving with respect to the in equation (7) and by substituting in the dynamic equilibrium

equation of motion (4), we get

—V 4+ M, + pItpy = 0. (11)

The Timoshenko system, was obtained by substituting respectively (9) and (8) into (10) and
(11), thus

—k1AG(pr +U) + Elthy, + plthy = 0, (13)

where,

p1 = pAis the mass density,




p2 = pl is the moment mass inertia,
b = EIis the rigidity coefficient (of the cross-section),
k = k1 AG is the shear modulus of elasticity.

Then, the Timoshenko system takes the following form

prow — k(o +), =0,

(14)

It should be noticed that mentioned problem plays a crucial role in engineering applications.
And for more details on the valuable resources that have been realised regarding Timoshenko
system, we refer the readers to [5, 11, 12, 13, 14, 15, 16, 30, 33, 38, 39, 48, 52].

Elishakoff [26], by differentiating the Timoshenko hypotheses (7) with respect to ¢, we get

Vit = —Prta- (15)

Inserting (15) in (14),, we obtain the well-known Bresse-Timoshenko system by combining
d’Alembert’s concept for dynamic equilibrium, with Timoshenko hypothesis to get the following

system

—k (pg =0,
P1P1t (¢z + ), (16)

—p2Pitz — bpe + K (pr +10) = 0.
For more details, we refer [8, 9, 22, 26, 29].
Many investigations have been realised concerning the asymptotic behavior of the solution
of Bresse-Timoshenko system. Among them, we cite the work of Almeida and Ramos [6], who

they considered the following system

tt — T = 07
prpu — Bz + 1), an

—pP2Ptte — bwzm + ﬁ (Spr + w> + N1¢t - 07
where they showed that the viscous damping acting on angle rotation of the above system is
strong enough to provoke an exponential decay of the solution. Junior et al. [7] considered the

following system

prow — B (e + 1), + by = 0, (18)

—P2Ptte — Ubuz + B (9r + ) =0,
and they showed that the mechanism damping given by the viscous damping acting on the

transverse displacement of the beam stabilizes exponantially the system.

5



Kh. Zennir et al. [51] studied the following nonlinear Bresse-Timoshenko system

(

p10up — k (pr + 1), + 010, = 0,
_p28tt30:c - O“l]a:m + k (SD:C + ¢> - glex
—&ope + 02G(00)) = 0, (19)

Ol + dOp — kOyp — &10ih = 0,

\datg + Tatp - hpxa: - 628t¢:c = 0.

The authors proved the well-posedness of the system by using the classical Faedo-Galerkin
approximations and showed a general decay result of the system.

Motivated by the previous works, in this thesis we give a global existence and regularity
results, which can be proved by using the standard Feado-Galerkin method. Moreover, we
show that the dissipation given by the second sound is strong enough to give an exponential
stability of solution of the system (1) by using the energy method, that requires to constract
an appropriate Lyapunov functional which allows us to estimate the energy of the system (1)
and to show that it decays an exponetial manner without any conditions on the coefficients
of the system. Importance of this complimantary control and his influence on the asymptotic
behavior of the solution appears in many works for the different types of problems such as
[11, 31, 33]. Finally, we will interpret the numerical results that we will obtain using the finite

element method and we will establish an error estimate.




Chapter 1

Basic notions and numerical method

In this chapter we shall introduce and state some necessary materials needed in the proof of
our results, and shortly the basic results which concerning the Banach spaces, the weak and
weak star topologies, the LP space, Sobolev spaces and other theorems. The knowledge of all

this notations and results are important for our study.

1.1 Functional spaces

The spaces LP and Sobolev spaces are a ubiquitous tool in the study of elliptic and parabolic
partial differential equations.

Understanding them is therefore a necessary step before tackling the equations in question.
We take up in this section certain statements of H. Brezis [21] on the subject. For a more
complete presentation of Sobolev spaces, one can consult the work of R. A. Adams [1].

In what follows, we denote by Q2 a regular bounded open set of RY and D(Q) the space of
class functions C* with compact support in 2. We note by LP({2), the Lebesgue space with
1 < p < oo defined by:

Q

= ([ W);, (12)

LP(Q)) = {u 0 —R mesurable;/ lulP < oo} : (1.1)

with the norm:
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and for p = 0o, we notice:
L>®(Q) = {u : 0 — R mesurable; supess|u| < oo} : (1.3)
Q

that we is the norm:

| w [|oo= supess |ul. (1.4)
Q

Fundamental lemmas and theorems

Lemma 1.1.1 (Fatou’s lemma). H.Brézis [21]

That is(fn)n a sequence of functions L'(Q) such as:

(1) for each n, fn(x) >0 a.e. sur €

(2) sup/gfn < 00,

for each x € Q we pose f(x) = liminf f,(z).
n—oo
So feLYQ) and
f < hmlnf/ fn-

n—oo

Theorem 1.1.2 (Beppo Levi’s monotone convergence theorem [21] ).
That is (fn)n a growing suite of functions of L*(2) such as sup/fn < 0.

So fn(x) converges a.e. on Q to a finite limit noted f(x), what’s more

f€LYQ) and || fo — fll11i0) — 0.

Theorem 1.1.3 (Minkowski inequality [21]).
Let (Q, 7, u)a measured space and p a satisfying real number, 1 < p < 400, f: Q2 — R
such as f € LP(Q), if f1, fa, ..., fn € LP(Q,R) then:

S e OR) o / > 5o du(w)) sz( Q|fk<x>|”du<x>) 7
gold:
S A@| <SR,
k=1 p k=1
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Theorem 1.1.4 (Lebesgue dominated convergence theorem [21]).
That is (f,) a sequence of measurable functions which converges to fa.e.dans €.
We assume that there is g € LY(Q) such as¥Vn > 1, |f.(z)] < g(x), a.e. z € Q. So f € LY(Q)

and

lim /|fn—f|dac:07 lim /fndx:/fdx.
n—-+0o n—-+o0o
Q Q Q
Theorem 1.1.5 (Partial reciprocal of the dominated convergence theorem|21]).

That is 1 < p < +o0, f € LP(Q)et (f,) C LP(Q) such as liril | fn — f |l,=0 il existe a
n—-+0o

function g € LP(QY) and a sub-sequence (fn,)r Such as:
|fo] < g ae. , et f, — f ae.

Lemma 1.1.6. [36]
That is (Q, T, 1) is a measured space and (f,)it is a sequence of measurable functions of 2 in

R we say that (f,) is a Cauchy sequence in measure if and only if:

Ve >0,Vn > 0,3ng € N such as p,q > ng= mes{x € Q:|fplx) — folx)] > 5} <n. (1.5)

1.2 Reminder on Sobolev spaces

In this part we will present some definitions and properties of Sobolev spaces,

see [1] and [43].

Sobolev’s space W#(Q)

Let © C RY be an open domain and 1 < p < co. Space :

WP (Q) = {u € LP(Q); Vu e LP(Q)},
Also, we denote by

[l = [l ooy + V] (1.6)

wlp(Q) LP(Q) LP(Q)?
is a Banach space, separable and reflexive for 1 < p < oc.
We denote by C5°(£2) all functions C* with compact support in € is noted D(2).

We can also define W, *(2) like the adhesion of D(Q) in WP(£2), by the following definition:

WyP(Q) = {u € LP(Q); Vu € (LP(Q2))Y, and u =0 on 9N } (1.7)
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Proposition 1.2.1.
1. Space WP(Q) is a Banach space, for all 1 < p < +o00.
2. Space WYP(Q) is a reflective space, for all 1 < p < +o0.
3. WHP(Q) separable if 1 < p < +o0.

4. Whether p =2, then W'2(Q) = H*(Q) s a Hilbert space for the inner product.

(u,v) — (ulv) :/uvd:ﬂ+2/ g;t gj; (1.8)

1.3 The Faedo-Galerkin method

The Faedo-Galerkin method consists of performing the following steps:
i) Write the problem in variational form,

ii) Looked for approximate solutions in finite dimensional spaces,

(
(
(iii) Establish a priori estimates on these approximate solutions,
(iv) Passing to the limit, thanks to compactness properties,

(

v) Verification that this limit is a solution to the problem.

1.4 Injections and inequalities

Theorem 1.4.1 (Rellich-Kondrachov theorem [17] ).
We assume Q2 of class C* and p < N then:

WhP(Q) = L(Q),Vp € [1,p
Where p* = NN—ZJ. Especially, WiP(Q) << LP(Q), for everything p € [1,+00).

Theorem 1.4.2 (Injection of Sobolev-case p < N [21]).
That is Q C RY a bounded open set and 1 < p < N, then

WP (Q) continuously injects itself into LNI%(Q)

10
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Inequalities of Sobolev, Holder, Poincaré and Young (See [1, 21]).

Theorem 1.4.3 (Sobolev inequality).
be Q = RY Where Q is an open of RY whose border is reqular and 1 < p < N ,then W'P(Q) —

. 11 1 . o
L (Q) oo — = — — N with continuous injection. Furthermore

p* D

||u||LP*(Q) < OHVUHLP(Q).

Theorem 1.4.4 (Holder’s inequality).
' 1 1
Let Q an open of RN, 1 < p < oo, f € LP(Q) and g € LP (Q) with — + — = 1. So f.g € L}(Q)
p p
and

| Vslae < gl oy

Theorem 1.4.5 (Poincaré inequality).
We think that Q is a bounded open set. Then there is a constant C' (depends on € and
if p) such as:

lull o) < Cl[Vul| o), Yu € Wy (), (1 < p < o0).

In particular the expression ||Vul| ) is a standard on Wy (Q),which is equivalent to the norm
|[ullwrs(0), on H().
The phrase, / VuVv is a scalar product which induces the norm ||Vul|r2q) equivalent to the

Q
standard ||ul| g (q)-

Remark 1.4.6. Poincaré’s inequality holds if €2 is of finite measure or €2 is bounded in one

direction.

Theorem 1.4.7 (Young’s inequality).

p q 1 1
VaGR,VbER:]a.b\Sﬂ—i—ﬂ, <—+—:1,p>1,q>1>.
p q p q

We will also some times use:

Va > 0,0 >0, ab= (pg)%a.(pa)_%b

b)’

(o)
q

1
a.b <ed’ + (pg)_rllbq (1 — —)
p

S =

ab<ead® +

11
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Also in the form:

1 1
Va>0,¥b>0, ab=(2)(eb) < (L) + ~(eb)",
pe q
with € > 0.
Remark 1.4.8.
N k N
(Z ai> < maz{l, N*~'} Zaf.
i=1 i=1
So:
1
N p_+ L N
(Zaf*) Smax{l,NE_l}Zai
i=1 i=1
N N P+
= Zaf* < max{l, N'"P+} (Z ai>
i=1 i=1
or:

N N b+
Zaf* <c <Za,~) :

=1 =1

Theorem 1.4.9 (Radon measurement [32].).

In what follows, E is a topological space separate assume locally compact. Cg(E) is the
vector space of continuous functions at values in R Where C at support included in the compact
K, when it is necessary to specify it, we will write Cx (E,R) Where Ck (E,C).

Cc(FE) is the vector space of continuous functions at compact stand.
We obviously have Cc(E) = Uy Ck(E), and K(E) is the compact family of E and the following
inclusions:

CK(E) - Oc(E) - Cb(E) C O(E)

(Cy (E) is the space of continuous and bounded functions on E, C (E)is the space of continuous

functions on E).

12
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Naturally if E is compact Co = Cy, = C. A natural topology is one that is induced by the

topology natural on Cy, (E) that is to say given by the norm of uniform convergence:

||lloe = sup e () |.
zel

Let’s remember that Ce (E) is not complete for this standard, however Ck (E) is a Banach.

1.5 Numerical method

In this work, digital simulation is a great tool to help design and understand many physical
phenomena, in engineering for example, it has made it possible to make great progress in solid
mechanics and many technological innovations. In this part we will present some definitions

and properties for the Finite Element Method (See [3, 53]).

