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Abstract

This work is devoted to the study of the periodicity, positivity and stability of solutions
for some classes of delay functional equations and systems. The method used here is the
fixed point theorems for proving the desired results. The idea of this method is based on
the converting of the considered equation into an equivalent integral equation and then
show the existence, uniqueness and stability of periodic and positive periodic solutions by
using the fixed point theorems.

Keywords: Fixed point, existence, uniqueness, periodicity, positivity, delay differen-

tial equations and systems, delay difference systems, delay dynamic systems, fractional

differential equations.
Mathematics Subject Classification: 26A33, 34A08, 34B15, 34B18, 34K20, 34K30,

34K40, 39A12, 39A23, 45N05, 47H10.



Résumé

Ce travail est consacré a ’étude de la périodicité, de la positivité et de la stabilité des solu-
tions pour certaines classes d’équations et de systemes fonctionnels a retard. La méthode
utilisée ici est celle des théoremes du point fixe pour prouver les résultats souhaités. L’idée
de cette méthode est basée sur la conversion de ’équation considérée en une équation
intégrale équivalente puis de montrer 'existence, I'unicité et la stabilité des solutions
périodiques et solutions périodiques positives en utilisant les théoremes du point fixe.
Mots-clés: Point fixe, existence, unicité, périodicité, positivité, equations et systemes
différentielles a retard, systemes aux différences a retard, systemes dynamiques a retard,

équations différentielles fractionnaires.
Mathematics Subject Classification: 26A33, 34A08, 34B15, 34B18, 34K20, 34K30,

34K40, 39A12, 39A23, 45N05, 47H10.
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Introduction

Fixed point theory is one of the most powerful and fruitful tools of modern mathematics
and may be considered a core subject of nonlinear analysis. The origins of the theory,
which date to the later part of the nineteenth century, rest in the use of successive approx-
imations establish the existence and uniqueness of solutions, particularly to differential
equations. In recent years a number of excellent books, monographs and surveys by dis-
tinguished authors about fixed point theory have appeared. Fixed point theory concerns
itself with a very simple and basic mathematical setting. A point is often called fixed
point when it remains invariant, irrespective of the type of transformation it undergoes.
Many mathematicians like Banach, Brouwer, Schauder, Krasnoselskii, Burton and Dhage
contributed for this theory, see [48], [56], [58], [111], [117] and the references cited therein.

Delay differential equations are a type of differential equations in which the derivative
of the unknown function at a certain time is given in terms of the values of the function
at previous times. Delay differential equations are also called time-delay systems, systems
with aftereffect or dead-time. Delay differential equations were initially introduced in the
18th century by Laplace and Condorect. However, the rapid development of the theory
and applications of those equations did not come until after the second world war, and
continues till today. Delay differential equations are often more realistic in describing nat-
ural phenomena compared to those without delay. They model many natural phenomena
and appear in many fields such as physics, chemistry, biology, dynamics of populations,
medicine, etc.

Mathematical models employing delay differential equations turn out to be useful espe-
cially in the situation, where the description of investigated systems depends not only on
the position of a system in the current time, but also in the past. In such cases the use of
ordinary differential equations turns out to be insufficient. The presence of delayed time
argument in the investigated system may frequently influence properties of solutions.

For these reasons, this type of equations was given a great importance in the work

of many researchers. There has been recently many activities concerning the existence,

uniqueness, stability, periodicity and positivity of solutions for delay differential equations.
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But it is often difficult to prove the existence of such solutions because there is no specific
way to solve this kind of problems. Where some researchers used the theory of differential
equations while others used the fixed point theory, etc.

Recently, the study of the existence and qualitative properties of periodic solutions
for various kinds of delay functional equations, especially for differential, difference and
dynamic equations with delays has attracted much attention. For related results, we refer
the reader to [1]-[39], [42]-[62], [64]-[79], [82]-[90], [92]-[110], [112]-[116], [118]-[125] and
the references cited therein. There are many methods for obtaining the existence and
uniqueness of periodic and positive periodic solutions. For example, Lyapunov method,

Fourier analysis method, fixed point theory.

We have interested in the use of the fixed point theory to problems of periodicity,
positivity and stability for delay functional equations. We have studied and contributed
to it and have obtained interesting results. In this thesis we present a collection of results
to some problems of delay functional equations and systems of delay functional equations
by using fixed point theory.

A brief description of the organization of the thesis follows.

Chapter 1 summarizes some concepts, definitions and results which are mostly relevant

to the undergraduate curriculum and are thus assumed as basically known, or have specific
roots in rather distant areas and have rather auxiliary character with respect to the

purpose of this study.
In Chapter 2, we investigate the existence of periodic or nonnegative periodic solutions

for the totally nonlinear neutral differential equation with infinite delay
d d t
Gr0 = —ah@t-TO) + $Qal—gw)+ [ D(ts)f(@()ds
In the process we convert the given neutral differential equation into an equivalent in-
tegral equation. Then we employ Krasnoselskii-Burton’s fixed point theorem to prove
the existence of periodic or nonnegative periodic solutions. Two examples are provided
to illustrate the obtained results. The results presented in this chapter are accepted in
Proyecciones (2022), see [72].
Chapter 3 studies the existence of periodic solutions of the first order totally nonlinear
iterative differential equation
d d
prid (t)=—a(t)h(x(t)) + i (t,z(t) Py, o (1))
F I (e (0),2P (1), (1)
The equivalent integral equation of the given equation defines a fixed point mapping writ-
ten as a sum of a large contraction and a compact map. The main results assert the
existence of periodic solutions by making use of Krasnoselskii-Burton’s fixed point tech-

nique. The results presented in this chapter are published in Bulletin of the International
Mathematical Virtual Institute (2022), see [73].

Introduction
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Sufficient conditions in Chapter 4 are presented for the existence of periodic solutions

of the second order totally nonlinear iterative differential equation

Lo 400 2 0)+a(0)h (@ 1)

= % (t,x (t) ,x[Q] (t) , ...,x[n} (t)) + f (t)x (t) ’x[Q] (t) 7 ”_71,[n} (t)) .

The equivalent integral equation of the given equation defines a fixed point mapping
written as a sum of a large contraction and a compact map. The main tool used here
is Krasnoselskii-Burton’s fixed point technique. The results presented in this chapter are
published in The Journal of Analysis (2021), see [74].

In Chapter 5, we prove the existence of periodic and nonnegative periodic solutions for
the third-order nonlinear delay differential equation with periodic coefficients

d? d?

S () 4 p (1) T (04 () S (1) 4 ()b (1)) = ] (2(0) 2 (0 — 7 (1)

dt

The technique employed to show our results depends on Green’s function and
Krasnoselskii-Burton’s fixed point theorem. The results presented in this chapter are
published in MESA (2021), see [75].

In Chapter 6, we study the periodicity and stability of solutions for the neutral differ-

ential system

d d
Sut) — g pult =)

=Pt)+ A ut)+AM)qut —r) =bf (u(t)) +bgf (u(t—r)).

In the process we use the fundamental matrix solution to convert the given differential
system into an equivalent integral system. Then we employ Krasnoselskii’s fixed point
theorem to show the existence and stability of periodic solutions of this neutral differen-
tial system. Our results extend and complement some earlier publications. The results
presented in this chapter are published in Proceedings of the Institute of Mathematics
and Mechanics (2020), see [78].

In Chapter 7, we prove the existence and uniqueness of mild solutions for the initial

value problem of the nonlinear hybrid first order Caputo fractional integro-differential

equation

C pa w(t)—f (tu() _
Dg+ <p<t>+FgB) f&(t—s>“g<s,u(s>>ds) =h{tu(®), te0.T],

u(0) = f(0,u(0)) +p(0)0.

The main tool employed here is the Krasnoselskii and Banach fixed point theorems. An

example is also given to illustrate the main results. In addition, the case of the Higher

Introduction
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order Caputo fractional integro-differential equations is studied. The results presented in

this chapter are published in Results in Nonlinear Analysis (2021), see [76].
In Chapter 8, we use Krasnoselskii’s fixed point theorem to establish new results on

the existence of periodic solutions for the almost linear Volterra integro-dynamic system

on periodic time scales of the form

{ w2 (1) =a®)p(®)+ [ C(ts)h(y(s) As+e(t),
b(H)a(y @)+ 1 D(t,s)g(x(s) As + f (1),

The results presented in this chapter are published in Malaya Journal of Matematik
(2020), see [79].
In Chapter 9, We use Krasnoselskii’s fixed point theorem to show that the neutral

nonlinear summation-difference system with infinite delay

n

Az(n)=P(n)+Am)z(n—70n)+AQMm,z(n—gn)+ > D(nk)f(z(k)),
k=—o00
has a periodic solution. We also use the contraction mapping principle to show that
the periodic solution is unique. An example is given to illustrate our results. The results
presented in this chapter are published in Rocky Mountain Journal of Mathematics (2021),
see [77].
We conclude this thesis with a general conclusion, as well as the perspectives of our

future research.

Introduction



Chapter 1

Preliminaries

In this chapter we shall introduce the basic concepts, notations, and elementary results
that are used throughout the thesis like functional analysis, the basic concepts of fixed
point theorems and delay differential equations which are necessary for the construction
of this thesis. Moreover, the results in this chapter may be found in most standard books
(see for examples [48], [50], [63], [80], [81], [111], [117]). We begin this chapter by recalling

a well-known concept in functional analysis.

1.1 Fundamental concepts

Definition 1.1 A metric space is couple (X, d) where X is a set and d is a metric on X,
that is a function d : X x X — R* such that

1) d(z,y) > 0 (non negativity),

2) d(x,y) = 0 if and only if z = y (identity),

3) d(z,y) = d(y,x) (symmetry),

4) d(z,z) < d(z,y) + d(y, z) (triangle inequality).

Definition 1.2 A metric space (X, d) in which every Cauchy sequence converges (has a

limit in X) is called complete.

Theorem 1.1 (Ascoli-Arzela) Let (X,dx) be a compact metric space and (Y, dy)
be a complete metric space. We consider a subset M of C'(X,Y) the set of continuous

functions from X toY endowed with the distance

d(f,g) = supdy(f(x), 9(x)).

zeX

Suppose we have
i) the subset M is equicontinuous, i.e.

Ve, € X, Ve >0, In >0, dx(z,2") <n=VfeM, dy(f(z), f(z')) <e,

7



Chapter 1. Preliminaries 8

ii) for every x € X, the set {f(z), f € M} is of compact closure.
Then, M is relatively compact, i.e. its closure is a compact set.

Definition 1.3 Let consider a vector space E on R. A mapping N : E — Rt is a
seminorm on E if and only if the two following assertions are satisfied

a) N(z +y) < N(z) + N(y),

b) for every A € R, N(Az) = |A|N(z).
A norm is a seminorm with the additional property N(x) = 0 if and only if x = 0.

Definition 1.4 Let E be a vector space and let N be a norm on E. The pair (E, N) is

called a normed space.

Proposition 1.1 Let (E, ||.||) be a normed space. The map ExE — Rt (z,y) — ||z—y]|

is a distance on B, called the distance associated to the norm |.]|.

Definition 1.5 Let (E,||.||) be a normed space. (E, ||.||) is a Banach space if and only if
the metric space (E,d) where d is the distance associated to the norm ||.|, i.e. d(z,y) =

|z — yl|, is a complete space.
Example 1.1 Given a,b € R, with a < b and n € N, we consider the space
C([a,b],R") = {u: [a,b] — R", u is continuous at each x € [a, b]}.

endowed with the norm

[ullos = sup [u(z)] < +oo,
z€[a,b]

is a Banach space.

Definition 1.6 Let E and F be Banach spaces. A linear map A : E — F' is compact
if, for any bounded sequence {z,} in E, the sequence {Ax,} in F' contains a convergent

subsequence.

Definition 1.7 Let E and F' be two Banach spaces. A linear map A : E — F is said to
be compact if and only if for every bounded subset M, the set A(M) is relatively compact.

1.2 Fixed point theorems

Let A be a mapping of a set X into itself. An element u € X is said to be a fixed point
of the mapping A if Au = u.

Theorem 1.2 (Banach’s fixed point theorem [111]) Let (S,d) be a com-
plete metric space. If A : S — S is a contraction mapping, i.e., there is a constant
a < 1 such that for each pair ¢1, 02 € S, we have d (Ap1, Aps) < ad (p1, Pa), then there
is a unique point ¢ € S, with Ap = ¢.

1.2. Fixed point theorems
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Theorem 1.3 (Schauder’s fixed point theorem [111]) Let M be a
nonempty bounded closed convex subset of a Banach space X. Let A : M — M be

continuous and compact. Then A has a fixed point.

Theorem 1.4 (Krasnoselskii’s fixed point theorem [111]) Let M be a closed con-
vex nonempty subset of a Banach space (S, |.||). Suppose that A and B map M into S
such that

(1) Az + By € M, Va,y € M,

(i1) A is continuous and AM is contained in a compact set,

(111) B is a contraction with constant o < 1.
Then there is a z € M with z = Az + Bz.

Remark 1.1 Note that if A = 0, the theorem becomes the theorem of Banach. If B = 0,

then the theorem is not other than the theorem of Schauder.

Definition 1.8 ([48]) Let (M, d) be a metric space and suppose that B : M — M. B is
said to be a large contraction, if for ¢, 1) € M, with ¢ # 1, we have d (By, By) < d (p, )
and if Ve > 0, 30 < 1 such that

[, €M, d(p,) > €] = d(Bp, By) < dd(p,v).

Theorem 1.5 ([2]) Let ||.|| be the supremum norm, M = {¢p € C (R,R): ||¢| < L},
where L 1s a positive constant. Suppose that h is satisfying the following conditions
(H1) h : R — R is continuous on [—L, L] and differentiable on (—L, L),
(H2) the function h is strictly increasing on [—L, L],
(H3) SUDye(—1,1) R (t) <1.
Then the mapping H define by H (p) = ¢ — h(¢) is a large contraction on the set M.

Example 1.2 If (Hyp) (t) = ¢ (t) — ¢ (t), then H is a large contraction on the set
M={oecCRR): ] < V3/3}.

Theorem 1.6 ([48]) Let (M, d) be a complete metric space and B a large contraction.

Suppose there is an x € M and an L > 0, such that d(x,B"x) < L for alln > 1. Then B

has a unique fixed point in M.

Burton studied the theorem of Krasnoselskii and observed that Krasnoselskii result can

be more interesting in applications with certain changes and formulated the below.

Theorem 1.7 (Krasnoselskii-Burton [48]) Let M be a bounded closed convex
nonempty subset of a Banach space (B, ||.||). Suppose that A and B map M into M
such that

(1) A is continuous and compact,

(i1) B is large contraction,

(11i) x,y € M, implies Ax + By € M.
Then there ezists z € M with z = Az + Bz.

1.2. Fixed point theorems
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1.3 Retarded functional differential equations

Suppose r > 0 is a given real number, R = (—o0,+00), R" is an n-dimensional linear
vector space over the reals with norm |.|, C([a, b],R™) is the Banach space of continuous

functions mapping the interval [a, b] into R™ with the topology of uniform convergence.
If [a,b] = [—r,0] we let C' = C([—r,0],R™) and designate the norm of an element ¢ in
C by [[¢[] = sup_,<,<o [¥(5)]-
Ifto e R, 0 > 0and z € C([ty — r,to + o|,R"), then for any t € [to,to + o], we let
z; € C be defined by z(s) = z(t+s), —r < s <0. [f Qisasubset of Rx C, f:Q — R"

is a given function, we say that the relation

a'(t) = f(t,x), (1.1)

is a retarded functional differential equation on 2. A function x is said to be a solution of
(1.1) on [ty — r,ty + o) if there are ty € R and ¢ > 0 such that x € C([to — r,to + o) ,R"),
(t,x) € Q and x satisfies (1.1) for ¢ € [to, to + 7).

For given ty € R, ¢ € C, we say x(t, 1y, 1) is a solution of (1.1) with initial value 1) at
to or simply a solution through (¢, ¢) if there is an o > 0 such that x(¢, ¢, ) is a solution
of (1.1) on [ty — r,to + o) and x4, (¢, to, ) = 1.

Equation (1.1) is a very general type of equation and includes the ordinary differential
equation (r = 0)

2(t) = f(t,a(t)).

Definition 1.9 ([50]) Suppose that f(¢,0) = 0 for all ¢ € R. The solution z = 0 of
equation (1.1) is said to be stable if for any ty € R, ¢ > 0, there is a § = §(tg,£) > 0 such
that ||¢|| < ¢ implies |x(t,to,¢)| < e for t > tg. The solution x = 0 of (1.1) is said to be

uniformly stable if the number  in definition is independent of ;.

Definition 1.10 ([50]) The solution x = 0 of (1.1) is said to be asymptotically stable if
it is stable and there is a 6; = d;(tp) > 0 such that ||¢|| < §; implies |z(¢,to,7)| — 0 as
t — oo. The solution x = 0 of (1.1) is said to be uniformly asymptotically stable if it is
uniformly stable and there is §; > 0 such that for every n > 0 there is a ¢(n) > 0 such
that [[¢]| < 0y implies |z(t,tg, )| < n for t >ty + c(n) for every ty € R.

Lemma 1.1 ([80]) Ifty € R, ¢ € C are given, and f(t,v) is continuous, then finding a
solution of (1.1) through (to, ) is equivalent to solving the integral equation

xto = ¢7
o) = ¢<0)+/ F(s,22)ds, ¢ > to.

Theorem 1.8 (Existence, [80]) Suppose Q is an open subset in R x C and f €
C(Q,R™). If (to,v) € Q, then there is a solution of (1.1) passing through (ty, ).

1.3. Retarded functional differential equations
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Definition 1.11 We say f(¢,1) is Lipschitz in ¢ in a compact set 2 of R x C'if there is
a constant k > 0 such that, for any (¢,1;) € Q,i=1,2

|f(t, 1) — f(t, )| < k(|1 — ol

Theorem 1.9 (Existence and uniqueness, [80]) Suppose Q is an open subset
inRxC, f:Q— R" is continuous and f(t,) is Lipschitz in 1 in each compact set in
Q. If (to,0) € Q , then there is a unique solution of (1.1) through (tg, ).

Definition 1.12 ([80]) Suppose that @ C R x C is open, f:Q — R" and G :  — R"

are given continuous functions with GG atomic at zero. The relation

d
EG(E%) = f(t, ), (1.2)

is called the neutral functional differential equation.

Definition 1.13 ([80]) A function z is said to be a solution of the (1.2) on [ty — 7, to + o)
if there are t5 € R, o > 0, such that

xeC([ty—rto+0),R"), (t,x) € Q, t € [to,to+0),

G(t, z;) is continuously differentiable and satisfies (1.2) on [to, tg + o). For a given (o, %) €
Q, we say x(t,to, 1) is a solution of (1.2) with initial value ¢ at ¢y or simply a solution
through (o, ) if there is an ¢ > 0 such that x(t, o, 1) is a solution of (1.2) on [to, to + o)
and zy, = ¢ on [tg — 7, to].

Theorem 1.10 (Existence [80]) If Q is an open set in R x C' and (to,) € Q, Then
there exists a solution of (1.2) through (tg, ).

Theorem 1.11 (Uniqueness [80]) If 2 C R x C is open and f : Q@ — R" and
G : Q — R™ are Lipschitz in 1) on compact sets of Q, for any (to, ) € Q, there exists a
unique solution of (1.2) through (to,v).

1.3. Retarded functional differential equations



Chapter 2

Existence of periodic or nonnegative periodic

solutions for totally nonlinear neutral

differential equations with infinite delay

Keywords. Krasnoselskii-Burton’s fixed point, Large contraction, Periodic solutions,

Nonnegative periodic solutions, Infinite delay.
This chapter essentially corresponds to the paper [72],
A. Guerfi, A. Ardjouni, Existence of periodic or nonnegative periodic solutions for

totally nonlinear neutral differential equations with infinite delay, Proyecciones, Accepted.
In this chapter, we present sufficient conditions for the existence of periodic or nonneg-

ative periodic solutions of the totally nonlinear neutral differential equation with infinite

delay

G = =alh(e = (0)+ GQUat—g®)+ [ Do) fo)ds @1

where a is a positive continuous function. The functions h, f : R — R are continuous,
@ : R xR — R satisfying the Caratheodory condition. The main purpose of this chapter
is to use Krasnoselskii-Burton’s fixed point theorem (see [48]) to prove the existence of
periodic or nonnegative periodic solutions for (2.1). During the process we employ the
variation of parameter formula and the integration by parts to transform (2.1) into an
equivalent integral equation written as a sum of two mappings; one is a large contraction
and the other is compact. After that, we use Krasnoselskii-Burton’s fixed point theorem,
to prove the existence of periodic or nonnegative periodic solutions. Two examples are

given to illustrate the obtained results.

12



Chapter 2. Existence of periodic or nonnegative periodic solutions for totally
nonlinear neutral differential equations with infinite delay 13

2.1 Inversion of the equation

For T > 0 define
Pr={pecCRR), pt+T)=¢(t)},

where C' (R, R) is the space of all real valued continuous functions. Then Pr is a Banach

space when it is endowed with the supremum norm

[2]] = sup |z(t)] = sup |z(t)].
teR te[0,7

In this paper we assume that
alt—T) = a(t), D(t—T,s—T) = D(t,s),
Tt—=T) = 7(t) >7">0, gt —=T)=g(t) > g* > 0. (2.2)

with 7 and ¢ are continuously differentiable functions, 7* and g*are positive constants, a

is a positive function and

T A (2.3)
The function (¢, x) is periodic in ¢ of period T, tgat is
Qt+T,x)=Q(t ). (2.4)
Also, there is a positive constant E such that,
/t |D (t,s)|ds < F < oo. (2.5)

The following lemma is fundamental to our results.

Lemma 2.1 Suppose (2.2)-(2.4) hold. If x € Pr, then x is a solution of (2.1) if and only
if

I(t) = n/tTa(u)H([E (u)) e_flfa(k)dkdu‘l‘Q(t,l‘(t—g(t)))
¢ a(uw)h(z (W) du — ¢ u (Vb (2 (D) ds | a () e S Ik g,
+/”(t) (u) b (2 (u))d n/tTU“(u) (s)h( ())d} () d
+U/th(u)h(a: (u—T(u)))e—fia(k)dkdu

[ 0@Q =g @)+ [ D5 (o) ds| S, (20

where
H(zx)=x—h(z), (2.7)

and

b(u) =1 —=7"(u)a(u—7(u)—a(u).

2.1. Inversion of the equation
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Proof. Let = € Pr be a solution of (2.1). Rewrite (2.1) as

%[I(t) —Qtat—g®)+a@®)[z()-QEx(—-g(1))
=a@)fr(t) =QEa(t—g®))] —al)h(x() +at)h(z?)