1.5.1 Finite Element Method

In order to analyze an engineering system, a mathematical model is developed to describe the
system. While developing the mathematical model, some assumptions aremade for simplifica-
tion. Finally, the governing mathematical expression is developed to describe the behavior of
the system. The mathematical expression usually consists of differential equations and given
conditions. These differential equations are usually very difficult to obtain solutions which ex-
plain the behavior of the given engineering system. With the advent of high perfor-mance com-
puters, it has become possible to solve such differential equations. Various numerical solution
techniques have been developed and applied to solve numerous en-gineering problems in order
to find their approximate solutions. Especially, the finiteelement method has been one of the
major numerical solution techniques. One of themajor advantages of the finite element method
is that a general purpose computer program can be developed easily to analyze various kinds
of problems. In particular, any complex shape of problem domain with prescribed conditions
can be handled withease using the finite element method. The finite element method requires
division of the problem domain into many subdomains and each subdomain is called a finite
element. Therefore, the problemdomain consists of many finite element patches. The finite ele-
ment method has become one of the most important and useful engineering tools for engineers

and scientists. This work presents introductory andsome advanced topics of the Finite Element

13
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Method (FEM). Finite element theories, formulations and various example programs written
in MATLAB are presented. The work is written as a text work for upper level undergraduate
and lower level graduate courses, as well as a reference work for engineers and scientists who
want to writequick finite element analysis programs. Understanding basic program structures
of the Finite Element Analysis (FEA) isan important part for better comprehension of the fi-
nite element method. MATLARB is especially convenient to write and understand finite element
analysis programs because a MATLAB program manipulates matrices and vectors with ease.
These algebraic operations constitute major parts of the FEA program. In addition, MATLAB
has built- in graphics features to help readers visualize the numerical resultsin two- and/or
three- dimensional plots. Graphical presentation of numerical data is important to interpret
the finite element results. Because of these benefits, many examples of finite element analysis
programs are provided in MATLAB. The work contains extensive illustrative examples of finite
element analyses using MATLAB program for most problems discussed in the book. Subrou-
tines (MATLAB functions) are provided in the ppendix and a computer diskette which contains

all the subroutines and example problems is also provided.

1.5.2 Principle of the method

The finite element method of the equivalence variational problems and energetics, several meth-
ods have been developed based on one formulation or another. The choice of the space of test

functions V has greatly contributed to the diversity of methods.

I

Figure 1.1: Two-dimensional domain

14
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%

Figure 1.2: Example of triangulation

The finite element method proposes to determine the solution of the variational problem on a
discretized subspace V}, of V. It consists, from a differential equation, in writing the variational
formulation weak of the problem. Then, to build a finite-dimensional approximation space
V), C V, by meshing the domain, that is to say by dividing the domain Q@ = Q U 9Q of R”
into a finite number of subdomains, disjoint two by two, on which we choose a finite number
of points called knots. In addition, one can choose the mode of construction of V, so that the
subspace V}, is a good approximation of V and that the solution u; in V), of the variational
formulation is close to the exact solution w in V. The functions of V,, are defined piecewise on
each knots inside the domain, verify the boundary conditions at the edges of the domain and are
expressed as linear combinations of simple elements ( in general polynomials of degree 1, 2 or
3 ) called shape functions. These functions defined locally on each knot interior are continuous
over the entire domain and satisfy the boundary conditions. In the case of approximation by
Lagrangian elements, the first derivatives are discontinuous at the interior knots. By expressing
the variational formula by the elements of V), thus defined, we show that the equation transforms
into a matrix system in which the unknowns are the values of the solution function at each knots.
By choosing elements of simple and identical geometrical structures, the matrix processing can
be systematized and carried out on a single reference element. One then proceeds to the
determination of the matrixs of mass and elementary rigidity associated with an element, then

one assembles these matrixs by plunging them into a single matrix representing the whole of
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the field. The matrix system obtained is type, which facilitates the storage of data. Solving this
system leads to the determination of the values of the solution of the initial equations in of the

mesh.

Figure 1.3: Numbering of elements and nodes

1.5.3 General internal approximation

Given a Hilbert space V, a continuous and coercive bilinear form a(u,w) and a continuous

linear form F(w), we consider the variational formulation: Find u € V such as
a(u,w) = F(w) Yw €V,

which we know has a unique solution by the Lax-Milgram theorem. the internal approximation
(1.1) consists in replacing the Hilbert space V by a finite dimensional subspace V. Trouver
up € V, such as :

a(up,wp) = F(wy,) Ywy € V,
The resolution of the internal approximation (1.2) is easy as shown by the following lemma:

Lemma 1.5.1. Is V a real Hilbert space, and V), a finite dimensional subspace. Is a(u,w) a
continuous and coercive bilinear form on V and F(w) a continuous linear form on V. Then
the internal approrimation (1.2) admits a unique solution. Moreover, this solution can be
obtained by solving a linear system with a positive definite matriz (and symmetric if a(u,w) is

symmetric).
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Proof. The existence and uniqueness of M, € Vj,solution of (1.2) flow of the Lax-Milgram
theorem applied to V},. To put the problem in a simpler form, we introduce a basis (¢;)1<i<m
of Vh.

SO :
Up =Y uab,
i=1
we pose Uy, = (uq, Uz, ..., Uy, ) the vector in R™ coordinates of Uy,. The problem (1.2) is equivalent

to find U, € R™ such as :
a(zm: uihi, ) = F(¢;) V1<j<m,
i=1
which is written in the form of a linear system:
KnUp = by,

with, for 1 <i,5 <m,
(K)ji = a(ti, ¥y),
(br); = F(¥;).
The coercivity of the bilinear form a(u, w) results in the positive definite character of the matrix

(K)pn, and therefore its reversibility. Indeed, for any vector U, € R™ we have

(KnUn, Up) > v Z%’%HZ > c|U,J%,

i=1
with ¢ > 0, because all the standards are equivalent in finite dimension ( |.| denotes the

Euclidean norm in R™ ). Also, the symmetry of a(u,w) implies from that (K); exist. O

In mechanical applications the matrix (K);, is called the stiffness matrix. The parameter
h of (V), corresponds to the maximum size of the meshes or cells which make up the mesh.
Typically a base of (K)j,will consist of functions whose support is localized on one or some
meshes. This will have two important consequences: on the one hand, within the limit A — 0,
space (V),, will be bigger and will approach better the entire space (V), and on the other hand,
the stiffness matrix (KC), of the system will be sparse, that is to say that most of its coefficients

will be zero (which will limit the cost of the numerical resolution).

Remark 1.5.2. ( condition inf-sup). In the case of formulation (1.1), we have the following

theorem:

17
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Theorem 1.5.3. That s V, a Hilbert space, has a continuous bilinear form, F a continuous

linear form. Then the problem (1.1) admits one and only one solution if and only if:

da >0 infsupM >«
u€V ey ||2}”||UJ||

This condition is called condition inf-sup. Unlike the Lax-Milgram theorem, this theorem provides

a necessary and sufficient condition for the formulation to be well-posed:

day, > 0 inf  sup —a(uh’wh) =
upEVh whEV ||’Uh||||1Uh||

This relation is called the discrete inf-sup condition.

ap, .

Nothing guarantees a priori that the discrete inf-sup condition will be verified, even if the
inf-sup condition is verified. We will now compare the error made by replacing the space V by
its subspace Vj,. More precisely, we will increase the difference ||u — uy|| where u is the solution
in V and uy, the one in V. Let us first specify some notations: we note v > 0 the coercivity

constant and Mthe continuity constant of the bilinear form a(u,w) which verify:
la(u,w)| > v|ul|?, Yuep,
|a(u, w)| < Mlfulllwl]l,  Vu,weV.
The following lemma, due to Jean Céa, shows that the distance between the exact solution u

and the approximate solution wuy, is increased uniformly with respect to the subspace V}, by the

distance between v and V.

Lemma 1.5.4. [//]
We place ourselves under the hypothesis of the lemma. That is u solution of (1.1) and wu, we
have :

lu—wn < 1L inf - wn
u—Uu — 1n u —w .
h = VUV wr€Vh h

Proof. Since V), C V, we deduce, by subtraction of the variational formulations (1.1), that:
a(u —up,vp) =0, Vo, €V,
we choose vy, = u;, — wj, we obtain :
v[u—wp|? = alu—up,u—up)
< alu—up,u —wy)

= Mlu— up||[fu = ws]]
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]

Finally, to demonstrate the convergence of this variational approximation, we give a last

general lemma.

Lemma 1.5.5. We place ourselves under the hypothesis of Lemma 1.3.1. We assume that there

15 a subspace 17h C V dense in'V and an app mp, of 911 YV such as :
lim ||[v — 7] =0, Vv & V.
h—0
Then the internal approximation method converges, that is to say:
lim ||u — up|| = 0.
h—0
Proof. That is € > 0, by density )7h, it exists v € 17}1 such as :

|lu—v] <e.

Furthermore, there exists hy > 0( depends on ¢ ) such that, for this element u € 9;“
we have :

lim ||[v — m,(v)|| <&, Vho <h.

h—0
By the lemma, we have:
Ju—wpl| < cffu—m(v)]
< cflfu—=mu()[| + [lv = m(v)])
< 2ce,
from which we deduce the result. OJ

1.5.4 The 1D finite element method

The space we seek to approximate is:
V = {u continuous and C* in pieces on Q = [0, 1], u(0) = u(1) = 0},

and we want to construct approximation spaces V, C V of finite dimension. We start by

building a mesh of the interval [0, 1]:

0=a¢ <21 < Ta...... < Ty < Tpyp =1,
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that is to say we divide the interval [0, 1] into small subintervals [x;, z;11],7 = 0, ..., n.
Intervals [z;,x;41],7 = 0,...,n are called the cells or the meshes or the elements of the mesh.

We will note h; = x;,1 — x; mesh sizei and we define:

h = 012%?%(% — Tit1)

the pitch of the mesh. In the sequel, and for reasons of simplicity, we will often have to consider

meshes where the points z; are evenly spaced so that:

x; = th with h:L
n+1

Such meshes are said to be uniform. We also define P, the space of polynomials of degree less

than or equal to k :

Vi = {p(x) = B a;a", a; € R}

It is a vector space of dimension k + 1.

1.5.5 Finite element approximation P;

We introduce the finite dimensional functional space composed of continuous functions on @),

affines on each stitch [x;, x;,1] of the mesh and null in 0 and in 1
Vi ={w € CUQ), Wi 45,1) € P1,w(0) = w(1) = 0,0 <i < n}.

The index of V), refers to the pitch of the mesh. Space V,is an n-dimensional vector space since
a function of V}, is entirely determined by the values it takes at the interior points of the mesh
w(z;),1 < i< n. A basis of V, is given by the functions (¢1, @2, 3, ....... ©n) continuous, affine

on each element [x;, z;,1] and such as:
Vi € 0,1, ..... n, Vi € 0,17 ..... 7’L—|—1, QOZ(IEJ) :5ij

where 0 denotes the Kronecker symbol.

. . 1 —fzf, if|z] <1
Let’s introduce the function ¢(z) by p(z) =
0, somewhereelse.

If the mesh is uniform, then each function ¢; has the expression ¢;(x) = ¢(*5*). In the base

(p1, 92, ..., Pn), & function u belonging to V), has for expression :

u(r) = S u(zi)pi(r)
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The whole point of the finite element method lies in the fact that each basis function ; has
a very reduced support, that is to say that the set of z such as p;(z) # 0 is small compared
to the resolution domain @ = [0, 1]. Figure Mesh of Q = [0, 1| and basis function in finite
element P;. This has the consequence that most of the coefficients of the stiffness matrix
A;j = alpj, i), 1 <i,j <n are zero. Indeed, we illustrate the method on the simple example

of the Poisson problem 1D :

—0%u=f, inQ
0, on 0Q.

1
Aij = alpj, i) = / Ouipj () Onpi(v)da
0
and if j is not equal to ¢ — 1,2 Where ¢ + 1, then the functions ¢;, p;_1 et ¢;11 have disjoint
supports and the integral in (1.15) is zero. The non-zero coefficients are easily calculated

1 11 1
Ai— i = i—1,¥i) — 8:(: i— 890 i dx = ———dx = 7
i = a(pi—1, ¢i) /0 Pi—1(2)Oppi(r)dz /x_ g .