—a(t)h(x(t—"7(t / D(t,s) f

—a OO @)+ [ e nE )
HA =T ®)at—7@)—a®)]h(zt—71()
—a(t)Q(t,z(t—yg / D(t,s)

Multiply both sides of the above equation by exp ( fot a (k) dk:) and then integrate from
t—T tot, we get

/ttT [[f (u) — Q (u, x (u— g (u)))] elo a(k)dk}’du
:/tha(u) 2 () — (i ()] e g
+/th Lz%  als)hes ))ds} elo «B)tk gy

+ /t_T b(u) h (-1' (U -7 (u))) ef(;la(k)dkdu

t
—i—/ [—a (u) @ / D (u,s) )) ds| elo ok gy,
t—T

with b (u) = (1 — 7" (u))a(u— 7 (u)) — a(u). As a consequence, we have
[ (t) — Q (t,z (t — g (1)))] elo Rk
[t -T)—QU—T,a(t—T—g(t—T))) el  ak
— a(u) [z (u) —h(z(u))] olo atk)dk g,

+[T [i " A ())ds} el )k gy

u—7(u)

W) h(z (u— 7 (u))) el *Fdk gy,

t
—I—/ [—a(u) / D (u, s) ds} elo ak)dk gy,
=T

By dividing both sides of the above equation by exp ( fo u) and using the fact that

+
T
~

S

2.1. Inversion of the equation
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z(t) = z(t — T), we obtain

() =Q Lzt —-g()

_ / e = he @) Lo

t u
+n/ [i a(5>h(]} (3)) dS:| e—fia(k)dkdu
t—T U

u—7(u)

+ T}/t b(u)h(z(u—17(u)))e” o atk)dk g,,
+n /t—T l_a (u) Q (u,z (u — g (u))) + / D (u,s) f(z(s))ds| e~ S a®)dk g,, (2.8)

Integration by parts the second integral in the above expression, we get

/,:T {% /u“ a(s)h(z(s)) ds] o= Juatk)dk g,

—7(u)
t

- [/u“ a(s)h(x(s)dse™ b a(k)dk}

—7(u) —T

- /th U “ a(s)h(x(s)) ds} a (u) e~ Jua®dk gy,

—7(u)
t—T

— [/th(t) a(s)h(z(s))ds— /t_T_T(t) a(s)h(z (s))dse—ffTa(k)dk]
- /th { “ a(s)h(z (8))ds} a (u) e Jua®dk gy,

u—T7(u)
t u ) ] .
— _/ [/ a(s)h(z(s)) ds] a(u) o= Jualk)dk gy, 4 —/ a(u)h(z(uv)du. (2.9)
t=T u—7(u) n b (t)
Then substituting the result of (2.9) into (2.8) to obtain (2.6). The converse implication

is easily obtained and the proof is complete. m

Definition 2.1 The map P : [0,7] x R™ — R is said to satisfy Caratheodory conditions

with respect to L'[0, T if the following conditions hold.

(i) For each z € R", the mapping t — P (¢, z) is Lebesgue measurable.

(ii) For almost all ¢ € [0, T, the mapping z — P (t, z) is continuous on R".

(iii) For each r > 0, there exists a,, € L' ([0,T],R) such that for almost all ¢ € [0, 7]
and for all z such that |z| < r, we have |P (t,2)| < a, (1).

2.2 Existence of periodic solutions

To apply Theorem 1.7 we need to define a Banach space B, a closed bounded convex

subset M of B and construct two mappings; one is a completely continuous and the other

2.2. Existence of periodic solutions
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is a large contraction. So, we let (B, |.||) = (Pr,|.]|) and
M={pePr, ol <L, [¢(t2) =@ ()| < K[t —ta], Vi1, 12 € [0,T]},  (2.10)

with L € (0,1] and K > 0. M is a closed convex and bounded subset of Pr.
Define a mapping S : Pr — Pr by

SO0 =0 [ 0@ H (@) O+ Qo (-9 1)

+]ﬁﬂwa@0h@NUDdu—vhlt{[f a(ﬁh(w@»d%cmuﬁrﬁdm%du

-T —7(u)

+ n/t_T b(u)h(p(u—7(u)))e” Juatk)dk gy,

+77/t [—a (u) Q (u, 0 (u—g(u)) + /u D (u,s) f (¢(s)) ds] o JLa(kydk g,
B h (2.11)
Therefore, we express the above mapping as
Sp = Ap + By,

where A, B : Pr — Pr are given by

t

(o) (1) = Q (1o (t — g (1)) + / a (u) h (p (u) du

¢ u o
7 t—=T |:/1;7
0 /:Tb(u)h
b [ e Quup =g+ [ Do) (o) ds] e otk
(2.12)

Yh (¢ (s)) ds] a(u)e” Juatkydk g,

+

a(s
(w)
(o (u =7 () e~ oWy
)Q(

and
Be) ()= [ alw) (o) e O (213)

We will assume that the following conditions hold.

(H4) a € L' [0,T7] is bounded.

(H5) h, f, @ are locally Lipschitz continuous, then for ¢ > 0 and =,y € M there exists
constants Fy, Ey, E3 > 0, such that

|h(z) — h(y)| < Eyllz =yl
1f(x) = f ()] < Eallz —yll,
Q(t,x) —Qt,y)| < Esllz—yl.

2.2. Existence of periodic solutions
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(H6) Q satisfies Caratheodory condition with respect to L' [0, T].
(H7) There exist positive periodic functions ¢, g, € L' [0, T, with period T', such that

Q(t, )| < qu (t) 2] + g2 () .

(H8) The function @ (¢, x) is also supposed locally Lipschitz in ¢, i.e, there exists Kg > 0
such that

|Q (t2,7) — Q (t1,7)] < Kq|t2 — ta].

Now, we need the following assumptions
Bif (BLL+ R (O)]) < T L, (2.14)

where 8; = max;cjo7 |7 (t)]and 2 = maxycp,r {a (t)},

¢ (1) L+ga(t) < ?L, (2.15)
b (w)| (E1L + [ (0)]) < v3a(u) L, (2.16)
TENBs (ExL + [ (0)]) < 4L, (2.17)

where 83 = max,e;—7y {e* Ju a(k)dk} 7
Jm+rt+ys+yl <L (2.18)

where v1, ¥2, 73, 74 and J are positive constants with J > 3. Also, suppose that there
are constants ki, ko, k3 > 0 such that for 0 <t} <ty

|7 (t2) = 7 (t2)] < ku [t — ta (2.19)
g (t2) — g (t1)] < ko [ty —ta], (2.20)
to
/ a (U) du S kﬁg |t2 - tll s (221)
t1

and
Ko+ (1+ ko) E3K + 2740285 L + [(2+ k1) Ex + (1 +4n) 73

1 1 K
+ (n + 5) Yo+t (77 + 5) %] ksl < —. (2.22)

Lemma 2.2 For A defined in (2.12), suppose that (2.2)-(2.5), (2.14)-(2.22) and (H4)-
(H8) hold. Then A : M — M.

Proof. Let A be defined by (2.12). First by (2.2) and (2.4), a change of variable in
(2.12) shows that (Ap)(t +T) = (Ag)(t). That is, if ¢ € Pr then Ay is periodic with

2.2. Existence of periodic solutions
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period T'. For having Ap € M we will prove that || Ay|| < L and |[(Ag) (t2) — (Ap) (t1)| <
K |t2 — tly, th,tQ € [O,T] By (H5) we have

7 (2)] < By [z + [k (0)] and [ (2)] < Bz [z +[f (0)].

Then, let ¢ € M, by (2.14)—(2.18) and (H4)-(H7) we have
(49 0] < 1o =g @)1+ [ a) (o) du
t a(u ' a(s) |h (¢ (s))] dse™ Jua®d gy,
[ e [ awheo)
[ b =T )l etay

+n/ { (u) 1@ (u, so(u—g(u>))|+/u D (u, 8)| |f (¢ (s))] ds| e fu2®dk gy

—00

<q (t g()| + a2 (t) + B1B2 (ELL + |h(0)])
(1+n a(u)e fi“(k)dkd“) +n/t b ()] (BLL + [ (0)]) e~ aigy
/_T (u) a1 () | (u— g (w))] + ga (u)] e~ Fut®E gy

t
+77/ E (ByL + | f (0)]) e~ Jua®)dk gy,
t=T

?L+%L+%L+2L+%L

Kllb'
b‘

Let t1,to € R with ¢; < to, we get

(Ap) (t2) — (Ap) (t1)]
<[Q (t2, 0 (t2 — g (£2))) — @ (t1, 0 (b2 — g (1))

+ /t:QT(tZ)a(u)hQP (U))dU—/tltlT(tl)a(u)h@ (u)) du

_}ZTTllfﬂwa($}“¢<@)d%(NUMfﬁ?““%du

+n /t2Tb(U)h(SO(U—T( 1)) e i o gy, /tlTb(U)h(SO (0 — 7 () e~ i adk gy,

+n

/ {‘a(W(“vs&(u—g(u»H | pusie <>>ds}e S athyit g,

[ Fewep-g@n+ [ D s e e

2.2. Existence of periodic solutions
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By hypotheses (H5) and (2.19)—(2.21), we obtain

| ane@d= [ a@he@w)ds

2_7'(t2) tl—T(t1)

to t27T(t2)
< EiL / a(u)du+/ a(u) du
t1 tl—T(tl)

< EyLkg |ty — t1| + E1Lks (1 4 ky) [t2 — t4]
= (2E1L/{Z3 + ElLkgkl) |t2 — t1| s (224)

and

|Q (t2, ¢ (t2 — g (£2))) — Q (t1, ¢ (t1 — g (t1)))]
< Kqlta =]+ EsK |(t2 — t1) — (9 (t2) — g (t))]
< (Ko + EsK + E3Kky) [t, — t1], (2.25)

where K is the Lipschitz constant of ¢. By the hypotheses (H5), (2.16) and (2.21), we
get

/tiT b(u)h(p(u—1(u))e” 2 alk)dk g,,

n
t1 .
— / b(u)h(p(u—7(u))e” Juta(R)dk g,
t1—T
to t2
<7 / b(u)h(p(u—17(u)))e” [.2 ak)dk g,
til t |
+n / b(u)h(p(u—"7(u))) (e— J2a®)dk _ = [t a(k)dk) du
t1—T
to—T )
el [ b o e o
t1=T
to N
<2n / b(u)h(p(w—7w))e a(kz)dkdu’
t1
t1 . N
+n / b(u)h(p(u—7(u))e Ju'alk)dk (e—ftl a(k)dk 1) du
t1—T

to .
SQU(ElLHh(o)D/ Ib (w)| e~ a2 @Rk gy

t1
t
o~ Jipak)dk _ / ' a(u)e it alkydk g,
t1—T

+ 3L

2.2. Existence of periodic solutions
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Consequently,

U /t 2Tb(u)h<so(u— 7 (u))) e~ ht eFIh gy / b () h(p (u— 7 (u))) e it oy

t1—T
to ” .,
S%,L/ a(u)du+2n (E1L+ |h (0 )|)/ ( b (r )|dr> o~ 2 ak)dk g,
t1

to to
:ng/ a(u)du+2n(E L+ |h(0 [/ b (r)| dre~ Ju> k) ]

t1

+ o (BiL + |1 (0))) /j < /tu b () dr) 0 () e~ Ji2 albdik g,

§73L/t2a(u) du+ 2 (B + |h(0)|)/t2 b ()] du (1+/t2a(u) e—f52a<k>dkdu)

t1 t1 1

t2

to to

<ol [ adutdn [ )] EL+ (b (O) du
¢ ¢
22 1 N

< 73[// a(u) du + 477731)/ a(u)du < (14 4n)ysLks|ta —t1]. (2.26)

t1 t1

In the same way, by (2.15)—(2.17) and (2.21), we have

/:T [—a (u) Q (u, ¢ (u / D(u,s) f (¢ (s ))ds] o 12 alk)dk g,

n

- {—a(u)@<u,¢<u—g<u>>>+ [ D itenas|e B
<a| [ 0@ Qg =g )+ [ Dws) () ds| e O
+77/tlt1T[—a(u)Q(ugou— / D(us)f ())ds}

v <€f 2 alkydk _ — [ k:)dk) du‘

/tth |:_CL(U)Q(U o (u— / D(u,s) f (¢ (s ))ds] o [ a(k)dk g,

1=T

§277/: o 2L+ (BL+I(0 >|>/M|D<u,s>|ds} e i a0 g

+n

u

t2 h 1
e oWy /t T{ (u) ZL+ (BoL+[£(0 )|)/ |D(u,s)|d3} e~ Rt kg

to

to
< 77’72L/ a(u) du + 274 LB2B5 |ta — t1| + [%L + ’Y4L] / a(u)du

t1 t1

< H(ﬁ + %) Y2+ 74} ks + 2745253] Lty —t]. (2.27)

2.2. Existence of periodic solutions
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UL o) ds a0
/ TUU_W S)hw(s))ds}a(u)e—f51a<k)dk "
[/ (s)h (¢ (s)) ds] o (u) e~ 2 ath)ik gy,
V ) S)h(SO(S))dS}a(u) (e—f?a(k)dk s k)dk> .

U a(s)h(p(s)) ds} a (u) e~ Ji2 a®dk gy,

< 2n / [/ a(s)h (e (s))ds] a(u)e” J.2 )k gy,

t1 u—T7(u)

t1 u t
+n / [/ a(s)h(p(s)) ds} a(u)e” S ak)dk (e_ Jif atk)dk 1) du

t1—T LJu—7(u)
< 2777; I / o (u) e~ 2 a®dkgy 4 ) o J12 akydk ‘ My / a (u) e~ Jut ek gy,
t1 t1—T
- to fyl to 1
<nmL a(u)du + EL a(u)du < |n+ 3 v Lks |ta — t1] . (2.28)
t1 t1

Thus, by substituting (2.24)-(2.28) in (2.23), we obtain

|(Ap) (t2) = (Ap) (t1)]

(A

< (2E\Lky + EyLksk)) |tz — t1] + (Ko + EsK + E3Kky) [t — 4]
+ (14 4n) y3Lks [t — t1] + H(U + %) Yo + 74] ks + 274ﬁ253} Lty — i
+ [77 + %] Y1Lks3 [ty —t1]
ggm—m <Klts—t].

That is Ap € M. =

Lemma 2.3 For A: M — M defined in (2.12), suppose that (2.2)-(2.5), (2.14)-(2.22)
and (H4)-(H8) hold. Then A is completely continuous.

Proof. Since M is a uniformly bounded and equicontinuous subset of the space of contin-
uous functions on the compact [0,7] we can apply the Arzela-Ascoli theorem to confirm
that M is a compact subset from this space. Also, since any continuous operator maps
compact sets into compact sets, then to prove that A is a compact operator it’s suffices

to prove that it is continuous.

2.2. Existence of periodic solutions
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We prove that A is continuous in the supremum norm, let ¢,, € M where n is a positive

integer such that ¢, — ¢ as n — oo. Then
|[(Agn) (t) = (Ap) (1)
<|Qtpn(t—g () —Q (¢ (t—g (1))l
a(u)|h(p,(uw)—h u))| du
v e ) k)

ol V() 0 (5) o (5) (o (5D ds] () e £
K /,:T b ()] [ (g (= 7 () = o (0 (u — 7 (w)))] e~ Jua®y,
! ”/ 0 ()@ (1 (1 — g (1)) — @ (a1, (u— g ()

+ 1D NIE an 9) = T o] o0

By the dominated convergence theorem, lim, . |(Ag,) (t) — (Ap) (t)] = 0. Then A is
continuous. Therefore, A is compact. =

The next result shows the relationship between the mappings H and B in the sense of
large contractions. Assume that

max {|H ()] |7 (1)) < LD E

ST (2.29)

and
2n+ 1] Lks < K. (2.30)

Lemma 2.4 Let B be defined by (2.13), suppose (2.21), (2.29), (2.30) and all conditions
of Theorem 1.5 hold. Then B : M — M is a large contraction.

Proof. Let B be defined by (2.13). Obviously, B is continuous and it is easy to show that
(Bp)(t+T) = (By)(t). For having By € M we will show that ||[By|| < L and

|(By) (t2) — (Byp) (t1)] < K [ta — 1], V1,12 € [0,77.
Let ¢ € M by (2.29), we get

(Bo) (M < n [Ta<u> wax {[F (— )| [H (L)[} e h o0y,

V=L _,

<
S 7 =

2.2. Existence of periodic solutions
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Let t1,t € [0, 7] with t; < ta, by (2.21), (2.29), (2.30), we have
(Byp) (1) — (By) (t2)]

to to t1 "
/ a (u) H (¢ () e Ju* 2 ®dh gy —/ a(u) H (¢ (w)) e Ju" 2®dkgy,
to—T

t1—T

<1

to to
< / o (u) H (ip (u)) e~ 22 a®ik gy,

t1

" t2 1,
/ a(u) H (¢ (u)) <e’ J2ak)dk _ [, (k)dk) du
t1—=T

to—T to
/ a(u) H (¢ (u)) e Ju® a®)dk gy,
t

1—=T

+1

+n

1) to
<20 [ au) H (e )] oWy

t1

tnle JiZatkydk _ 4

t1 .
/ a(u) [H (i (u))] e u" a®dhqy
t1 =T

§2<J;1)Ln/2a(u)du+ (J;UL/tlQa(u)du

t1

J—1
_U-1
- J

Klts—ti| < Klts—t].

which implies B : M — M.
By Theorem 1.5, H is large contraction on M, then for any ¢, € M with ¢ # ¢, we
get

1By = By <l =9Il

Now, let ¢ € (0,1) be given and let ¢,¢» € M, with |[p — | > € from the proof of
Theorem 1.5, we have found a ¢ € (0,1), such that

((He) (1) = (HY) ()] <6l =l

Thus,
(800~ B O <o [ a1 ) @ @)1 0

t
<dllp - wlln/ a (u) e~ Jua®degy,
T
<4l =l
The proof is complete. m

Theorem 2.1 Suppose the hypotheses of Lemmas 2.2-2./ hold. Let M defined by (2.10),
Then (2.1) has a T-periodic solution in M.

2.2. Existence of periodic solutions
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Proof. By Lemmas 2.2 and 23 A : M — M is continuous and A(M) is con-
tained in a compact set. Also, from Lemma 2.4, the mapping B : M — M is a
large contraction. Next, we show that if ¢,¢» € M, we have ||Ap+ By| < L and
|(Ap + By) (t2) — (Ap + By) (t1)| < K |ta —t1], Vti,t2 € [0,T]. Let p,¢0 € M with
lloll s Il < L. By (2.14)—(2.18) and (2.29), we get

J—1)L
| Ap + By || 5[71+72+’Y3+’Y4]L+%
L (J-1)L
< =—4+-——7 =1,
_JJr J

Now, let ¢,1 € M and ¢, € [0, 7). By (2.14)—(2.22), (2.29) and (2.30), we have

((Ap + BY) (t2) — (Ap + BY) (1))

< [(Ap) (t2) = (Ap) ()] + [(BY) () — (BY) (11)]

+(‘]_—1)K|t — ]
7 2 — 1

Clearly, all the hypotheses of Krasnoselskii-Burton’s theorem are satisfied. Thus there
exists a fixed point z € M such that z = Az 4+ Bz. By Lemma 2.1 this fixed point is a
solution of (2.1). Hence (2.1) has a T-periodic solution. =

Example 2.1 Consider the following nonlinear neutral differential equation

Sl = Qat—g )] = ~a()h (e (—7 (1) + / D(t,s) f (x(s))ds, (231)
where
T = 2w, a(t) =2 (t)—&_2 (t)=2x10"%"" h(z)=2*
= 7T, a = ,7' = \/g, g = (& s X —.I',

Q(t,z) = 107*sin(z), D(t,s) =" f(z) =2

Then (2.31) has a 27-periodic solution.
Proof. We have h : R — R is continuous on [—\/5/3,\/5/3}, differentiable on

(—v/3/3,4/3/3), strictly increasing on [—+/3/3,1/3/3] and SUD,c (—y/3,1/3/3) R (t) < 1.

3 is a large contraction on the set

By Theorem 1.5, the mapping H(z) =z — x
M ={p€ P, lloll < VB/3, I (1) — ¢ ()] < 1001t — 1], ¥y, 2 € 0,21}

where L = v/3/3 and K = 100. Doing straightforward computations, we obtain

102
E =1, p = , Boa=2, Bs=e" By =1, Ey=2V3/3, B3 =107",
NG
_ 4
@) = 107% ¢(t) =0, n= (1 - 67477) 17 Y= %1072, Y2 =2x 107",

v = 0, =dr(l—e ) e Je[3,42], k=0, ky =2x 1072, ky =2,

2.2. Existence of periodic solutions
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All hypotheses of Theorem 2.1 are fulfilled and so (2.31) has a 2w-periodic solution be-
longing to M. m
2.3 Existence of nonnegative periodic solutions

In this section we obtain the existence of a nonnegative periodic solution of (2.1). By
applying Theorem 1.7, we need to define a closed, convex, and bounded subset M of Pr.
So, let

M :{QOEPTOSQOS L, |Q0<t2)—g0(t1)’ SK‘tQ_t]_’, th,tg € [O,T]}, (232)

where L and K are positive constants. To simplify notation, we let

t
F(t,x(t)) :/ a(u)h(z(u))du, (2.33)
t—7(t)
and
m = min e_flf“(k)dk, M= max e Juo®)dk, (2.34)
u€t—T,t] u€t—T,t]

It is easy to see that for all (¢,u) € [0, 2T,
m < e Jut®dk < 7. (2.35)

Then we obtain the existence of a nonnegative periodic solution of (2.1) by considering

the two cases
(1) F(t,x(t)) >0,Vte[0,T], = € M.
(2) F(t,x(t) <0,Vte[0,T], z € M.

In the case one, we assume for all t € [0,T], x € M, that there exist positive constants

¢; and ¢y such that

0<Q(txz(t) <L, (2.36)
0< F(t,z(t) < e, (2.37)
L+ <1, (2.38)

0<—a(u)F(t,z(t)+b{t)h(x(t) —a(t)Q(t z(t)) —1—/_ D (t,s) f (z(s))ds, (2.39)

—a(u) F(tx(t) +o@)h(z(t) +a(t) H (x(t))

—a()Q /Dts r(e)ds < Zog =t (2.40)

2.3. Existence of nonnegative periodic solutions
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Lemma 2.5 Let A, B given by (2.12), (2.13), respectively, assume (2.36)—(2.40) hold.
Then A, B : M — M.

Proof.  For having Ap, By € M we show that 0

[(Ap) (t2) — (Ap) (t1)| < Klta —t|, [(Bp)(t2) — (Byp) (t1)]
[0,7]. Let A defined by (2.12). So, for any ¢ € M, we have

Ap,Bp < L and
Klts —t1], Vii,ts €

(VANVAN

0 < (Ap) (1)

<Qt,pt—g@)+F(t,e(t) — n/tT F(t, 0 (w)a(u) e fea®idkgy,
b [ b hle (@) e ey

—H?/tT {—a (w) Q (u, ¢ (u— g (u))) +/u D (u,5) f (o (s)) ds| e~ Fuatkdkgy,
t L(1—¢ —c)
t—TM MnT

<n du+ c L+ coL = L.

From Lemma 2.2, we see that

[(Ap) (t2) — (Ap) (t1)] < ?\h —t| < Kty —t].

That is Ap € M.
Now, let B defined by (2.13). So, for any ¢ € M, we have

0

IN
=
)
=

t L(l—Cl—Cg) L
< M du < nMT—"— — [,
=1 /tT MnyT O T T

and from Lemma 2.4, we see that

J—-1)K
u|1§2—251]§K|152—251|

|(Byp) (ta) — (By) (t1)] < 7

That is Bp e M. =

Theorem 2.2 Suppose the hypotheses of Lemmas 2.3-2.5 hold. Then (2.1) has a non-

negative T-periodic solution x in the subset M.

Proof. By Lemma 2.3, A is completely continuous. Also, from Lemma 2.4, the mapping
B is a large contraction. By Lemma 2.5, A, B : M — M. Next, we show that if ¢, € M,
we have 0 < Ap+ By < L and |(Ap + BY) (t2) — (Ap + BY) (t1)| < K |ta — t1|, Vi, ts €
[0, 7.