T

1 ) 1 Tit1 1 9

2

L T 11 1
Ai1i = a(Pig1, i) = / Op0i1(7)0p05(x)dr = / Ewa =7
0

Finally, the stiffness matrix is a tridiagonal matrix:

(9 21 0 O 0 0 0]
1 2 =1 Qe 0 0 0
0 0 0 Oeecverennn. 0 0. 0
Az% 0 0 0  O.eereenne, 0 0. 0
0 0 0 Oeeceennnn. 0 0. 0
0 0 0 Oeeeerenee. -1 2 -1
(00 0 O 0 -1 2]

The following proposition shows that the matrix A is invertible:

Theorem 1.5.6. The matriz A is positive definite that is to say it satisfies the following
property, YU € R™ — {0}, (AU,u) > 0. Before giving the proof of this proposition, let us
explain why it implies the invertibility of the matrix A. Indeed, if A is not invertible, then there
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is a vector U # 0 in R™ such as AU = 0. This implies in particular that (AU,U) = 0 with
U # 0, which contradicts the fact that A is positive definite.

Proof. That is U = (uy, ....,u,) # 0 in R™.The vector AU has for coordinates:

(Z Alj'LLj, ....... An]U]> = (Z a(gpj,gpl)uj, ....... ,Za(gpj,gpn)u])
i=1 i=1 i=1
n n m m 1
(AU, U) = Z Z alp;, pi)uju; = G(Z Py, Z%Uz) = a(up,up) = / |Opun () [Pder,
j=1 i=1 i=1 i=1 0

where uy,() is the function of V), defined by us(z) = 37, wjp;(z) . Like the (uy, ..., u,) are not

all zero, it is easy to verify that uy,(z) is not zero, which implies that fol |0pun(2))]2dx > 0. O

To get the second member F' = (f,¢;) @ =1,...,n, you have to calculate the integrals:
fol f(@)pi(z) = fil_l fz)pi(z) + ff;“ f(z)p;(x) in general, this integral cannot be calculated
exactly because the function f can be complicated. In practice, we use numerical integration
techniques where, on each interval [z;,x;.1], we approximate the integral by a quadrature

formula.

1.5.6 Finite element approximation P,

In certain applications, one can consider that the approximation by straight lines on each
element of the mesh [z;, x;11], is too coarse, that is to say that it provides an approximate
function too far from the exact function u. We can then try to approximate u on each mesh by
polynomials of higher degree. The finite element approximation Py consists in approximating
the solution u by a continuous function on ), and polynomial of degree 2 on each mesh [z;, z;11].

The approximation space is then defined by:
Hy, = {v € C°(Q), vz, 2;,1) € P2,v(0) =v(1) = 0,0 < i < n}.

Noting,
Ti + Tiy1

i+%:T7i:071727 ....... n,

the centers of the cells, we see that any function of Hj is entirely determined by the data of

Xz

the values it takes at the interior points of the mesh z;,7 = 1,...n, as well as at the points
x, %,z’ = 1,...n. The vector space Hy, is therefore of dimension 2n + 1. A basis of Hj is given
by the functions 1,7 = 1,...n such that :

Vi € Hp,hi(x;) = bij, il 1) = 0,V
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and by the functions ¢i+%(x);i =0,..n as :
We also define two functions which allow to give the expressions of the basic functions:

(1+2)(1+20), if —1<2<0
the function by p(z) = ¢ (1 —2)(1 — 22), if0 <2 <1

0, elsewhere,

and
_ 1—42?, ife <3
the function by ¢ (z) =
(1—2)(1—2x), ifr > 1
if the mesh is uniform, then v¢; = ¢(*5*) and 1, 1= @(HTZ%) in two dimensions, we always

illustrate the finite element method on the case of the Poisson problem:

Figure 1.4: Mesh in dimension 1

Elément K

Figure 1.5: Geometric nodes and calculation of the element K

—diwV - -u=f, inQ
u =0, ondQ

where this time () is a bounded open set of R?. We assume that the variational formulation of

this problem admits a solution u in the space V :
V = {u continuous and C* in pieces on Q = [0,1],u(0) = u(1) = 0, }

V = {u continuous and C" in pieces on Q,u = 0, on 9Q}
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and we try to approximate it by a function w; solution of the same variational problem but
where the space V is replaced by an approximation space V;,. We Start by defining what is a

mesh of the domain () in dimension two.

Definition 1.5.7. A triangular mesh of the domain ) is a set 75, of unflattened triangle
(Ki)1<i<n which subdivide the domain ). By convention, the parameter h designates the
length of the largest edge of the mesh. We assume that the triangles do not overlap and that
the intersection between two triangles K; and Kj is either empty, or equal to a vertex common
to the two triangles, or to an edge common to the two triangles. two triangles. In addition,

one calls vertices or nodes of the mesh the vertices of the triangles making up the mesh.

@y

Figure 1.6: ¢ Linear Functions by Element

Remark 1.5.8. We consider here a subdivision of the domain () into triangles, but we could
also build meshes composed of quadrilaterals or generally by polygons. As in dimension one,

we define P, the space of polynomials of two variables of degree less than or equal to k:

P = {p(z,y) = Ziﬂgkaijxiyj? a;j € R}.
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For example, a polynomial of degree one is written generically p(x,y) = a + bz + cy, while a
polynomial of degree two is written p(z,y) = a + bx + cy + day + tz* + ly*. The approximation
spaces V, are defined in the same way as in dimension one, by choosing functions which are
globally continuous on () and which are polynomial on each triangle K; of the mesh. For the

approximation Py for example, we have:
Vi, = {u € C%Q), uxVk; € T, etu = 0on 0Q}.

This space admits as basic functions, the hat functions ; which take the value 1 at a node
(w;,y;) of the mesh and the value 0 at the other nodes (z;,y;) of the mesh.

The stiffness matrix is calculated as for dimension one by the formula :

Az-j=a(soj7soi)=/QV-soj(:r,y)V-%(fv,y)drrdy,

and the second member:
(o) = [ Fawade, sy,
Q

is calculated in an approximate way by quadrature formulas.

Vitesse Pression

Figure 1.7: Tetrahedral reference element with 4 and 10 nodes

Nombre de nceeuds 4 8 12
r
*—
L L]
[ ] [ ]

L ] *
Elément dans 2/ b *—®
Elément dans G
Forme des cotés linéaire quadratique cubique

Figure 1.8: 4 Linear, 8 Quadratique, 12 Cubic

25



chapter 1 Basic notions and numerical methode

1.5.7 Convergence of the finite element method

We assume here that we are solving a problem on a domain ) € R" in a way approached
by the finite element method. The purpose of this section is to provide an estimate of the
error ||u — up||,, where ||.|| denotes the norm H™. The regularity of u and of u;, (and therefore
the possible values for m ) obviously depending on the continuous problem and the type of
finite elements chosen for its resolution, we will expose here the approach in a general way, by
supposing the sufficiently regular functions compared to the value of m. In practice, we will
most often have m = 0,1 where 2. We will note 75, the mesh of () € R" considered. We assume
here the domain ) polygonal, which allows to cover exactly by the mesh. If this is not the
case, the calculations which follow must be modified to take account of the difference between
the domain covered by the mesh and the real domain. The different stages of the calculation
will be, quite schematically, as follows:

1- The approximation error is bounded by the interpolation error:
|u = up|lm < Cllu— Thtl|m.

2- We are reduced to local increases on each element:

lu = myulls, = Y llu = mullf, 5

ket

3- We come back to the reference element:
lu = myullf, . < CRIT — @]}, 5
4- Increases on the reference element:
= mal2 5 < il ;-

5- Assembly of local increases:

lu = Tyl < OBl

1.5.8 Mark-up by interpolation error

The equation of the lemma indicates that :

M
|l — up||m < 7Hu — Wp||m, VYwp € V.
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It can be applied in the special case where wy, = m,u,Which give:

M
R e L

1.5.9 Decomposition on elements

We have, with obvious notations:

o= mpully, = > llu—maullf,,
keTy,
m
= > D lu—muli
kETh =0

the calculation is thus reduced to a calculation on each element, for all the semi-norms

ikt =10,...,m.

10"k e - il s
’___,-"/-- =
| o e
///—-""____-

/ 1

Figure 1.9: Errors made for linear and quadratic approximations

1.5.10 Switch to reference element

Theorem 1.5.9. FEither K any element of 1y, and k the reference element. That is G the affine
transformation of k towards K : G(Z) = BZ + b, with B invertible.
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Chapter 2

Deformation of beams geometry

ml W= e

B
| ———

Figure 2.1: A simplified schematic diagram of some geometric shapes(1)

Figure 2.2: A simplified schematic diagram of some geometric shapes(2)

Due to impressive effects of thermal loads on the behavior of structures, especially plates and
shells, it is required to analyze these structures in thermal environment. Extensive researches
were presented about thermal analysis of shells. Some books were published in this area [8-10].
However, there are few studies on the nonlinear behavior of these structures under the both
mechanical and thermal loads. So the topic still attracts the researchers view. Furthermore,
geometrically nonlinear behavior of shells in thermal environment is also unknown. Therefore,
using a finite element procedure which can be used to thermomechanical nonlinear analysis of
shells may be applicable to identify the large deffections of general shell structures under both

thermal and mechanical loads. Figure (2).
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2.1 Geometrical analysis of the beam

2.1.1 Bresse beam model

The third edition of the work Vibration Problems in Engineering, written by Timoshenko in
1955, in collaboration with D.H. Young, again, mentions Lord Rayleigh’s [42] contribution to
the accounting of rotary inertia. Authors refrain from mentioning Bresse’s [19] work although
the book, by Timoshenko and Young published in 1955, was published after Timoshenko’s 1953
[49] ( p.151) work on the history of strength of materials. This is where Timoshenko specifically
mentioned that Bresse [50] was the first investigator who introduced the rotary inertia.

The Bresse system [19] is known as the circular arch problem and composed of three coupled
wave equations given by

(
prpw = Qp +IN + F,

P2ty = My — Q + Fy, (2-1)

| Pait = N, —1Q + I,
where ¢, 1) and w denote, respectively, the vertical, shear angle and longitudinal displacements.
By F;,© =1, 2,3 we are denoting external forces. We use NV, ) and M to denote the axial force,

the shear force and the bending moment which take the following form
N = ko(ws — 1), Q = k(o + lw + 1)), M = bi,.
The coefficients of the system are given by
pr=pA, py=pl, kg=FEA k=KGA b=FEl, =R

such that p, E, G, k, A, | and R represent, respectively, the density of material, the modulus
of elasticity, the shear modulus, the shear factor, the cross-sectional area, the second moment
of area of the cross-section and the radius of curvature. We assume that all these quantities

are positives, we refer the reader to (see for [24],[34],[52]).

2.1.2 Timoshenko beam

The use of the Google Scholar produces about 78,000 hits on the term Timoshenko beam.
The question of priority is of great importance for this celebrated theory. For the first time

in the world literature, this study is devoted to the question of priority. It is that Stephen
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Prokofievich Timoshenko had a co-author, Paul Ehrenfest. It so happened that the scientific
work of Timoshenko dealing with the effect of rotary inertia and shear deformation does not
carry the name of Ehrenfest as the co-author. In his 2002 book, Grigolyuk concluded that the
theory belonged to both Timoshenko and Ehrenfest. This work confirms Grigolyuk’s discovery,
in his little known biographic work about Timoshenko, and provides details, including the newly
discovered letter of Timoshenko to Ehrenfest, which is published here for the first time over a
century after it was sent. This thesis establishes that the beam theory that incorporates both
the rotary inertia and shear deformation as is known presently, with shear correction factor
included, should be referred to as the Timoshenko- Ehrenfest beam theory.
In 1921, Timoshenko [48] considered the system

pug =k (uy +¢), (2.2)

As a simple model describing the transverse vibration of a beam. Where u is the transverse
displacement of the beam and ¢ is the rotation angle of the filament. The coefficients p, I,, E, I
and k are respectively the density (the mass per unit length), the polar moment of inertia of
a cross section,Young’s modulus of elasticity, the moment of inertia of a cross section and
the shear modulus. In recent years, the problem of existence and stability of the Timoshenko
system, hyperbolic nonlinear term and second sound has attracted a considerable attention to a
lot of mathematicians. Many results have been established concerning existence and asymptotic
behavior. (see for [5],[11],[12],[29],[30],[33],[38]). It should be noticed that mentioned problem
plays a crucial role in ingineering applications and for more details on the resourches valuable
that has been realised regardiing Timoshenko systems, we refer the readers to (see for [12], [13],

[14], [15], [16], [39]).