2.3. Existence of nonnegative periodic solutions
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Let ¢, € M with 0 < p,1 < L. By (2.36)—(2.40), we get
(Ap) (t) + (By) ()
a(u)

=1 H (¢ () e @y 4 Q (¢, 0 (t — g (¢)))

t=T

L F(te(t) —n / F (£ (u)) a (u) e~ Fia®ibgy

0 T{ Q(u,w(u—g(u)))Jr/_u D (u,s) f (¢ (s))ds| e Jua®dkgy,

1._
77/ Cl )dU+ClL+CgL:L.

On the other hand, we have
(Ap)(t) + (By)(t) = 0
Now, let ¢, € M and t,t; € [0,7]. By Lemmas 2.2, 2.4, we have

((Ap + BY) (t2) — (Ap + BY) (1))

(
< [(Ap) (2) = (Ap) ()] + [(BY) (2) — (BY) (11)]

<K|t t|+(J_1)K|t t]
=~ J 2 1 J 2 1
< K |ty — t4]

Clearly, all the hypotheses of Krasnoselskii-Burton’s theorem are satisfied. Thus there
exists a fixed point z € M such that z = Az + Bz. By Lemma 1.7 this fixed point is a
solution of (2.1) and the proof is complete. =

Example 2.2 Consider the following equation

%[m(t)—Q(t,m(t—g(t)))]:—a(t)h( t—7(t / D (t,s) f(x(s))ds, (2.41)

where
1072 3 —4
T =2m a(t)= 1 T7(t)=2m h(z) =2, Q(t,z) =10""z,
1072 1 —t —4 mt
F(t,z(t)) = 1 z° (u)du, D(t,s)=e*"", f(z)=10 x+z .
t—2m

Then (2.41) has a nonnegative 2m-periodic solution.

Proof. By Example 2.1, the mapping H () = z — 2® is a large contraction on the set

M= {<p € Py 0< 0 <V3/3, |o(ts) — o (t1)] <100 [ts — 1], Vi1, ts € [O,T]}.

2.3. Existence of nonnegative periodic solutions
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A simple calculation yields

1072 t 1 21 10 2 4727
F(t,z(t) = ) 2 (u) du = Z/o 2% (u) du = 1 [%]0 =10"27* >0,
-2 —2 —1 10—2
m = e '3 ”,M:l,n:(l—e_102 ”) Lo =107% o = G .

Then for x € [O, V3/ 3} we have

0<—a()F(t,z(t))+b({t)h(z(t) —a(t)Q (t,z (1)) + / D(t,s) f(x(s))ds.
On the other hand, we have
—a(t)Ft,z ) +b(t)h(x(t)+alt)H (z(t))

—a()Q /Dts 2 (s)) ds

L(]_ C1 —Cg)

< 1.006 x 1073 < 1.425 x 1073 ~
< X X NyT

All conditions of Theorem 2.2 hold and so (2.41) has a nonnegative 27-periodic solution

belonging to M. m
In the case two, we substitute conditions (2.37)—(2.40) with the following conditions,

respectively. We assume that there exist a negative constant c3 such that

csL < F(t,x(t) <0, (2.42)
—es e <1, (2.43)
<~ F (1 () + b (0 () + a0 H (x (1)
—a(t)Q(t,x(t))+/_:OD(t,s)f(x(s))ds, (2.44)
and
—a (W) F (b (1) +b(O)h( (1) +a(0) H (@ (1)
—a(t) / D(t,s) f (x(s))ds gL(]\lf—;Jfl). (2.45)

Theorem 2.3 Suppose (2.56), (2.42)—(2.45) and the hypotheses of Lemmas 2.2-2.4 hold.
Then (2.1) has a nonnegative T-periodic solution x in the subset M.

Proof. By Lemma 2.3, A is completely continuous. Also, from Lemma 2.4, the mapping BB
is a large contraction. It is easy to show as in Lemma 2.5, A, B : M — M. Next, we show
that if ¢, € M, we have 0 < Ap + By < L and [(Ap + BY) (t2) — (Ap + By) (t1)| <

2.3. Existence of nonnegative periodic solutions



Chapter 2. Existence of periodic or nonnegative periodic solutions for totally
nonlinear neutral differential equations with infinite delay 29

K|ty —t1], Vt1,t2 € [0,T]. Let o, € M with 0 < ¢,¢ < L. By (2.36) and (2.42)—(2.45)

we get

(Ag) (1) + (BY) (1)
nl; () e Oy 1 (1 (¢ — g 1))
FE ) = [ F i 0)at) e ks
+n/t b u—T(u)>)e—fia<k>dkdu
[ [ 7¢(u——g(UJD~+t/i”1?(u,s)f(¢(s))ds o ek gy
<77/ Y el Sl P

On the other hand, we have

(Ap)(t) + (By)(t >n/ m= Ly i ey =0,

Now, let ¢,1 € M and t1,t; € [0,T]. By Lemmas 2.2 and 2.4, we have

[(Ap + By) (t2) — (Ap + By) (t)]

< [(Ap) (t2) — (Ap) (1) + [(BY) (t2) — (BY) (t1))]
< 5 Ity — t1] + ﬂ
- J J

= K |t2 - t1| .

|ty — 1]

Clearly, all the hypotheses of Krasnoselskii-Burton’s theorem are satisfied. Thus there
exists a fixed point z € M such that z = Az + Bz. By Lemma 1.7 this fixed point is a

solution of (2.1) and the proof is complete. m
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Periodic solutions for first order totally

nonlinear iterative differential equations

Keywords. Krasnoselskii-Burton’s fixed point, large contraction, iterative differential
equations, periodic solutions.

This chapter present a very recent published work [73],

A. Guerfi, A. Ardjouni, Periodic solutions for totally nonlinear iterative differential
equations, Bull. Int. Math. Virtual Inst. 12(1) (2022), 69-82.

In this chapter, we consider the following first order totally nonlinear iterative differ-
ential equation

%x (t)=—a(t)h(xz(t))+ %g (t,x (@), 2P (t), ..., 2" ()
+f(ta ), a2 @), ... 2" @), (3.1)
where zlU (t) = z (t), 2@ (t) = z (x (t)), ..., 2" () = 2"U (2 (t)) and a is a continuous

real-valued function. The functions h : R = R, ¢, f : R x R" — R are continuous. Our
purpose here is to use Krasnoselskii-Burton’s fixed point technique to prove the existence
of periodic solutions for (3.1). During the process we use the variation of parameter
formula and the integration by parts to transform (3.1) into an equivalent integral equation
written as a sum of two mappings; one is a large contraction and the other is compact.
After that, we use Krasnoselskii-Burton’s fixed point theorem, to prove the existence of

a periodic solution. The obtained results in this work extend the main results in [42].

3.1 Preliminaries and inversion of the equation

For T > 0, define

Pr={xc CR,R):x(t+T)=2x(t) foralteR},

30
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where C' (R,R) denoted the set of all real valued continuous functions map R into R.

Then Pr is a Banach space with the norm

[2]] = sup [x(t)] = sup [x(t)].
teR t€[0,T]

For L, K > 0, define the set
Pr(L,K)={x € Pr, ||z|]| < L, |z(ts) —x (t1)| < K |ty — t1] for all ¢1,t; € R},

which is a closed convex and bounded subset of Pr.
We assume that

a(t+T) = alt), /OTa (£)dt > 0. (3.2)

The functions f(¢,z1,2,...,x,) and ¢(t,z1,xs,...,x,) are supposed periodic in t with

period T" and globally Lipschitz in xy, zo, ..., x,, i.e,

f+T xq, . x,) = f(t,xg,...,2,),

gt +T 21, ...xn) = g(t,z1,...,2p), (3.3)
and there exist n positive constants ki, ko, ..., k, and n positive constants cq, ¢, ..., ¢,
such that .
21y ) = F (g1, )| < 3 i 1 — 9] (3.4)

i=1

and .
|g<t,$1, ceey xn) - g(t7 Y1, 7yn)| S Z Ci |x7, - ?Jz‘ . (35>

i=1

The function ¢(t,z1,...,x,) is also supposed globally Lipschitz in t, i.e, there exists a

positive constant K, such that

lg(te, x1, ..oy ) — g(t1, 21, oy )| < Ky lto — t]. (3.6)
The following lemma is essential for our results.

Lemma 3.1 Suppose (3.2) and (3.83) hold. If x € Pr (L, K), then = is a solution of (3.1)
if and only if

x(t):/t G(t.s)a(s) H (x(s)) ds

w [ () o ) et (9)

—a(s)g (s, z(s) 2 (s), . 2 ()} G (¢, s)ds
+gtz@), 2P @), ....aM (@), (3.7)

3.1. Preliminaries and inversion of the equation
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where ) p
G(t,s) = —P (Tft @ (u) du) , (3.8)
exp (fo a(u) du) -1
and
H(z)=xz—h(z). (3.9)
Proof. Let z € Pr (L, K) be a solution of (3.1). Rewrite (3.1) as
d d
el _ = 2] [n]
Do) +ae) - T (e t), s ()....a (1)

=a(t)H (x(t)+ f (t,z(t), 22 (1), ....a" (),
which is equivalent to

d

7 { [z (t) =g (t,z(t) a2y, 2l ()] exp (/0 a (u) du)}
- {a (t)H (z(t) —a(t)g (t, x(t) ,z? (t), ozl t))

The integration from ¢ to t + T gives

/t d%{[m(s)—g(s,x(s),xm ()., 21" (5))] exp
+T
= /t {a (s)H (z(s))—a(s)g (3,:10 (s) ,x[Q] (s), _”’x[n} (S))

s

+f (s, (s) 22 (s) ., 2 (s))} exp ( a (u) du) ds.

0

Since
/di{[ (5) = g (5.2 (5) .22 (5 o2 (5))] exp ( / a(w) du)}ds
={z () =g (tx(t), 2P (t),...a" ()}
X exp (/Ota(u) du) [exp (/tt+Ta(U)du) - 1] ;

then

The proof is completed. m
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Lemma 3.2 Green function G satisfies the following properties
Gt+T,s+T)=G(t,s),

and

exp <_ fOTa (u du) <G ()| < exp (fo du)
‘exp (fo du> —1‘ ‘exp (fo du) —1‘

Lemma 3.3 ([121]) For any ¢, € Pr (L K), we have

o =

™~ H<ZKJ||¢ O, m=1,2, ..

Lemma 3.4 ([120]) It holds

PT <L7 K)
={z € Pp, ||z|| <L, |z(ts) —x(t1)| < K|ty — t1| for all t,,ty € [0,T]}.

3.2 Existence of periodic solutions

To apply the Theorem 1.7 we need to define a Banach space B, a closed bounded convex
subset M of B and construct two mappings; one is a completely continuous and the other

is a large contraction. So, we let (B, |.||) = (Pr,||.||) and

M = Pr (L, K)
= {(,0 S PT, ||g0” S L, |g0(t2) - (p(tl)| S Kltg — t1| for all tl,tg S [O,T]}, (310)

with L, K > 0. Define a mapping S : M — Pr by
t+T
(S) (1) = / G (t,5)a (s) H (p () ds
tt—l—T
4 / [ (5,0(5), 0 (5), . 0 (5))

—a()g(sgp(),gom().. [”] )}Gtsd
+g (o), e (1), ..o (1)) (3.11)

Therefore, we express the above mapping as
Sy =Ap+ By,

where A, B : M — Py are given by

(Ag) (1) = / [ (5.:0(5), 02 () oo (5))

—a(s)g (s, (5),g0[2]() Ll ()} G (¢, s)ds
+g( ()7 (t)’ M())? (3'12)

3.2. Existence of periodic solutions
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and
t+T
B0 = [ Gt9)als) H o) ds .13
t
To simplify notations, we introduce the following constants
o= tr£3¥] la ()], p1 = trerﬁ% |f (£,0,0,...,0)|, pas = trer%&%c] lg (¢,0,0,...,0)|. (3.14)

We need the following assumptions

n i—1
J | BT (p1 + op2) + p2 + LZ [c; + BT (ki + o¢;)] ZKj] <L, (3.15)
i=1 Jj=0

and

J((28 +Tallal) (pr + op2) + K,

+Z[(26+Ta||a“)[/(ki+aci)—i—Kc,»]in) < K, (3.16)
i=1 Jj=0

where J is a positive constant with J > 3.