2.1.3 Euler-Bernoulli beam

Due to the nature of beams in structural engineering, it is more convenient to investigate a
single spanned, prismatic constant cross sectional homogenous beam in Cartesian righthanded
3D- coordinate axes system, such that, the positive x is left to right direction and positive y
is directed toward the viewer and positive z is in a downward direction. All terminologies and

signed quantities in whole of this thesis will be referenced to this coordinate system which is also
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the most used one in analytical and numerical plate theories and in finite element methods.
Moreover, in order to clarify the basic fundamentals of such beam analysis, it is better to
consider as an illustrative entrance, the real deflection curve for a built-in beam subjected to
uniform load as shown in Fig.(2.3), in which two inflection points divided the beam into three
parts. The outer parts concaved- down while the middle part concaved- up. Points 1,2,3 and
4 are general points at which the perpendiculars to the tangents (that is to say, normals) are
shown. These portions are rearranged as shown in Fig.(2.3) for mathematical purposes. This
deflection curve was obtained based on kinematical assumptions due to Euler Bernoulli-Navier
hypothesis, which in turn leads to the well-known Euler-Bemoulli Beam Theory (EBBT). The
relevant basic data and relations concerned with Euler-Bemoulli Beam EBB. The most often
used sign convention in main textbooks for analysis quantities such as shown in Fig. (2.3),
as well as the mathematical definition of positive orientation of surfaces were followed in this

work.
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Figure 2.3: Exaggerated deflection curve for a built-in beam.

In case of pure shear, the angle between each of tangents to each of these warped curves and
their corresponding initial normal is equal to the shearing strain v provided that its maximum
value occurs at neutral axis as natural consequence of shearing stress distribution effect, which
in turn was assigned by Timoshenko for the whole of each section although it must vary in

the same manner as shearing stress. Consequently, this theory relaxes the Bernoulli-Navier
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_________________________________________________

.........

Figure 2.4: Concaved- up and concaved-down portions.

normality hypothesis, but at the same time neglects the warpage shape of originally plane cross
section, therefore this assumed constant shearing strain through the beam thickness should

correspond to a constant shearing stress max.

2.1.4 Euler-Bernoulli Hypothesis

In this section reference is often made to the beam axis. The meaning of the beam axis is
intuitive for a prismatic beam with a rectangular cross-section. It is the middle axis. Other
terms, such as: neutral axis, bending axis and centroidal axis are also frequently used. They
all express the same property that no axial stresses o,, should develop on the axis under pure
bending.

Hypothesis 1: Plan Remains Plane

This is illustrated in Figure (3.55) showing an arbitrary cross-section of the beam before and
after deformation. Imagine a straight cut made through the undeformed beam. The plane-
remains-plane hypothesis means that all material points on the original cut align also on a
plane in the deformed beam. The cases (b) and (c) obey the hypothesis but the warped section
(d) violates it.

Hypothesis 2: Normal Remains Normal

If the initial cut were made at right angle of the undeformed beam axis as in Figure ((2.6) (a)),
it should remain normal to the deformed axis, see Figure ( (2.6)(b)). In the sketch on Figure

(2.6) (c) the hypothesis is violated when the angle a # 90°. The Euler-Bernoulli hypothesis
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(a)
Before After

Figure 2.6: Testing the normal-remains-normal hypothesis.

gives rise to an elegant theory of infinitesimal strains in beams with arbitrary cross-sections and
loading in two out-of-plane directions. The interested reader is referred to several monographs
with a detailed treatment of the subject, of bi-axial loading of beams. The present set of notes
on beams is developed under the assumption of planar deformation. This means that the beam
axis motion is restricted only to one plane.

Mathematically, the Hypothesis 1 is satisfied when the u-component of the displacement vector
is a linear function of z

u(z) =u° — 6z at any z. (2.3)

The constant first term, u° is the displacement of the beam axis (due to axial force). The
second term is due to bending alone, Figure (2.7). The second Euler-Bernoulli hypothesis is

satisfied if the rotation of the deformed cros section 6 is equal to the local slope of the bent

middle axis Z—“’
XL

_dw

0 =—.
dx

(2.4)
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o

Figure 2.7: Linear displacement field through the thickness of the beams.

Eliminating the rotation angle é between equations (2.3) and (2.4) yields
w
u(r,z) =u® — —z at any z. (2.5)

It can be seen from Figure (2.7) that the displacement at the bottom (tensile) side of the beam
is negative, which explains the minus sign in the second term of Equations(2.4)and (2.5).
Hypothesis 3

The cross-sectional shape and size of the beam remain unchanged. This means that the vertical
component of the displacement vector does not depend on the z-coordinate. All points of the

cross-section move by the same amount
w=w(x). (2.6)

In the case of planar deformation, which covers most of the practical cases of the beam response,

the y-component of the displacement vector vanishes
v=0. (2.7)

We are now in the position to calculate all components of the strain tensor from Equation.
We are now in the position to calculate all components of the strain tensor

from equation
_du,  du

¢ dx dx (2.8)
du, dv
€ - dy (2.9)
du,, dw(x)
2z = = = O 210
¢ dz dz ( )
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1 (du, du,
i V) = 2.11
1 (duy, du, 1 /dv dw
== — =24 =) = 2.12
‘v 2(dz+dy> 2<dz+dy> 0 (2.12)
1 (du, duy, 1 /dw du 1 /dv dw
= - =—|(—+—==|—-—]=0. 2.1
=y (dx * dz) 2 (dx * dz) 2 (dx dx) 0 (2.13)

It is seen that all components of the strain tensor vanish except the one in the direction of
beam axis.

Note that €, is the only component of the strain tensor in the elementary beam theory. There-
fore the subscript zz can be dropped and, unless specified otherwise €,, = € Introducing

Equation (2.5) into Equation (2.6) one gets

_du®(z) d*w ()

€@, 2) = dx dx?

z. (2.14)

The first term represents the strain arising from a uniform extension of the entire cross-section

€ (z) = d“;f). (2.15)

The second term adds a contribution of bending. Introducing the definition of the curvature of

the beam axis
d*w(z)

k= —
dx?

2 (2.16)

the expression for strain can be put in the final form:
€(z,2) =€ (z) + kz. (2.17)

Mathematically, the curvature is defined as a gradient of the slope of a curve. The minus sign
in equation follows from the rigorous description of the curvature of a line in the assumed coor-
dinate system. Physically, it assumes that strains on the tensile side of the beam are positive.
A quite different interpretation of the Euler-Bernoulli hypothesis is offered by considering a
two-term expansion of the exact strain profile in the Taylor series around the point

de(z,0) ldQG(x,O) 2

€(x,z) = e(x,0) + TZ + 5
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chapter 2 Deformation of beams geometry

Taking only the first two terms is a good engineering approximation but leads to some internal
inconsistencies of the elementary beam theory. These inconsistencies will be explained in the

two subsequent chapters.

2.1.5 Difference between Timoshenko and Euler- Bernoulli beam

As shown in Figure (2.8), difference between Timoshenko Beam and Euler Bernoulli beam model

can be visibly explained. In Euler Bernoulli beam, deformation of a section i—i is rotation due

to bending. In Timoshenko beam theorem, deformation is summation of bending and shear
deformation as shown in g—; is bending and % is shear deformation. We want to study about
the transverse shear strain effect. It is shown that shear strain is constant for a particular
cross- section throughout the beam and it is not distorted after the deformation. Timoshenko
beam element models are not good in capturing normal stress. For capturing shear deformation,
classical beam theory elements are not correct. An Euler Bernoulli beam element gives excellent
results for normal stress since they are constraining the predominant bending deformation. For
thin beam purpose, classical beam theory is good and for thick beam usage Timoshenko beam
theory is good. Structural analysis and harmonic analysis are used to predict the stability of the
beam. Equivalent stress distribution and Shear, formation along the beam are the main output

parameters for the structural analysis. In addition to above mentioned methods, buckling

analysis can also be used to predict the stability of the beam.

b L v, /e
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¥
Ve - J
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b ’Q dvo/dx

[ I ]_*
| 1 ] |" 1 1

wuglx) Undeformed

wdn)

Bernoulli beam Timoshenko beam

Figure 2.8: Difference between Timoshenko and Euler Bernoulli beam model

2.2 Deformation of the beam

The main objective of this work is to analyze the complex composite beams. The geometrically

non-linear analysis of composite beam exhibits specific difficulties due to the anisotropic ma-
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Figure 2.9: Deformation of cross section described by Reddy.

terial behavior, and to the higher non-linearity induced by a higher stiffness, inducing tensile
mid-plane forces in beam higher, than that observed with conventional homogeneous materi-
als. These structures with complex boundary conditions, loadings and shapes are not easily
amenable to analytical solutions and hence one has to resort to numerical methods such as
finite elements. A considerable amount of effort has gone into the development of simple beam
bending elements based on the Timoshenko Beam Theory for homogeneous isotropic beam.
The advantages of this approach are:
(i) it accounts for transverse shear deformation,
(ii) it requires only c0 continuity of the field variables,
(iii) it requires refined equivalent single-layer theory,
(iv) it is possible to develop finite elements based on 6 engineering degrees of freedom viz, 3
translations and 3 rotations.

However, the low- order elements, that is to say the 3-node triangular,
4-node and 8-node quadrilateral elements, locked and exhibited violent stress oscillations. Un-
fortunately, this element which is having the shear strain becomes very stiff when used to model
thin structures, resulting inexact solutions. This effect is termed as shear-locking which makes
this otherwise successful element unsuitable. Many techniques have been tried to overcome
this, with varying degrees of success. The most prevalent technique to avoid shear locking for
such elements is a reduced or selective integration scheme. In all these studies shear stresses
at nodes are inaccurate and need to be sampled at certain optimal points derived from consid-
erations based on the employed integration order. The use of the same interpolation functions

for transverse displacement and section rotations in these elements results in a mismatch of the
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order of polynomial for the transverse shear strain field. This mismatch in the order of poly-
nomials is responsible for shear. The Euler-Bernoulli beam theory neglects shear deformations
by assuming that plane sections remain plane and perpendicular to the neutral axis during

bending. As a result, shear strains and stresses are removed from the theory. Shear forces

aM

4. - In reality, the beam cross-section deforms

are only recovered later by equilibrium V =
somewhat like what is shown in Figure (2.9). This is particularly the case for deep beam,
that is to say, those with relatively high cross-sections compared with the beam length, when
they are subjected to significant shear forces. Usually the shear stresses are highest around the
neutral axis, which is where, consequently, the largest shear deformation takes place. Hence,
the actual cross-section curves. Instead of modeling this curved shape of the cross-section, the
Timoshenko beam theory retains the assumption that the cross-section remains plane during
bending. However, the assumption that it must remain perpendicular to the neutral axis is
relaxed. In other words, the Timoshenko beam theory is based on the shear deformation mode
in Figure (2.10), (2.11), (2.12), (2.14). Various boundary conditions have been considered. The
effect of variations in some material and/or geometric properties of the beam have also been

studied.

The deformed beam is also shown in Fig.(2.12) based on the last W (z) and different sections

Figure 2.10: Deformation in Timoshenko Beam

deduced by Timoshenko U(z)- function. The deformation of elements of Timoshenko beam
undergoes a rotation ¢ of the beam cross- section due to bending, in which as will be seen later
in illustrative examples this rotation is independent of shear effect for all statically determinate
beams and also all indeterminate beams having full symmetric conditions whereas except these
beam-types, this rotation will depend on shear stiffness KGA. The bending moment M will
behave in the same way. Therefore, the rotation ¢ in general will not be the same as in the

Euler-Bernoulli beam. That is, ¢ # 0 = dvgf). Moreover, the deformation of such elements

also undergoes an additional angular rotation ¢ caused by shear. Thereby the total rotation of
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i3
'I-

Figure 2.11: Deformation in Timoshenko Beam element

Figure 2.12: Deformation in Timoshenko Beam element

dwT (x)

the Normal is the slope of the deflection curve W7 that is, -

and numerically is equal the

sum of these two rotations as 2V — (¢ + ¢), where the superscripts E and T refer to Euler

dx

and Timoshenko theories respectively, is redrawn as shown in Fig(2.9).

A Timoshenko beam takes into account shear deformation and rotational inertia effects,
making it suitable for describing the behavior of short beams, sandwich composite beams or
beams subject to high-frequency excitation when the wavelength approaches the thickness of
the beam. The resulting equation is of 4th order, but unlike ordinary beam theory - that is
to say Bernoulli-Euler theory. In static Timoshenko beam theory without axial effects, the

displacements of the beam are assumed to be given by
Uz (z,y,2) = —z¢(z), uy, = 0,u, = w(x).

Where (z,y, 2) are the coordinates of a point in the beam, u,, u,, u, are the components of the
displacement vector in the three coordinate directions, ¢ is the angle of rotation of the normal

to the mid- surface of the beam and w is the displacement of the mid- surface in z- direction.
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Figure 2.13: Deformed cantilever beam (warped cross sections).

The governing equations are the following uncoupled system of ordinary differential equations
is:

1
aw dEd_cp

G ¥ raca Pl

Finite element formulation

FEM is a numerical method of finding approximate solutions of partial differential equation as
well as integral equation. The method essentially consists of assuming the piecewise continuous
function for the solution and obtaining the parameters of the functions in a manner that reduces
the error in the solution. By this method we divide a beam in to number of small elements
and calculate the response for each small elements and finally added all the response to get
global value. Stiffness matrix and mass matrix is calculate for each of the discretized element
and at last all have to combine to get the global stiffness matrix and mass matrix. The shape
function gives the shape of the beam element at anypoint along longitudinal direction. This
shape function also calculated by finite element method. Both potential and kinetic energy
of beam depends upon the shape function. To obtain stiffness matrix potential energy due to
deflection and to obtain mass matrix kinetic energy due to application of sudden load are use.
So it can be say that potential and kinetic energy of the beam depends upon shape function of
beam obtain by FEM method.

In the present analysis the mathematical formulation and finite element formulation for
loaded complex composite beam have been done. The beam is modeled by Timoshenko beam
theory. This essentially consists of assuming the piecewise continuous function for the solution

and obtaining the parameters of the functions in a manner that reduces the error in the solution.
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By this method we divide a beam in to number of small elements and calculate the response for
each small elements and finally added all the response to get global value. By taking Timoshenko
beam theory we have taken shear deformation into consideration which other theories neglect
to make the beam analysis simplified. Due to this we can be able to formulate a composite
beam that would be much more reliable for fabrication of structures that are under continuous

loading.

Figure 2.14: Deformation in Timoshenko Beam

Curved geometry

In order to describe initially curved geometry, three configurations: the straight configuration,
the stress-free reference configuration, and current configuration, are considered as shown in
Fig.(2.15), (2.16). The straight configuration is described by set of parameters or coordinates
X = [X1X,X;]", the stress-free curved configuration is defined using the coordinates X =
(X 1X2X3]t , and the current or deformed configuration is described by the vector r = [rlrgrg]t )
The position vector of an arbitrary point r can be written as r = X 4 u, wherer = [ry7yrs]", is
the displacement vector. The matrix of position vector gradients J can be written as

J =2 =200r — J Ji, The matrix Jy is used to account for the initial stress-free curved
geometry. The Green-Lagrange strain tensor ¢ = % (JtJ — 1), upon usingJ = J.J; ', can be
written as e = 3(Jy ') (JiJeJy " — I), which leads to zero strain in the initial stress-free curved

configuration.

Geometry representation

The main goal of using the reduced-order model considered in this investigation is to have
an accurate representation of the geometry in the reference configuration. elements are re-

lated to splines and using linear mapping. Therefore, the mechanics-based elements can be
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Figure 2.15: Curved geometry
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Figure 2.16: Deformation state associated with the activation of #; and 65

used as the basis for developing the geometry of the solid models. Using the geometric coeffi-
cients, the geometry in the reference configuration is preserved, thereby avoiding any geometry
distortion when the analysis is performed. Using the position gradients and the geometric coef-
ficients, no distinction is made between straight and curved elements. By contrast, conventional
infinitesimal-rotation elements cannot be related by linear mapping and their use can lead to
geometry distortion when the solid models are converted to analysis meshes. This is evident
by the high cost and significant time and efforts spent by the industry on converting solid
models to analysis meshes. For example, when conventional beam elements are used, multiple
straight elements must be used to approximate the curved structures. Other simple examples
that demonstrate the geometric representation difficulties encountered when using conventional
elements are tapered structures. For these structures, the element thickness varies along the
beam axis. The tapering can be easily captured using the element by changing the norms of

the transverse gradient vectors at the element nodes as shown in Fig. (2.13), (2.17),(2.18),
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Figure 2.17: Rotationel geometrically nonlinear beam

Figure 2.18: Deformation of the beam

(2.19),(2.20), (2.21),(2.22), (2.24),(2).

2.2.1 Conclusion

From preceding illustrative examples results and their discussions, the following can be easily
concluded:

e Shows that the effect of shear deformation is to increase the deflection.

E

e The contribution due to shear deformation to the deflection depends on the modulus ratio &

as well as the ratio of thickness to length %

e The effect of shear deformation is negligible for thin and long beams whereas it is more
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Figure 2.19: Deformation of the beam

Figure 2.20: Deformation of the beam

significant for beams with thickness-to-length rations > 1/10.

e The bending rotation as well as bending moment and axial bending stresses are independent of
shear deformation for all statically determinate and indeterminate beams if they obey symmetric
boundary condition and loading, whereas for general statically indeterminate beams they will
be affected by shear stiffness.

e The described total rotation by Timoshenko is evidentiary apparent and interpreted.

e The superiority of results due mixed formulation is evident in all field variables of the beam

problem.
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Figure 2.22: Deformation of the beam

Figure 2.23: Deformation of the beam
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Figure 2.24: Deformation of the beam
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Figure 2.25: Deformation of the beam
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Chapter 3

Exponential decay and numerical solution
of nonlinear Bresse-Timoshenko system

with second sound.

3.1 Introduction and position of the problem:

In the present chapter, we consider the following one dimensional nonlinear Bresse-Timoshenko

system with second sound

(

prow —k (0p + ), + 1 =0 in (0,1) x (0,00),
—p2pits — bbze + k(02 + ) + 90, +£(¥) =0 in (0,1) x (0, 00), (3.1
p30; + kqe + Yhie + A0 =0 in (0,1) x (0, 00),
| 70¢¢ +0q + kb =0 in (0,1) x (0, 00).
With the initial and boundary conditions
(0(,0) = o), (5,0) = 1(2), 9(2,0) = 6o(e) 0 (0,1),
Ui(2,0) = ¢1(x),0(z,0) = Oo(2), ¢(2,0) = qo(x)  in (0,1), (3.2)

§0(07t) = 90<1>t> = ¢(07t) = ¢(17t) = Q(Ovt)

= q(1,¢) = 0(0,t) = 0(1,¢) = 0 in (0, 00),

\

where ¢ € (0, +00) denotes the time variable and x € (0, 1) is the space variable along with

the beam of length L, in its equilibrium configuration. Here ¢, 1, 6, g and f(v)) are specific func-
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tions represent, respectively, the transverse displacement of the beam, the rotation angle, the
different temperature, the heat flux and forcing term. The coefficients py, p2, ps, p1, 70, 0, 7, b,
k and \ are positive constants represent the constitutive parameters defining the coupling
among the defferent conponents of the materials.

From physical point of view, it is well known that the model using the classic Fourier’s
law leads to the physical paradox of infinite speed of heat propagation. Many theories have
subsequently emerged, to overcome this physical paradox but still keeping the essentials of
a heat conduction process. One of which is the advent of the second sound effects observed
experimentally in materials at a very low temperature. Second sound effects arise when heat is
transported by a wave propagation process instead of the usual diffusion. This theory suggests
replacing the classic Fourier’s law ~6, + ¢, where v is the coefficient of thermal conductivity
and ¢ is the heat flux by a modified law of heat conduction called Cattaneo’s law 70, + q + 7¢;.
Here, the parameter 7 > 0 represents the relaxation time describing the time lag in the response
of the heat flux to a gradient in the temperature. The obtained heat system is of hyperbolic
type and hence, automatically, eliminating the paradox of infinite speeds. Among the works
that have been realised in this fiéeld, we refer the reader to [34, 35]. In the following Figure
we introduce the displacements and the rotation angle in the (z1,x3) plane as well as the
temperature distribution with its contribution to the deformation of the beam as showing in

many works for instance [10] where

Temperature at (1,0, z3):

O = 0)(21) + w3 05(x1)

Displacements. rotation angle and temperature distribution in the

(x1, x3)-plane
e u = u(xy,t): the longitudinal displacement of points lying on the x;-axis,
e 1) = 1(xq,t): the angle of rotation for the normal to the x-axis,
© is the Taylor’s expansion for the temperature distribution in the

(21, z3)-plane (with zo = 0):

@(Il, s, t) = C"‘)(l’l, 0,1‘3, t) = ‘91(%’, t) + l’geg(l', t)
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where #; and 63 are temperature components (functions) that may represent the temperature

deviations from the reference temperature ©, along the longitudinal and vertical directions.
Elishakoff et al. [27, 28], gave a brief description on the beam model in one-dimensional for

beam vibrations. The classical Bernoulli-Euler differential equation ignores rotational inertia

and shear deformation. It is given by
Eliree + pApy =0, (3.3)

where E is the modulus of elasticity, / is the moment of inertia, ¢(x,t) is the transverse
displacement, z is the axial coordinate, t is the time, p is the material density, and A is the
cross-sectional area.

Later, Bresse [19] and Rayleigh extended and corrected the Bernoulli-Euler equation (3.3), by
taking into account the rotary movement of the beam elements. The angle of rotation equals
the slope of the deflection curve @, the associated angular acceleration is .. As a result, the
moment of inertia of the element about an axis through its center of mass equals pl@,dr and

according to D’Alembert’s principle, we obtain

—V+ M, — plogu =0, (3-4)

where V(z,t) is the shearing force and M (z,t) the bending moment.
Replacing this equation in the case of dynamic equilibrium with the forces of transverse vibra-
tion, we have

Vi = —pApy = (M — plpai)e- (3.5)
Physically from elastic theory, we have M = Elp,,, then it results in a Rayleigh model for the

uniform beam oscillations given by

E[(p:m:xm + PASOtt - plgpx:rtt = 07 (36)

we call equation (3.6) the rotatory inertial.
Afterwards, Timoshenko [48] extended the equation (3.6) by adding the impact of the shear

deformation, expressing the slope of the deflection curve in two parts

Y =~ +C, (3.7)

1) as the rotation of the cross-sections with the neglection of the shear deformation and ( as

the angle associated with the shear deformation at the neutral axis in the same cross-section.
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On the other hand, according to the mechanics of solid we can write

M = EI,, (3.8)

V = kiCAG = kyAG (0 + 1), (3.9)

where k; is the shear coefficient and G is the shear modulus.

The state of dynamic equilibrium of forces in the vertical direction is given by
pApy — Vi = 0. (3.10)

Deriving with respect to the in equation (3.7) and by substituting in the dynamic equilibrium

equation of motion (3.4), we get
=V + M, + plpy = 0. (3.11)

The Timoshenko system, was obtained by substituting respectively (3.9) and (3.8) into (3.10)
and (3.11), thus

where,
p1 = pAis the mass density,
p2 = pl is the moment mass inertia,
b = EIis the rigidity coefficient (of the cross-section),
k = k1 AG is the shear modulus of elasticity.

Then, the Timoshenko system takes the following form

prpe — k(02 +10), =0,

(3.14)

It should be noticed that mentioned problem plays a crucial role in engineering applications.
And for more details on the valuable resources that have been realised regarding Timoshenko

system, we refer the readers to [5, 11, 12, 13, 14, 15, 16, 30, 33, 38, 39, 48, 52].
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Elishakoff [26], by differentiating the Timoshenko hypotheses (3.7) with respect to t, we get

Vit = —Pita- (3.15)

Inserting (3.15) in (3.14),, we obtain the well-known Bresse-Timoshenko system by combining
d’Alembert’s concept for dynamic equilibrium, with Timoshenko hypothesis to get the following

system

p1ew — k (0. +v), =0,
pu =k ) (3.16)

— 2Ptz — gy + k (. + ) = 0.
For more details, we refer [8, 9, 22, 26, 29].
Many investigations have been realised concerning the asymptotic behavior of the solution
of Bresse-Timoshenko system. Among them, we cite the work of Almeida and Ramos [6], who

they considered the following system

tt — z = 0»
p1ee — B (o + 1), (3.17)

—pP2Ptte — waac + B (Sox + w) + ﬂ1¢t = O,
where they showed that the viscous damping acting on angle rotation of the above system is
strong enough to provoke an exponential decay of the solution. Junior et al. [7] considered the

following system

tt — z ¢ =0,
P19t — B (pr + 1), + ) (3.18)

—P2Pttr — bwazx + B (Sox + w) = 07
and they showed that the mechanism damping given by the viscous damping acting on the
transverse displacement of the beam stabilizes exponantially the system.