Lemma 3.5 For A defined in (3.12), suppose that (3.2)—(3.6) and (3.14)-(3.16) hold.
Then A : M — M.

Proof. Let ¢ € M. For having Ap € M we will show that Ay € Pr, ||Ap| < L and
|(Ap) (t2) — (Ap) (t1)| < K |ty — ty] for all ¢1,¢, € [0,T]. First, it is easy to prove that
(Ap)(t+T) = (Ap)(t). That is, if ¢ € Pp then Ap € Pr. By (3.14), we get

|(Ap) ()] < ﬁ/t |f (5,0(5), 0% (), ... " (5)) | ds

t+
8 [ 1 (500 0 () ()] d
t
+1g (Lo @), (1), oo™ (1)],
and in view of conditions (3.5), (3.6) and Lemma 3.3, we obtain

£ (5.0 (5) 0P (s) . 0 (9)) ]
< |f (s, (s) o2 (s) .., ol (s)) — f(s,0,0, ...,O)| +1f(s,0,0,...,0)]

n i—

1
<pit Y ki)Y K¢l
i=1  §=0

n i—1
<p+LY kY K, (3.17)
i=1  j=0

3.2. Existence of periodic solutions
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and

|9 (5,0 (5), 0P (5) .. 0 ()]
<lg (s, (s), oA (s), ..., oM (s)) — g (5,0,0,...,0)| + g (5,0,0,...,0)]

n i—1
< p2+ ZciZKj [l
=1 j=0

n i—

1
§p2+LZc,~ZKj. (3.18)
=1 j=0

Thus, it follows from (3.17) and (3.18) that

(Ag) (1)) < BT <p1 +LZ&ZKJ‘>

n i—

1
+ (BoT +1) (pg +LZC,-ZKJ'>
i=1  j=0
i—1

= BT (p1 + op2) —I—p2+LZ[ci+6T(ki+aci)]ZKj.

i=1 =0
Therefore, from (3.15), we get
L
Ag|| < = < L.
4l < <

Let t1,ty € [0, T] with ¢; < 5, we obtain

|(Ap) (t2) — (Ap) (t1)]

[ 7069, 6)) G 1) s

to

<

- / C F (5.0(5), 0 () g (5)) G (11, 8) ds

t1

+ /2 a(s)g(s,0(5), 07 (s), . 0" (5)) G (ta, 5) ds

t2

—/1 a(s)g(s,gp(s),gpm (3),...,90[”] (3))G(t1,s)ds

t1

+ }g (t27 2 (t2) 790[2] (t2) LR ‘p[n} (t2)) -9 (tla 2 (tl) 790[2] (tl) LR ‘p[n] (tl))‘ :

3.2. Existence of periodic solutions
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But,

to+T
/ F(5.:0(5) 92 (5), o () G (tz, 5) ds

t1+T
/ (s) go[Q] (3)7...730["] (s))G(tl,s) ds

t27 » P (S> 790[2] (3) RS Qp[n] (S)) ds

/t2+ (ta5) £ (5,0 (5) . 0 (5) .o ) (5)) ds

t1+T

t1+T
T / (G (t2,5) — G (b0, )] £ (5,0(5) 2 6 (5) o 0 (5)) dis

t1

< / G (s 9) f (5,0 (), 0P (5) s oon o ()| s

to

+/t:T'G(t2’S>|\f(SwO(S)asom( ), (5))] ds
‘exp (f _1‘ /tl+T S o (s gp[Q]( ) ...,¢[n} (s))‘

exp (/ a<u>du> — exp (/ o(w) )

+

X ds )

and
t1+T s S
/ exp (/ a (u) du) — exp (/ a(u) du) ds
t1 t2 t1
t1+T s t2
—/ exp(/ a(u)du)‘l—exp(/ a(u)du> ds
t1 2] ty
T
< Tlal |ta — t1] exp (—/ a (u) du) ,
0
S0,

/ 2 f (s, w(s), gpm (s), .ty gp[”} (s)) G (ta,8) ds

to

-/ (50 ()0 (5) o o) (5)) G (11, 5) s

n i—1 n i—1

n i—1
< [ta — ti <P1+sz‘zZKj> (28 + Tallal]). (3.19)
=1 =0
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Similarly, we get

/Qamg@w>wwﬁmﬁwmam@w

/t1+ (8) ’ (,0[2] (S) — ¢[”] (S)) G (t17 S) ds

(s), 90[2} (s), . cp[”} (3)) G (ta,8) ds

t2+T

/ ¢ (s) 2 (8) ).y ol (s)) G (tg, s) ds
t1+T

t1+T

t27 ) G (th S)} g (37 ¥ (S) 730[2] (S) ZARRS) Sp[n] (S)) ds

g/\(WGmﬂw@w@wW$~[“ )| ds

to

+[2kWMMmﬂw@w@wW%mwwmws

1+7T

+ ‘exp <fT(IZU) du) - 1‘ /:+T la (s)] ‘9 (8,80(5) , (s), ol (3))‘

exp (/;a(u) du) ~exp (/:a(u) du)

n i—1
<l|ta —ti|o <P2+LZCiZKj> 28+ Tallal|). (3.20)
=1 =0

X ds

Also, we have

|g (ta2, ¢ (t2) o (ty) .., ™ (t2)) — g (t1, ¢ (t1) P ()l (tl))‘

= |g (t2, ¢ (t2) , P (t2) , ,so[”] <t2>) — g (t e (), 9% (1), ., @1 (1))
+ g (t1, ¢ (t2), o (t2),. (t2)) — g (t1, ¢ (1), o (1), (t1))]
< g (ta, 0 (t2), ! (t2) (¢ 2)) — g (t1, ¢ (t2) ! (tz (t2))|
+ g (t, ¢ (t2) , <t2>, (752)) — g (t,e(h), e (1), Ft)| -

By (3.4)-(3.6) and Lemma 3.3, we get
|g (t27 ¥ (tQ) 790[2] (tQ) PERE) So[n} (tZ)) -9 (tla ¥ (tl) 790[2] (tl) PEEES) Sp[n} (tl)) ‘

< Kglto =t + )i [[@1 (1) = ()]

=1

n i—1
g(@+ZqZKMyQ4J (321)
i—1 =0
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Thus, it follows from (3.19)—(3.21) and (3.16) that
|(Ap) (t2) — (Ap) (t1)]

< ((26 + Tallal|) (p1 +ops + LZ (ki + 0¢;) iKJ)

i=1 j=0
n i—1
+ (Kg+ZC1 Kj+1>> |t2—t1‘
i=1 j=0

Therefore,
K
[(Ap) (t2) — (Ap) (t1)] < 7 [ty = t1] < K |ty — 1.

Consequently, A: M — M. m

Lemma 3.6 Suppose that conditions (3.2)—(3.6) and (3.14)-(3.16) hold. Then the oper-
ator A : M — M given by (3.12), is continuous and compact.

Proof. Since M is a uniformly bounded and equicontinuous subset of the space of contin-
uous functions on the compact [0,7] we can apply the Ascoli-Arzela theorem to confirm
that M is a compact subset from this space. Also, and since any continuous operator
maps compact sets into compact sets, then to prove that A is a compact operator it’s
suffices to prove that it is continuous. For ¢, € M, we have

(Ag) (1) — (A) (1)

< [TIG AN ()66 ()

—f (s, (s), 0 (s), ..., 0" (s)) | ds

v e 1E ) 9 (50(5), 0P (5), - 0 ()

—g (5,0 (s), 0P (s), ..., 1" (5)) | ds
gt o), o (1), .. () — g (t0 (), v (1), ... 0" @®)].

In view of conditions (3.5) and (3.6) and notations (3.14), we have
[(Ap) (t) — (AY) (1)]
< BT S ! = 90+ 80T + 1) Y T = ]
i=1

=1
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From Lemma 3.3, it follows that

(Ap) () — (A) (1)]

n i—

1
<BTY k> Kl -
i=1  j=0
n 1—1
+(BeT+1)Y ;Y K |-
i=1 =0

n i—1
=Y (BThi+ (BoT+1)c:) Y K o=
i=1 =0
which proves that the operator A is continuous. Therefore, A is compact and continuous.

[ |
The next result proves the relationship between the mappings H and B in the sense of

large contractions. Assume that

BoT < 1, (3.22)
was (1 (-] 11 (1)) < =L, (3.23)

and
(28 + Talla])) oL < K. (3.24)

Lemma 3.7 Let B be defined by (3.13), suppose (3.2), (3.22), (3.23), (3.24) and all
conditions of Theorem 1.5 hold. Then B : M — M is a large contraction.

Proof. Let B be defined by (3.13). For having By € M we will show that ||By|| < L
and |(By) (t2) — (By) (t1)| < K |ty — t4] for all ¢1,t5 € [0,T]. First, it is easy to show that
(Bp)(t +T) = (Bp)(t). That is, if ¢ € Pp then By € Pr. Let ¢ € M, by (3.23), we

obtain

t+T
[(Bp) (t)] < /t |G (¢, s)]|a(s)] [H (¢ (s))] ds
< foTmax{|H (-L)|,[H (L)}
J—1)L
< % <
Then, for any ¢ € M, we have
1Bl < L.

3.2. Existence of periodic solutions
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Let t1,t € [0,T] with t; < ta, by (3.22)-(3.24), we get

((Be) (t1) = (By) (2)]

<[t neEas- [ G0 10 i

< /:G(tz,s>a<s>H<<p<s>>ds+ /;Teaz,s)a<s>H<w<s>>ds
[ 6 -Gt ) as

< [Nt ola@i el [ 166 @ @)l

(e dul‘/w )| 1H (5 ()

N

1]+ e (o (o))
oxp (g a ) du) =1 Jn

X exp / . )‘1—exp (/:am)du)

J—1)L
< 2ﬁa J |t2—t1\ +Ta|]a\|a% |ta — t1]

J-1L
J

ds

ds

=28+ Talal)o [ta — 1]

Then U1K
[(Bp) (t1) — (By) (t2)| < — 7

Therefore, B : Ml — M.
It remains to prove that B is a large contraction. By Theorem 1.5, H is a large

contraction on M, then for any ¢, 9 € M, with ¢ # ¥ we get

lty — 1] < K |ty — ty] .

[(Bp) () = (By) (1)]
t+T
/t G (t,s)a(s)[H (p(s)) — H (¢ (s))] ds

< BT |l — | < |l — .

<

Then |By — By| < |l¢ —¢|. Now, let ¢ € (0,1) be given and let ¢,¢ € M, with
|l — 9|| > e from the proof of Theorem 1.5, we have found a § € (0, 1), such that

((He) (t) = (H) ()] <l =]

3.2. Existence of periodic solutions
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Thus,
(B (1) — (BY) (1)
/t G (t,5)a () [H (o (s) — H (1 ()] ds

< BoTélle =l < dlle -9l

<

The proof is complete. =

Theorem 3.1 Suppose the hypothesis of Lemmas 3.5-3.7 hold. Let M defined by (3.10),
then (3.1) has a T-periodic solution in M.