Kh. Zennir et al. [51] studied the following nonlinear Bresse-Timoshenko system

p

p10up — k (pz + ), + 019, = 0,
— 2041z — Qg + k (0 + 1) — £10,

—&ops + 02G(01) = 0, (3.19)
00 + doyp — kO — 1040, = 0,

\date + Tatp - hpacac - §Qat¢ac = 0.

The authors proved the well-posedness of the system by using the classical Faedo-Galerkin

approximations and showed a general decay result of the system.
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Motivated by the previous works, in this thesis we give a global existence and regularity
results, which can be proved by using the standard Feado-Galerkin method. Moreover, we
show that the dissipation given by the second sound is strong enough to give an exponential
stabilityof solution of the system (3.40) by using the energy method, that requires to constract
an appropriate Lyapunov functional which allows us to estimate the energy of the system (3.40)
and to show that it decays an exponetial manner without any conditions on the coefficients
of the system. Importance of this complimantary control and his influence on the asymptotic
behavior of the solution appears in many works for the different types of problems such as
[11, 31, 33|. Finally, some of the numerical simulation results are obtained using MATLAB
software.

The rest of this thesis is organized as follows: In Section 2, we recall some preliminaries, we
state without proof a global existence and regularity result of the problem (3.40). In Section 3,
we estabilish the exponential stability result. In Section 4, we validate our theoretical stability

result by numerical approximation.

3.2 Preliminaries and main results

In this section, we present and recall some mathematical notions to be used for the proof of
the stability result.
(A) f:R — R satisfies

[6(v*) — f(N] < ko([W'1e + [9%9) v —¥?] and ¥ €R,9° €R, (3.20)

where kg > 0, 0 > 0. In addition, we assume that

A~ ~

0 <f(y) <Yf(yp) implies —Pf(y) < —f(v) <0,9 € R, (3.21)

with
R b
f(w)—/ f(s)ds. (3.22)
0
Here are the functional inequalities that helps us leter in some estimations to achieve our

stability result, we recall in the following Young’s inequality [20] given by

P |ple 1 1
abﬁ‘a—|+u, Va,b € R, (—+—:1,p>1,q>1).
p q p q
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chapter 3 Introduction and position of the problem

According to Young’s inequality, for all € > 0, and p = ¢ = 2 we obtain
ab < ea® + 1 (3.23)
- 4e '
Together with Poincare’s inequality [20] given by
/u2dx < C/uidx, Vu € Hy (1), (3.24)
I I

where I is a bounded interval and C'is a constant (depending on |/]| < 00).

Remark 3.2.1. We have

—2(pz + V)Y < (0 +¥)* + 97,

and, on the other hand, we also have

(0o + ¥ = ¥)* = (o +9)° + ¥ = 2(pz + )0 < 200 +9)° + 20%

Finally, by integreting and using Poincaré inequality (3.24), we obtain the following inequality

1 1 1
/ p2dr < 2/ (¢r +)%dx + 2/ Vid, (3.25)
0 0 0

|~

where C = —+ > 0.

[

3.3 Well- posedness of the problem

For completeness, we state without proof the following global existence and regularity result
which can be proved by using the standard Feado-Galerkin method, for this we refer the reader

to [4, 47, 51].

Theorem 3.3.1. Let (o, p1) € H}(0,1) x L2(0,1), (o, ¢1) € HL(0,1) x L*(0,1) and (0o, qo) €
L*(0,1) x L*(0,1) be given. Assume that (A) are satisfied, then the problem (3.40)-(3.27) has

a unique global (weak) solution satisfying
2 ¢ S C(R-H H3(07 1)) N CI(R-H L2(07 1))7

97 qc C(R-H L2(07 1))
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Proof. By Using Faedo-Galerkin approximations, we prove the existence of unique global solu-

tion of (1.2)- (1.4). For more detail, we refer the reader to see [4, 12, 14].
Step one: Approximate the problem
Let {u;}, {v;},{0;},{P;} be the Galerkin basis, For n > 1, let

W, = span{uy, ug, .cccovvn... ,Up }
K, = span{vy,va, ccoeceueenn. ,Un}
O, = span{y,0s, .............. 00}
[ = span{ Py, Po, ..cccccv... , Pl

given initial data (g, 1) € H(0,1) x H}(0,1), 1,09, 03 € L*(0,1) and 6y, Py € L*(0,1) we

define the approximations

Pn = Zgjn(t)uj<:v>
Yn = Z Cin(t)vj ()
On = 2 fin()05(2)

Po =3 _kin(HF;(@),

which satisfy the following approximate problem

.

P1 (‘Pttm uj) - k ((prn + ¢n> 7ujx> + H1 (gpm, uj) = 0
—pP2 (‘Pttmmujx) —b (¢xa:na Uja:) + k ((Soxn + wn) 7uj) + Y (ea:na 0]) + (f (wn) 7Uj) =0
P3 (etna 6]) =+ k (qgma Pj) =+ v (wtxna Uj) + A (9n7 0J> =0

\7_0 (th Pj) +9 (Qm P]) +k (emna Qm]) =0

with initial conditions
n(2,0) = 4 (2), (2, 0) = ©1(2), ¢Yn(2,0) = ¥g(z) in (0,1),
Yin(2,0) = Y1 (2), On (2, 0) = 65 (2), gn(2,0) = gg(x) ~ n (0, 1),
en(0,8) = n(1,1) = Pn(0,1) = Y (1,) = gu(0,7)

| = 4n(1,8) = 6,(0,1) = 6, (1,) =0 in (0,00),

(

in

in

in

(0,1) x (0, 00),
(0,1) x (0, 00),
(0,1) x (0, 00),

(0,1) x (0,00),
(3.26)

(3.27)
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which satisfies

o — o, strongly in Hy(0,1)
@ — 1, strongly in L?(0, 1)
@y — g, strongly in L*(0,1)
@8 — 3, strongly in L*(0,1)
Yo — 1o, strongly in Hy(0,1)
Y7 — 1y, strongly in L*(0, 1)
05 — 0y, strongly in L*(0, 1)
Py — Py, strongly in L*(0,1).

By using the Caratheodory Theorem for standard ordinary differential equations theory, the
problem (3.2) and (3.3) has a solutions (g;n(t), (in(t), fin(t), kjn(t))j=1..n € (H?(0,1))* and by
using the embedding H™(0,1) — C™(0, 1), we deduce that the solution (g;,(t), (in(t), fin(t), kjn(t))j=1.n €
(C?(0,1))%. In turn, this gives a unique (¢n, ¥n, On, Py) defined by (3.1) and satisfying (3.2).
Second step: The first a priori estimate

Multiplying equations of (3.2) by 0,g;n, Ohjn0; fin and 0;k;, respectively and using

1 1
k/o PuPpdr = /0 Py [_pQ(ptt:v(Iat) - b¢xw($;t>] dx

4 / b k(s + ) (2, 1)) da

T / by [0, 2) + () (z, )] d = 0,

d ! ! pip2 [
o |:p1/0 QDitdx“‘k/O (Sona:+¢n)2d95+7/o (pittd‘r:|

d 1 1
02 / gpmxdx +b wmdx + p3/ «9 dz + 19 / qndx + 2f(¢n)
2dt 0 0

1 1
+u1/ 02, dx +”’1kp2/ goittdm—i—é/ qidx—l—gon/ 02dz = 0. (3.28)
0 0 0 0

we get

Now integrating (3.5) and by using (2.3);, we have

t waps [t [ t t
& (t)—i—,ul/ / o2, dr + 5 2/ / cpittdva(S/ / qidx—l—gon/ / 02dr =0, (3.29)
0 Jo ko Jo Jo 0 Jo 0 Jo
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with
Enlt) = % /0 1 [msoit + E(ne + n)? + plkm Prt + P2, + b7, | da
+ % /0 1 [pge,% + 70q2 + 2f(¥y) | da, (3.30)
then

En(t) < E,(0).
Thus, there exists a positive constant C' independent on n such that
Et)<C, t>0.
By (2.1) and (3.9), we have

1
/ [Qpit + (SOnx + ¢n)2 + Spitt + @itx + bw?w} dx
0

1
+/ [pgé’i + Toq> + 2f(¢n)} dr < C. (3.31)
0

Then ¢, =T, for all T > 0.
Third step: The second a priori estimate Differentiating (3.2); and multiplying by 0y,

integrating the result over (0,1), we get

1 1 1
01 / szl,t + k/ (Spnajt + ¢nt>gpnmtt + % / @ittt - 0, (332)
0 0 0

differentiating (3.2); and multiplying by 0y, using the fact that

¢tna} = ]{3 ‘Ptttn(l’ t) + /Z: S@ftn(m t) Spnxzt(m7t) (333)

Then integrating the result over (0, 1), using (2.3)s, we get

p1p2 d 2 d ! / 2
pip2 @ de+ 2% d
ok dt/ Pl + 5 > | P o+ 2. Viand

' H1p2
0

1 d 1/\ °
+y / Opntoinde + — / E()dz = 0. (3.34)
0 dt 0

Differentiating the equations of (3.2), multiplying by 0,0,,, 0, P, and then integrating the result
over (0,1), we get

1 1 1 1
L P / G0z — 7 / Oonthond + A / 02dz = 0, (3.35)
th 0 0 0 0
Tod 2 1 1 2
— [ qdr—Fk | qubde+9d | qidx=0. (3.36)
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Combining (3.11) and (3.12), we get

p3d//02dx+k//qm0dx— // $n¢tndx+A//93dx

Tod 1 .
th/o i @cdr —k //qmﬁdx—l—5// 2dr = R,(0).

\

Where

1

1
P1P2
Ra(t) == / [mwit + k(One + Un)® + =0y 4 P2y, + b2, | da
0

2 k

1 /1 .
+ 5 / [1039121 + Toqs + 2f(¢n) | du,
0

as in the fist a priori estimate, there exists C' > 0 independent on n such that
R.(t) <C, t>0.

Fourth step: Passage to limit
From (3.10) and (3.14), we conclude that for any n € N,

¢n is bounded in L>(R,, H}(0,1))

Oip,  is bounded in L=(R,, L*(0, 1))
Oupn  is bounded in L=(R,, L*(0,1))
¥, is bounded in L>(R, H;(0,1))
Opb,  is bounded in L=(R,, L*(0, 1))
0, is bounded in L®(R,, L*(0,1))
90, is bounded in L™(R,, L*(0,1))
P, is bounded in L™(R,, L*(0,1))
O,P, is bounded in L=(R,, L*(0,1)).

Thus we get
¢n  weakly star in L*(R,, Hy(0, 1))

Oip,  weakly star in L*(R,, L*(0,1))

Oin weakly star in L*(R,, L*(0, 1))

(3.37)

(3.38)

(3.39)
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¥,  weakly star in L*(R,, Hy(0,1))
Onb,  weakly star in L*(R,, L*(0,1))
0, weakly star in L*(R,, L*(0,1))
010,  weakly star in L*(R,, L*(0, 1))
P, weakly star in L*(R,, L*(0,1))
0,P, weakly star in L*(R,, L*(0,1)).

By (3.17), we deduce that ¢,,, is bounded in L?(R,, H}(0,1) and sy, Oup, are bounded
in L*(R.,L*0,1), and 9,0,,0,P, are bounded in L?(R,,L*(0,1). Then from Aubin-Lions
theorem [18|, we infer that for and, T' > 0,

¢n  strongly in L®(R,, H}(0,1))
Y,  strongly in L=(R,, H(0,1))
0, strongly in C°(R,, L*(0,1))
P, strongly in L®(R,, L*(0,1)).