Proof. By Lemmas 3.5 and 3.6 A : M — M is continuous and A(M) is con-
tained in a compact set. Also, from Lemma 3.7, the mapping B : M — M is a
large contraction. Next, we prove that if ¢,9 € M, we have ||[Ap + Byl < L and
|(Ap + BY) (t2) — (Ap + BY) (t1)] < K |ta — t1] for all t1,t € [0,T]. Let p, v € M with
llell s Il < L. By (3.15) and (3.23), we have

| Ap + Bo||

- o (J-1)L
SBT(pl—i—apQ)—l—m—i—LZ[Ci—l—ﬁT(l{;i—i-aci)]ZKj—1—g
i=1 Jj=0
L (J-1)L
T ) ey 5
7T
€ M and t;,t, € [0,7]. By (3.16) and (3.24), we get

<
Now, let ¢, 1)

((Ap + BY) (t2) — (Ap + BY) (1))

< [(Ap) (t2) = (Ap) ()] + [(BY) (t2) — (BY) (1)

(/-1

<K K=t
_J2 1 J 2 1

< K|ty — t4].
Clearly, all the hypotheses of Krasnoselskii-Burton’s theorem are satisfied. Thus there

exists a fixed point z € M such that z = Az + Bz. By Lemma 3.1, this fixed point is a
solution of (3.1). Hence (3.1) has a T-periodic solution. m

3.2. Existence of periodic solutions
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Periodic solutions for second order totally

nonlinear iterative differential equations

Keywords. Krasnoselskii-Burton’s fixed point, large contraction, iterative differential
equations, periodic solutions, Green’s function.

This chapter present a very recent published work [74],

A. Guerfi, A. Ardjouni, Periodic solutions for second order totally nonlinear itera-

tive differential equations, The Journal of Analysis, https://doi.org/10.1007/s41478-021-
00347-0.
In this chapter, we consider the following second order totally nonlinear iterative dif-
ferential equation
d2

S ) +p ) S (1) +a (1) (2 (1)

= %9 (to2 (8), 2B (t) ey 2™ () + f (12 (8), 2P (1), oy 2l (1)) (4.1)

where 1 (t) = x (¢), 2B (t) = 2 (z (1)), ..., 2 (t) = 27U (2 (¢)), p and ¢ are positive
continuous real-valued functions. The functions h : R — R and f,g : R x R®* — R
are continuous with respect to their arguments. Our purpose here is to use Krasnoselskii-
Burton’s fixed point theorem to prove the existence of periodic solutions for (4.1). Clearly,
the present problem is totally nonlinear so that the variation of parameters cannot be
applied directly. Then, we resort to the idea of adding and subtracting of terms. As
noted by Burton [48], the added term destroys a contraction already present in part of the
equation but it replaces it with the so called a large contraction mapping which is suitable
for fixed point theory. During the process we use the variation of parameter formula and
the integration by parts to transform (4.1) into an equivalent integral equation written
as a sum of two mappings; one is a large contraction and the other is compact. After
that, we use Krasnoselskii-Burton’s fixed point theorem, to prove the existence of periodic

solutions.

42
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4.1 Preliminaries and inversion of the equation

For T' > 0, let Pr be the set of all continuous scalar functions x, periodic in ¢ of period

T. Then (Pr,||.||) is a Banach space with the supremum norm

[2]] = sup [x(t)] = sup [x(t)].
teR t€[0,T]

For L, K > 0, define the set

PT(L,K) :{ZCGPT, HCC” SL, ‘ZC(tg)—fC(tl)’ SK‘tZ_t1’7 th,tQ GR},

which is a closed convex and bounded subset of Pr.
We assume that p and ¢ are two continuous real-valued functions such that

p(t+T) =p(), ¢t +T)=q(), (4.2)
and

/OTp(s)ds>O, /OTq(s)ds>O. (4.3)

The functions f(t,z1,xs,...,x,) and g(t,x1, T, ..., x,) are supposed to be periodic in ¢

with period T" and globally Lipschitz in zq, xs, ..., z,, i.e,

f+T xy, . x,) = f(t,xg,...,2z,),

gt +T,21,....xn) = g(t,z1,...,2p), (4.4)
and there exist n positive constants ki, ko, ..., k, and n positive constants cq, ¢, ..., ¢,
such that .
(21, ) = (g1, o)l < S il — 3l (45)

i=1

and .
9(t, 21, -y 20) = 9 Y1, s Yn)| < ZCi |z — il - (4.6)

i=1

Lemma 4.1 ([92]) Suppose that (4.2) and (4.3) hold and

Ry [exp (fOTp (u) du) — 1}

> 1, A7
o > (4.7)
where
t+T $ d
R; = max / &P (Tft p(u) du) q(s)ds|,
DI e exp (fo p(u) du) -1
and

0, = (1+exp (/OTp(u)du)>2Rf.

4.1. Preliminaries and inversion of the equation
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Then there are continuous and T-periodic functions a and b such that b(t) > 0,
fOTa(u)du >0, and

d
a(t) +b(t) = p(t), dtb(t) +a(t)b(t) = q(t) for allt € R.
Lemma 4.2 ([114]) Suppose the conditions of Lemma 4.1 hold and ¢ € Pr. Then the

equation
2

) ) e () +a () (1) = 6(0),

has a T-periodic solution. Moreover, the periodic solution can be expressed as

t4+T
x(t) = /t G (t,s) ¢ (s)ds,

where

) = exp Utub ) dv + f dv] du
) e (U atuydn) 1] [owo T wde) 1

HTeXp [fub dv + fSJrT )dv] du
(u)

t

+ : (4.8)
[exp (fo du) — 1] [exp (fo b(u) du) - 1}
Corollary 4.1 ([114]) Green’s function G satisfies the following properties

G(tt+T) = G(t,t),G(t—i—Ts—l—T)—G(tt),
Gt = a(s)G(ts)— —P U b(v)dv) , (4.9)
s exp (fo dv) -1
0 exp (ft dv)
aG(z& s) = —=b(t)G(t,s)+

exp <f0 dv) — 1'
Lemma 4.3 Suppose (4.2)-(4.4) and (4.7) hold. If x € Pr (L, K), then x is a solution
of (4.1) if and only if

/ G (ts)q(s) H (x(s)) ds
/t [E(ts)—a(s) Gt )] g (s, (s), a2 (s) o™ (5))

+G (t,s) f (5, x(s) 2 (8) ey 2 (s))} ds, (4.10)
where
E(t,s) = —F (e b()dv) (4.11)
exp (fo v) v) -1
and

H(x)=x—h(z). (4.12)

4.1. Preliminaries and inversion of the equation
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Proof. Let z € Pr (L, K) be a solution of (4.1). Rewrite (4.1) as

2

%x (t) +p(t) %x (t) +q(t)z ()

=q(t)H (x(t))+ %g (tx @), 2P @), .2 () + f (Lo @), 2P (1), ... 2" (1))

From Lemma 4.2, we get

t+T

x(t) = G (t,s)q(s) H (z(s))ds

~—

S

+f (s,2(s) 2 (s), ..,z (s))} ds.

t+T
+ /t G (t> S) {dig (SVT (3) ,$[2] (S) ) ""x[n] (S))

Performing an integration by parts, we obtain

t+T d
/ G (t,s) ag (3, x(s) ,:L'[Q] C) 2 (3)) ds
' t+T

=[G (t.5) g (s.2(s) 2P (), . 2 (9))],
B / (diG (t s>) g (s, (s), 2P (s), .z (5)) .

Since
t+T

(G (t,s)g (s, z(s) 2l (s), ..,z (s))L =0,
from (4.9), we get
/t G (t,s) %g (s,2(s) 2 (s) ., 2 (s)) ds
= /t [E(t,s) —a(s)G(t,s)] g (s, (s) 2l (s), .., 2 (s)) ds.
Consequently,
x(t):/t G (t5)q(s) H (x(s)) ds
+ /t {[E(t,s) —a(s)G(t,s)]g (s, (s) 2 (s), .. 2 (s))
+G (t,s) f (s, (s) 2l (s), ..,z (s))} ds.
The proof is completed. m
Lemma 4.4 ([114]) Let A = fOTp (u)du and B = T? exp (% fOT In (¢ (u)) du). If

A% > 4B, (4.13)

4.1. Preliminaries and inversion of the equation
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hen
t min{/OTa(u)du,/OTb( )du} S (4-vA1B) =
and

max{/oTa(u)du,/OTb(u)du} §%<A+\/m> —

Corollary 4.2 ([114]) Functions G and E satisfy

Lemma 4.5 ([121]) For any ¢,v¢ € Pr(L, K), we have

m—1
[ — || < S K [l — v, m
j=0

Lemma 4.6 ([120]) It holds

PT(L,K) = {l’ € PT, ||ZE|| < L, ’lL‘(tg) —I(t1)| < Kltg—t1|7 \V/tl,tg € [O,T]}

4.2 Existence of periodic solutions

To apply the Theorem 1.7 we need to define a Banach space B, a closed bounded convex
subset M of B and construct two mappings; one is a completely continuous and the other

is a large contraction. So, we let (B, |.||) = (Pr,||.||) and

M = Pr (LaK) = {Qp € Pr, ||90|| <L, |90(t2> - So(tl)| < K|t2 _t1|7 Vi, tp € [OvT]}v
(4.14)
with L, K > 0. Define a mapping & : Ml — Pr by

/ G (t5)q(s) H (o (s)) ds
/t (Bt s) —a(s)G(t,5)] g (5,0 (5), 67 (), 0 (5))

+G (t,s) f (s, @ (s) , 2 (8), ., ol (5)) } ds. (4.15)

Therefore, we express the above mapping as
S = Ap + By,

where A, B : Ml — Pr are given by

t+T
(Ap) (t) = /t {[E(t.5) —a(s)G(t:5)]g (5,0 (), o (5) ey 01" (5))

+G (t,s) f (s,0(s) Lo (s) ., ol (s))} ds, (4.16)

4.2. Existence of periodic solutions
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and
T
- [ cwsa@ ) (417
t
To simplify notations, we introduce the following constants

azTeXP(fo du),ﬁz r ,’y:exp(/Tb(v)dv),
0

(e—l) el —1

0 —

oo (J7 atyan) — 1] [exp (2 0 () ) — 1]

A1 = max |a(t)], A = max |b(t)], o = max |q ()

t€[0,T] t€[0,7] te[0,7]
P1 trer%(?% ’f( )| y P2 trerf()a%] ’g< y Uy My ey )’ )
n j=i—1 n J=i—1

G=p+L> k> K, G=p+LY ¢y K. (4.18)
i=1 =0 =1 j=0
Lemma 4.7 ([43]) For any t1,t5 € [0,T],

t1+T
/ |G (t2,8) — G (t1,5)| ds < Te*™0 [Ty (26*™ + 1) + €™ + 1] [t2 — 1] .

t1

Also, we need the following assumptions

JT[(B+ah) G +ag] < L, (4.19)

and

J (200 + Te™™6 [Thoy (27 + 1) + €™ +1]) (MG + G1)
+(28+TXhpB) ) < K, (4.20)

where J is a positive constant with J > 3.

Lemma 4.8 For A defined in (4.16), suppose that (4.2)-(4.7), (4.19) and (4.20) hold.
Then A : M — M.

Proof. Let ¢ € M. For having Ap € M we show that Ap € Pr, || Ap| < L and
|(Ap) (t2) — (Ap) (t1)] < K |ty — t1], Vt1,t2 € [0, T]. First it is easy to show that (Ap)(t+
T) = (Ap)(t). That is, if ¢ € Pr then Ap € Pp. By Corollary 4.2 and notations (4.18),

we get
(Ag) (B)] < (B + ary) / 19 (5:0.(5), 02 () .o ()] dis

+T
+a/t ‘f(s,gp(s),gpp] (5),..., o™ (s))|ds.