We also obtain by Lemma 1.4 in Kim [15] that

¢n strongly in C(0,7, Hy(0,1))
Y,  strongly in C(0,T, Hy(0,1))
0, strongly in C(0,T, L*(0,1))
P, strongly in C(0,T, L*(0,1)).

Then we can pass to limit the approximate problem (3.2) and (3.3) in order to get a weak
solution of problem (1.2)-(1.4).

Step Six: Continuous dependence and uniqueness We prove the continuous dependence
of unique solution of (1.2)-(1.4).

Let (o, @1, e, ¥, T, W) and (I', Ty, Ty, =, I1, Q) be two global solutions of (1.2)7?(1.4) with respect
to initial data (o, ¢1, Y2, %0, ©, V) and (I'g,T'1, Ty, Zo, Po, Qo). Let

Aft)y=p—-T
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X(t)=¢—-E
x(t) =11 - @
M(t) =" — Q.
Then (A, X, x, M) verifies (1.2)-(1.4) and we have
(
pilhy — k(A +3), + A =0 in (0,1) x (0, 00),
P3Xt + kMx + ’Vzt:c + )\X =0 in (07 1) X (07 OO),
| 70M 4 0M + kxe =0 in (0,1) x (0, 00).
Multiplying (3.21); by As, (3.21) by ¥; integrating over (0,1) and since
1 1
k?/ Attztzdl' = / Et [_pQAtt:c ([E, t) — me (.ZU, t)] dl’
0 0
1
+/ Y [k(Ay + 2)(z,t)] da
0
1
+/ X (V0. (z,t) + £(X)(x, t)] dz = 0,
0
we get
d 1 1 p1p 1
o [pl /0 A2dz + k /O (Ay + X)2dz + % 0 Aftdx]
d 1 1 1 1 R
+ — {pQ/ AZ dw + b/ Y2dx + p;;/ x’dx + To/ ¢dx + 2f(2)]
2dt 0 0 0 0
' pps [ ! !
+ ,ul/ Aldx + ) / Adx + 5/ M?dx + )\/ x’dx = 0. (3.41)
0 0 0 0
Then
Et)<0 (3.42)
1 1 1
E'(t) §C’[/ Aldx +/ A dx —I—/ (A, + X)2dx
. v L
+/ A2 dx + / Y2dx + / 2dx (3.43)
0 0 0

1 1
+ / M2z + / £(%)da],
0 0

o8



chapter 3 Introduction and position of the problem

where

1 1
5(t)=§/ [plA?ﬂLk(AerE) plkpzAft+p2A + 32| dx
0

1/t .
+ —/ [,03)(2 + ToM? + 2f(2)] dx, (3.44)
0

2
by integrating (3.23), we get
1
(1) §5(0)+01/0 LIAZI+ 11(Ae + 22 + IAG] + (AL + [123]]] de
1
+01/0 [Ix2] + [[M2]] d. (3.45)

On the other hand, we have

E(t) > Co [INZ[I+ 1(Ae + )2 + [AZN + AL+ 1122]]] de
+ Co [0 + [|M2] d, (3.46)

owing to Gronwall’s inequality to (3.27), we have

AT+ 1A + 202+ A+ AL+ [152]] d
+ [N+ [1M2]] doe < e'€(0), (3.47)

which implies that solution of (1.2)7(1.4) depends continuously on the initial data. O

3.4 Exponential stability

In this section, we use the energy method to establish the exponential stability of the system

(3.40)-(3.27). To achieve our goal, we state and prove the following lemmas.

Lemma 3.4.1. Let (p,1,0,q) be a solution of (3.40)-(3.27). Then, the energy functional E(t),
defined by

1

1
Elt) =< / [fwf + k(pr + )% + —pz,m O + P20, + b¢§] dx
0

2

1 [1p 1
E'(t) :—Ml/ 24z — 1}{;2/ ftdx—é/ )\/ 0%dx < 0 (3.49)
0 0

29

41 /0 1 [/)392 +70¢° + 2?(1&)] dz, (3.48)

satisfies
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Proof. Multiplying (3.40)1, (3.40)9, (3.40)5 and (3.40)4, by ¢4, ¢, 6 and ¢ respectively, and an
integration by parts over (0,1), we get

Jo eeloreu(z,t) — k(e + 1)o@, )]
+ [ e [z, )] dz = 0 in (0,1) x (0, 00),
fol ¢t [_p290tt:c ($, t) - bwzx(l‘a t)] dr

+ [ [k(pp + ) (2,1)] do

(3.50)
+ [y e [Y0a(2,t) +E() (2, )] dz =0 in (0,1) x (0,00),
Jo 0 lps0u(e,t) + k(. 1) + s (2, 1)] da
+ [0 M\(z, 1) da = 0 in (0,1) x (0,00),
fo q[roq(z,t) + 0q (x,t) + kb,(z,t)]de =0 in (0,1) x (0, 00).
Using integration by parts in (3.50) and the boundary conditions (3.27), yield
md (! 1 1
(350), & 2 [ ok [ (oot hpudo+ [ ode =0 (3.51)
bd 1 1 1
1 d 1/\
+ 7/ Otyd + — / F(y)dz = 0, (3.52)
(3.50), / 0*dx + k/ q0dx — / 0, dx + /\/ 0*dx = 0, (3.53)
nd 1 01 1
(3.50), & L/ ¢*dx — k/ q.0dx + (5/ ¢*dx = 0. (3.54)
By equation (3.40);, we get
Yz = %SOttt (2, 1) + %@tt (1) — Puar (7, 1) - (3.55)
Now substituting ( (3.55) in (3.52), we obtain
pip2d 1, p2 d / 2
50), o P22 de+ 22 [ p2gp 22 d
(8:50) & 575 | @“szto ”szt Yade
3 111,03
T T
0 Lo 0
ty / O, 1pyda + = / E(v)dz = 0. (3.56)
0 dt Jo
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By summing the equations (3.51), (3.53), (3.54) and (3.56), we have

d 1 1
{,01 / go?dx + k/ (pz + 1) d:c + M ?tda:]
0 0

2dt
d 1 1
th {pg/ wtxdijb/wd:c—i-pg/ de—i-m/ qd:l:—i—?f(w)}

1
+u1/ gofdx+“;§2 da:+5/ 2d:c+)\/ 0%dz = 0. (3.57)
0 0

By (3.58), obtaining (3.49). The proof of Lemma 3.4.1 is completed.

4 p /1902dx+k/1(90 + ) dx el w2 dx
2dt |7 )y T i Ko Jo T8

d 1 1 R
2dt {pQ/ gotxdx +b dex + pg/ 0%dx + ’To/ ¢*dx + 2f(w)}
0

1 . 1
:_,ul/ e — = 2/ gp?tdac—d/ qzdx—)\/ 0%dz. (3.58)
0 ko Jo 0 0

Which complete the proof. O

We need to introduce the following auxiliary Lemmas.

Lemma 3.4.2. Let (p,v,0,q) be a solution for (3.40)-(3.27). The functional Fy(t) defined by

1 1
Fit) = —% D oo — k /0 Drapnd, (3.59)

(3.60)

satisfies, for any 1 > 0, the following estimate

1 1 I 1
Fi(t) < —k/ @2 dx + ke, / Yde+ (pr+ — / phdx. (3.61)
0 0 de1/ Jo

Proof. Differentiating F;, we obtain

1 1 1
Fi(t) = —m / rondr — k / Puzpdr — k / @2 dx. (3.62)
0 0 0

Using (3.40); and integrating by parts, we get

1 1 1
Fi(t) = pl/ 2 dr — k:/ Oppdr — k’/ @2 dx. (3.63)
0 0 0
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Proof. Direct computation using integration by parts, we get
1 1 1
Fi(t) = —#1/ Yppdr — k:/ Dite Pedr — k/ @2 da. (3.64)
0 0 0

Using (3.64) and the fact that

P1 k

gpt(l‘at) = __Sott(l‘at) + — (Qox + %U)x (:E,t),
H1 H1

we obtain

1 1 1
Fi(t) =p1 / oy dr — k/ (02 + ), pudr — k/ o dx
0 0 0

1
—k / Ptz P dx
0

1 1 1
= pP1 / prtdx + k/ @ttw@xdl’ - k/ Sﬁfzdl"
0 0 0

1 1
—k / unpad + / B
0 0

1 1 1
=/ / @ftdx — k/ Yupdr — k/ @fxdx.
0 0 0

Using Young inequalities, we obtain (3.61). By applying Young’s inequality (3.23), we obtain
(3.61). O

Lemma 3.4.3. Let (p,v,0,q) be a solution for (3.40)-(3.27). The functional Fy(t) defined by
1 u [ 1
Fa(t) = —ps / Pratpdr + / p*dz + py / prpdr
0 0 0
1
+ _pzp?’ pibd. (3.65)

0

satisfies, YVt > 0

1 1 1
k k
4 P2P3 @?t dr + P2 / 9051 dr + P2 q2 dr
0

27 Jo 2y 27 Jo
L V) [ e ) 3.66
(5t e n) [ea- [T (3.66)

Proof. By differentiating F», we get

1
Fy(t) :Pl/ w?dxﬂ)l/
0 0

1 1 1
— / ortbida + P22 | pubde + P22 [ 4,0,dx. (3.67)
0 7Y Jo 7 Jo

1 1

1
ppudr + [y / pprdr — po / PrztPdx
0 0
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Using (3.40)1, (3.40)2, (3.40)5 and integrating by parts, we obtain
1 1 1
0 0

1
= <sox s+ / Ouade + "2”3 b
0

+ 2 [ e / Wt (% (3.68)

by exploiting (3.21) in the last term of (3.68), we can write

1 1 1 ka 1
Fy(1) < py / Sde— k / <sox+w>2d:c—b / wide =2 [ puada
0 0

0

1 A 1.
DN / ewxdx+@ oul — 222 gotedx— / F(y)dz,
0 i i 0

0 0
and applying Young’s inequality (3.23), we obtain (3.66). Differentiating F» and integration

by parts, we have
1 1 1 1
Fy(t) =P1/ sOdeer/ sosottd:c+u1/ sosotdx—pz/ Pt Pdx
0 0 0 0

1
— P2 / Sota:wtdx + % ttedl' -+ p%ypg thetdx (369)
0

On the other hand, we have
(

o (@,t) =Ly (xat)+l%(¢z+¢)x (2,1),
Puz (T,1) = =2t (2, 8) + 2 (0o + ) (2,1) + 26, (2,1) (3.70)
+o- 0 (W) (2,1,
\ﬂ)m (x,t) = —%Qt (x,t) — %qx (x,t) — %9 (x,t).
(3.69)-(3.70) imply that
1 1 1
Fi(t) = pl/ prde +p2/ Piibrpdr —b | Yidx
0 0 0
1 1 1
— k‘/ (9033 + ¢)2d:€ + ”y/ O, dr — / f () Ydx
0
i P2P3 oubdz + 223 P2P3 <pt9td$,
Y Jo Y Jo
then
1 1 1
i) = [ o~k [ (ontopde-b [ vl
0 0 0
1 k’ )\ 1 1
+ P2/ Pt (—@@ — =z — —9> dx +7/ 0 dx — / Vf (¢) dx
0 8 g 0 0
-+ % tt@d + — P2ps <pt(9tdx. (371)

Y Jo Y Jo
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Cauchy-Schwarz and Poincaré inequalities lead to

1 1
/ £ () dlde < / el lld
0 0
< N5 sy 1P 2o n 1] d
<o [ v (3.72)
01/0 Ydx, .

for some k1 > 0,ky > 0,¢1 > 0,9 >0
At this point, we distinguish two cases.

Case 1: If H is linear on[0, ¢]. In this case, using the assumption (??7), we can write

by / £(4)2 de < ks / [0 1 £ ()] d < ko / UE () < —ksE'(8),

—/Olfw)?dxz —/Olwfw)- (3:73)

1 1 1 p k 1
Fyt) < py / Sde — k / <sax e — b / 2o — P2 [ gde
Y Jo

/\ 1
T / 0o+ P23 [ 0 02 / pitda— [ ot (o) do
Y Jo Y Jo 0

this inequality imply that

By (3.71) and (3.73), we get

then

1 1
Fo(t) < —k:/o (¢ —i-w)de - ;)/ Vidr + <,01 + %) / ©rdx

p2ps [ 2 kpa 2
£2r3 dr + ~F2 b2
" 27 o Tty /0 #isd ot /

1
+ 7 + &(p3+)\ / 0*dw —/ of () dx (3.74)
2% 2y ; ;
Choosing we obtaining (3.66). Finally we get the estimate (3.66).
]
Now, we define Lyapunov functional £(t) by

where N, N; and N, are positive constants.
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Lemma 3.4.4. Let (¢,1,0,q) be a solution for (3.40)-(3.27). Then, there exist two positive

constants v, and 7y, such that the Lyapunov functional (3.75) satisfies
1E(t) < L(t) < %E(t),Vt >0, (3.76)

and

L'(t) < —BE(t),Vt > 0. (3.77)

Proof. From (3.75), we have

Ny ' 2 '
£(6) - Ne()] < [ gtdn Mok [ Jpugalde
0 0

N. ! N. !
+2—“1/ go2d:c+M/ 06| dx (3.78)
2 0 i 0

1 1
+N2p1 / |g0t90|d$ + ngg/ |<pm¢|d$
0 0
By applying Young’s (3.23), Poincaré (3.24) inequalities and exploiting (3.25) we arrive at
1 1 1
£(6) = NE@| <60 [ ot [ Ghdot b [ (oot uPda
0 0 0
1 1 1
+(54/ gO?tdI + 55/ widﬂf + 56/ (92d£€
0 0 0

1 1
+57/ ¢ dx +5g/ f(¢)dx
0 0

<CE&(t),

(3.79)

in which §; (i =1, ..., 8) are positive constants as in, |18, 31, 37, 46].
So it yields (N — C)E(t) < L(t) < (N + C)&(t), by choosing N (depending on Ny, Ny )
sufficiently large we obtain (3.76).
Now, by differentiating L£(t), exploiting (3.61), (3.66) and setting
€1 = N%’ we get O

Proof. We define an appropriate Lyapunov functional as

L(t) = NE() + Ny Fi(t) + NoFo(t)
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where N, Ny, N, are positive constants to be chosen properly later.

/\ 1
L'(t) < — [,ulN — (p1 + —) N2‘| / rdx
2y 0

k 1
[kNl — ﬂNQ] / @2 dx
2y 0

RNy / (60 +0)%de
[Ny / F)da

_ 3.80
. H102N_ p—l—i N ,02,03N /1g02dx ( :
K e )t oy Y Yy T
) 1
— §N2—]{Z81N1:|/ widm‘
B P2 2
(2 B} ) [
- k .
— 6N — ﬁ]\@} / ¢dx
L 2y 0
By setting ¢; = N%? thus, we arrive at following
)\ 1
L) < - [MlN - (Pl + 2—> Nz} / prdx
g 0
1
— |EN; — @Ng / @2 dx
2y 0
1 1
-0 - 0 . (3.81)
. wk{)?N_ (pl P - 2 [ g
[ 2 kpa ' 2
— —N2 wdx— (SN—gNQ q“dx
L 0
- 1
AN — 7+p2(3+/\) N, /e%zx.
I 2b 0
0

We choose N, large enough such that
b

—No— k>0
2 2 )
then we take N; large enough so that
k
kN, — 22N, > 0.
2y
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Once Ny and Nj are fixed, we pick N large enough (so that (3.76) remains valid) such that

A
N — (pl + ﬂ) Ny >0,
2y

kN
MlPQN_ (p1+ 41>N1_P2P3N2>0’

and

Finally, we obtain

L) < —BE[),VE>0, (3.82)

where (3, is a positive constant.

We are now ready to state and prove the following exponential stability result.

Theorem 3.4.5. Let (p,1,0,q) be a solution for (3.40)-(3.27). Then, there exists two positive
constants Ao and A1, sauch that the energy function (3.48) satisfies, for all t > 0,

E(t) < Noe™ ML (3.83)

Proof. By using the estimation (3.77) and having in mind the equivalence of £(t) and L(t), we

conclude that

L'(t) < =M\ L(),VE >0, (3.84)

=5

where A\; = 71. A simple integration of (3.84) gives

L(t) < —L(0)e ™t >0.

Which yields the serial result (3.83). And by using the other side of the equivalence relation
(3.76) again. The proof is complete. O

3.5 Numerical Approximation

In this section, we propose a numerical approximation to the solution of the continuous problem

(3.40), with initial and boundary conditions (3.27). This method is constructed from the
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backward Euler scheme in time and the standard finite element in space, we refer |24, 25|. Let
us introduce the function » = ¢; and the weak form associated with the system (3.40), which
is obtained by multiplying the equations by testing the functions tests x, ¢, n, £ in Hj (0,1)

and integrating by parts, we have

.

p1(Pe: X) + k(0o Xa) = k (e, X) + pa (P, x) = 0,

—p2 (Pra: Q) + 0 (e, G) + K (90, O) + K (¥, ¢) +7 (0,0 + (f (¥), x) =0,
p3 (0, m) + k (4w m) + 7 (Yram) + A(0,1) =0,

70 (¢, §) +0(¢,8) + K (0:,€) =0

(3.85)

\
Let N € N*, we divide (partition) the interval (0, 1) into subintervals I; = (x;_1, ;) of length
h =1/N with

O=xp< 1 < ..<zxzy=1

We denote this partion by S, C Hj (0,1) the space of continuous piecewise linear functions
defined on this partition.

Let At =T'/M be the time step size, where T > 0 is a given final time and M is a positive
integer. Our finite element method using the backward Euler scheme is to find @}, ¥y, 07, g €

Sp, forn=1,2,..., M and all x,(,mn,En € Sp. Thus we have

4
PG — 370 xn) + B (0 Xna) — K (07, xn) + 1 (37, xn) = 0,

@ - a';*l,cw b o) + K (92 Go) + K (87,Ga) +7 (62, 1)

W) xw) = (3.86)
L (om0 l,m b (gm) + 27 (65 =¥ ) + A (67 mn) = 0,

(¢" —q" ' &) + 0 (g™ &) + K (07,6,) =0

(At
where ¢" ="+ A", ¥ = o, 2° = 1, P =1y, 0° = 0 and ¢° = qo.

In order to find {@", ™, 6™, ¢"}, we need to solve four coupled systems of algebraic equations
with symmetric positive definite matrices (see remark 3.5.1). Therefore, we have a unique

solution for a system. So, to solve the nonlinear problem (3.86), we use a fixed-point algorithm.
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Then,
( At kAt kAt
((1 + Mllgl )@7]7Xh) = (@n_l,Xh) - p_ (@ZJ 17th) + 7 (wn] 17Xh)
B, Ga) + b (3, Gan) = 52 (327 = B2 Gu) = R (927, G1)
V(O3 Ch) = (F (™71 x), (3.87)
AL kAt 4
1+ —Wﬂ,m) G I S A
§A: Rt ’
. K .
1+ —>qw,gh> — () - P2 g )
To To
where gOn _ (pn 1 @nO —1, wn,o — wn—17 971,0 — en—l7 qn,O — qn—l and gDn,j — SDn—l —FAt@n]

In any case, we solve the well-posed problem (3.87) by repeated (iterative) procedure which
is stopped when the difference between two successive iterations became less than a tolerance

E.

Remark 3.5.1. Let xp, = (¢, = np = &, € Sp = vect{V1, V4, .., Vy}. The method defined in this
thesis requires that the systems of algebraic equations
( ulAt o~ . = kAt . kAt

(1+ JAP™ = A1 — I Bl 4 I CumIL
P1 P1

P1
n,j P2 Fr.j Fr—1 n,j n,j—1
) — 12 J — [ »J
(kA+bB) I = £2.C (cp o ) KCO™ — 4CO
q —AE (P,

AAL k;At , :
(1 ) @n] — A@n—l Qn,]—l . lc(q/n,] _ ‘11n_1>,
P3
5At kAt
(1+—) Q™ =AQ" ! — —CO™,
\ 7o
where A= (V;, Vo), Bie= (£ Vi, LV.), Cie= (LV;, V) (i,e =1,2,...,N),
and
N ‘ N . N ’ N ‘
go"’j — Z q)lﬁ:]vi, @ﬂ,j — Z (I);L’]Vi, wn,j — Z \II:‘LJVz'y g — Z @:‘L’]Vi
i=1 i=1 i=1 i=1
N .
R
i=1
To compute the integral I = fo x)dx, we use the trapezoidal quadrature formula:

N
In = Zwig(xi> ~ 1,
i=1

where the weights {wi}i]il are given by wy = wy = h/2 for i = 1, N and w; = h, for i =

2,3,.,N—1,
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The formula for calculating for (computation) the approximate energy using trapezoidal

quadrature is given by

N
(") EM=1/2) wilpef (1) + k(e (@i, ") + (25, 17))?

=1

—i—%goft(xi, ") 4 b2 (2, ") + p30 (x5, 1) + T0q° (24, ")

+2f (P (i, t"))), (3.88)

where

(@i, ") = P(i,t"), pu(w, ") = A%(@(xi,t"“) — @i, t")),

ou1,1) = 2 (Pl 1) = ol %) and (i, ) = (Wi, ) = Yl t)).

Example (1). Let f(z) = 22 + 223 and p; = 1.75, po = 1.5, p3 = 1, § = 0.015, k = 0.000035,
p1 =035 b=4,~v=0.001, 75 =0.4, A\ =0.8 and € = 1075, The discretization parameters are
fixed equal to N = 100, M = 1000 with he final time 7" = 100 and the initial data

wo = 250x(1 — 1), o1 = 0y = 2(1 — z)?sin(x), Yo = z(1 — ) exp(a?)

and qo = z(1 — z).

Ezample (2). Let f(z) = cos(2?) and p; = 2, po = 1.2, p3 = 1.5, § = 0.035, £ = 0.0001,
p1 = 0.75,b =2, ~v=0.001, 75 = 0.25, A = 0.75 and € = 107°. The discretization parameters
are fixed equal to N = 100, M = 1000 with the final time 7" = 100 and the initial data

1
0o = 23(1 — )%, o1 = 102(1 — ), Yo = x cos(2rx), Oy = Ex(l — )

and gy = (1 — x) sin(27z).

In each above numerical example, the graphics presented in the Figures (1-4), (6-9) show
the decreasing of the functions ¢, 1,60 and ¢ on the interval |to, T| with ¢ty > 0, for different
choices of the system parameters and of the initial data. Furthermore, the Figures 5 and 10
show that the approximate energy (3.88) decays in exponential manner which confiérms the

main theoretical result obtained in section 3.

3.5.1 Conclusion

In this work, we studied the nonlinear Bresse-Timoshenko system with second sound and we

showed that the dissipation given by this complementary control combining with the temper-
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1000

Figure 3.1: ( Example 1) Approximation of function ¢ .

1000

Figure 3.2: ( Example 1) Approximation of function ) .

1000

Figure 3.3: ( Example 1) Approximation of function 6 .
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a(x1)

Figure 3.4: ( Example 1) Approximation of function ¢ .

The energy

0 100 200 300 400 500 BOD 700 8OO 900 1000
t

Figure 3.5: ( Example 1) Approximation of the energy.

Figure 3.6: ( Example 2) Approximation of function ¢ .
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Figure 3.7: ( Example 2) Approximation of function 1) .

ox.1)

Figure 3.8: ( Example 2) Approximation of function 6 .

0.025

aixt)
g

Figure 3.9: ( Example 2) Approximation of function ¢ .
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The energy

o 100 200 300 400 500 600 700 BOO 900 1000
t

Figure 3.10: ( Example 2) Approximation of the energy.

ature effect allow to stabilize exponentially the system. Moreover, the numerical tests that

have been performed conérm the asymptotic behavior of the energy. In the future, we will

consider another mechanism damping such that the microtemperature to study the stability of

Bresse-Timoshenko system. The problem in question is the following system

(

P1Ptt — k (9035 + ¢)x - 0 in (07 1) X (07 OO),
—poPite — Ope + k (@p + ) + v, =0 in (0,1) x (0,00), (3.89)
P3wr — kqWez + Aw — Y, = 0 in (0,1) x (0, 00),

\

in this case the situation is different and more complicated than the problem (3.40) because in

this case one we considered a single term of dissipation given by the microtemperature.
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