4.2. Existence of periodic solutions
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From conditions (4.5), (4.6) and Lemma 4.5, we obtain

[ (s:0(5) 9 (5) s 0 (9))]
< |f (s,0(s) Lo (), ..., ol (s)) = f(5,0,0,...,0)| + | f (5,0,0,...,0)|

_ n j=i—1

n Jj=t—1
< ,01+Zki Z K7 ||¢| §01+LZ/€¢ Z K’ =,
i=1 Jj=0 i=1 §=0

and
19 (5,0 (5), @ (5) .o 01" ()]
<19 (59(8) 02 () 0 (5)) = 9.(5.0,0, . 0)] ]9 (5.0,0, .., 0)
no j=i-1 no j=i-1
Sprty ey Klpl <pp+ L) Yy K=0.
i=1 J=0 i=1 j=0
So

[(Ap) ()] < T (8 + ahi) G + Tag,.
Therefore, from (4.19), we have
L
< —<L.
el < & <

Let t1,to € [O,T] with ¢ < ty, we get

|(Ap) (t2) = (Ap) (t1)]

to+T
/ E (b 8)g (5.0 (5) 0 (5) g (5)) ds

to

<

[ B0 (50 (6) P 6) s ()

t1

to+T
/ 0 (3) G (t2r5) g (5.0 () 0 (5) o " (5)) ds

to

_l_

[ a6 059 (5096 () () ds

t1

ot T
+ / G (ta,8) f (s, v (s), ol (8), . ol (s)) ds

to

[ G0 T (56 (), ) s

t1

)

4.2. Existence of periodic solutions
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and

[ B9 (509,67l () ds

to

t1+T
[ B9 (0 (9) 6 (5) o (9) ds

t1

< / B (12, 9)] g (5.0 (5) 02 (5) g ()] ds

t2

n / T (9] 9 (5.0 (), 0 (5) o " (5)) | ds

1+7T

+/1 B (t2,5) = B (t1,9)] |9 (5,0 (), 9 (5) 1oy 0" () | ds

t1

< (28+TAB)Glta — . (4.21)

Also

[ 0G99 (50 (6) 6 (5) i (5) ds

t2

t1+T
[ a6 159 (5.0 () () (9) s

t1

< / 0 ()Gt 5) g (5,9 (5), 6 (5) oy o1 (5)) s
+ /ter a(s)G (ta,8) g (S, v(s), ol (8), .. ol (3)) ds
+ /t 1 a(s)[G (ta,s) — G (t1,5)] g (5,0 (s), o (5) ..., o™ (s))ds|.

From Lemma 4.7, notations (4.18) and conditions (4.5), (4.6), we have

to+T
[ a6 9 (50 (5) 6 (5) i (5) ds

to

[ G059 (50 5) P () () s

t1

< MG (200 + Te*™0 [Thyy (267" + 1) + €™ + 1)) [t — 1] (4.22)

4.2. Existence of periodic solutions
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We get also

tod T
/ G (ta,s) f (s, o (s), 0 (s),..., oM (8)) ds

to

[ G 569,875 ()

t1

/ Gty 8) £ (5.0(5), 92 () ol (5)) ds

to

<

+ /;2+ G (ta, ) f (s,0(5), 0P (s), ..., (s)) ds

1+T

t1+T
T / G (ta,5) — G (trs )] £ (5,0.(5) 2 9 () oo 0 (5)) dis].

t1

From Lemma 4.7, notations (4.18) and conditions (4.5), (4.6), we have

[ 0095 (.0 6) 2 6) o ()

to

t1+T
- / G (t1,5) f (5,0 ()2 0P (5, ool (s)) ds

t1

<G (2a+Te*™0 [Thyy (26*™ + 1) + €™ +1]) [t — t4] (4.23)
Thus, it follows from (4.21), (4.22) and (4.23) that
|(Ap) (t2) = (Ap) (t1)]

< ((20+Te™0 [TAyy (2™ +1) + €™ +1]) (MG + ¢
+ (28 +TX2B3) Ga) |t2 — t1]

From (4.20), we obtain

K
[(Ap) (t2) — (Ap) (t)] < 7 ta —t1| < K [ty — ],
which implies that A: M — M. =

Lemma 4.9 Suppose that conditions (4.2)-(4.7), (4.19) and (4.20) hold. Then the op-
erator A : Ml — M given by (4.16), is continuous and compact.

Proof. Since M is a uniformly bounded and equicontinuous subset of the space of contin-
uous functions on the compact [0,7] we can apply the Ascoli-Arzela theorem to confirm
that M is a compact subset from this space. Also, and since any continuous operator

maps compact sets into compact sets, then to prove that A is a compact operator it’s

4.2. Existence of periodic solutions
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suffices to show that it is continuous. For ¢, € M, we have

[(Ap) () — (A) (1)]
< /t B (t,9)l]g (s.0(5), 0P (5) 000" (8)) = g (5,9 (), 0P (s) e, 0 (5)) | ds

n / 1a()]1G (£ 9)] 9 (5,0 (5) s 0 (5) o6 (5))
—g (5,9 (s), ¥ (s), .., 9" (s))] ds
n / G (L) [F (5:0(5) 0 (5) oo @ (8)) = F (5,8 (5), 02 (5) 7 ()| s

By (4.5) and (4.6), Corollary 4.2, and notations (4.18), we get

|(Ap) (t) — (Ay) ()] < (5+OM1)TZC¢ [t — o] +aTZk [l — .

From Lemma 4.5, it follows that

Jj=1—1

|(Ap) (t) — (Av |<TZ (B+ar) e +ak) Y K o=l

7=0

which proves that the operator A is continuous. Therefore, A is compact and continuous.
|
The next result proves the relationship between the mappings H and B in the sense of

large contractions. Assume that

acT <1, (4.24)
maxe (17 (-] |1 (1)) < L, (4.25)

and
oL [2a+Te*™0 [Thyy (26*™ +1) +e™ +1]] < K. (4.26)

Lemma 4.10 Let B be defined by (4.17), suppose (4.2), (4.3), (4.7), (4.24)—(4.26) and
all conditions of Theorem 1.5 hold. Then B : M — M is a large contraction.

Proof. Let B be defined by (4.17). Obviously, By is continuous and it is easy to prove
that (By)(t +T) = (By)(t). For having By € M we will prove that ||By|| < L and
[(Bp) (t2) — (Bp) (t1)| < K [t2 — ta], V1,12 € [0,T]. Let ¢ € M, by (4.24) and (4.25) we
get

[(Be) (1) S/t+ |G (t5) g (s)] [H (¢ (s))] ds

< aoTmax {|H (~L)|,|H (1)} < L=

4.2. Existence of periodic solutions
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Then, for any ¢ € M, we have
1Bl < L.

Let tq,ts € [0,T] with t; < ta, by (4.24), (4.25) and Lemma 4.7 we obtain

((Byp) (t2) — (By) (11)]

to+T t1+T
< j{ G (t2,5) g (3) H (12 (s)) ds — ]{ G (t,5) () H (¢ (5)) ds
s[WMM@m@me@mw+[;JmM$m@Mwamw

+/1 (G (ta,8) = G (t1,9)] |a ()] | H (¢ (s))| ds

t1

~1)L ~1)L
< {2040(‘] J) 1ol J) TeZmH[TA27(2e2m+1)+em+1}} lto — 1] .

From (4.26), we get

(J-1)K

ty — t1].
=t

[(By) (t2) — (By) (t1)| <

Consequently, B : Ml — M.
It remains to prove that B is large contraction. By Theorem 1.5 H is large contraction

on M, then for any ¢, ¥ € M, with ¢ # 1 we get

((Bp) (1) = (By) (1)]

IN

L[ G (t.5) 4 (s) [H (9 () — H (1 (s))] ds

< aoT e =9 <l -2

Then |By — By| < |l¢ —|. Now, let ¢ € (0,1) be given and let ¢,¢ € M, with
|l — || > ¢, from the proof of Theorem 1.5, we have found a ¢ € (0,1), such that

((He) (t) = (H) ()] <l =]

Thus,

IN

t+T
[ G (t,5)q () [H (o (3)) — H (¢ (5))] ds
< 0TSl — vl < 8l — o

[(Be) (t) = (By) (1)]

N

The proof is complete. =

Theorem 4.1 Suppose the hypotheses of Lemmas 4.8—4.10 hold. Let M defined by (4.14),
Then (4.1) has a T-periodic solution in M.

4.2. Existence of periodic solutions
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Proof. By Lemmas 4.8, 4.9 A : M — M is continuous and A(M) is contained
in a compact set. Also, from Lemma 4.10, the mapping B : M — M is a large
contraction. Next, we prove that if ¢,¢ € M, we have ||[Ap+ Byl < L and
|(Ap + By) (t2) — (Ap + By) (t1)| < K |ta —t1], Vti,t2 € [0,T]. Let p,¢0 € M with
lloll s Il < L. By (4.19), (4.24), (4.25) and notations (4.18), we get

(J—1)L

| Ap + Bol| < T [(8+ al) G + age] + 7

(J—1)L
J

Now, let ¢,1 € M and t1,t, € [0, T]. By (4.20), (4.26) and Lemma 4.7, we obtain

L
< = = L.
_J+

(Ap + BY) (t2) — (Ap + By) (4]

< [(Ap) (t2) = (Ap) ()] + [(BY) (t2) — (BY) (1))

(/-1

< B+ K=l
_J2 1 J 2 1

< K|ty — t4].
Clearly, all the hypotheses of Krasnoselskii-Burton’s theorem are satisfied. Thus there

exists a fixed point z € M such that z = Az 4+ Bz. By Lemma 4.3 this fixed point is a
solution of (4.1). Hence (4.1) has a T-periodic solution. m

4.2. Existence of periodic solutions
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Study of the existence of periodic and
nonnegative periodic solutions for third order

nonlinear differential equations

Keywords. Krasnoselskii-Burton’s fixed point, large contraction, periodic solutions,

nonnegative periodic solutions, Green’s function.
This chapter has been extracted from the research paper [75],
A. Guerfi, A. Ardjouni, Study of the existence of periodic and nonnegative periodic

solutions for third order nonlinear differential equations, MESA 12(3) (2021), 883-893.
In this chapter, we concentrate on the existence of periodic and nonnegative periodic

solutions for the third-order nonlinear delay differential equation

() +p@) 2" () +q@) 2" (@) +r () h(z @) = ftz@),z{ 7)), (5.1)

where p, q, r are continuous functions. The functions h: R - R and f:R xR xR = R
are continuous functions in their respective arguments, 7 : R — R™ is a continuous func-
tion. To show the existence of periodic and nonnegative periodic solutions, we transform
(5.1) into an equivalent integral equation and then use Krasnoselskii-Burton’s fixed point
theorem. The obtained integral equation splits in the sum of two mappings, one is a large

contraction and the other is compact.

5.1 Preliminaries and inversion of the equation

In this section, we give the assumptions as follows that will be used in the main results.
(H1) There exist two differentiable positive T-periodic functions ay, as and a positive

o4
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real constant p such that

ay(t) + p = p(t),
ay(t) + a(t) + pas(t) = q(t),
ay(t) + pas(t) = r(t).

(H2) p,q,r € C (R,R*") are T-periodic functions with 7(¢) > 7* > 0, and

T T
/ p(s)ds > pT and / q(s)ds > 0.
0 0

(H3) The function f(¢,x,y) is continuous T-periodic in ¢ and globally Lipshitz contin-
uous in x and y. That is

ft+T,z,y) = f(t,2,y),
and there are positive constants k; and ks such that

\f(t,z,y) — [t z,w)| < ky |z — 2|+ ke |y — w].

For T > 0 , let Pr be the set of all continuous functions z, periodic in t of period T

Then (Pr, ||.||) is a Banach space with the supremum norm

[2]] = sup |z(t)] = sup [z(t)].
teR te[0,7)

Now, we consider the equation
" () +pt)a" () +q) " () +rt)z(t)=e(t), (5.2)

where e is a continuous T-periodic function. Obviously, by the condition (H1), the above

equation can be transformed into the following system

{ Y (t) +py(t) =el(t),

2" (t) + ay (t) 2’ () + a2 () x (1) = y (1)
Lemma 5.1 ([25]) Ify,e € Pr, then y is a solution of the equation
Y () +py(t) =e(t),

if and only if

t+T
v = [ Gilts)e(s)ds (5.3)
where (! ")
_exp(p(s—
Gi(ts) =" Ot T -1 (5.4)

5.1. Preliminaries and inversion of the equation
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Corollary 5.1 ([104]) Green’s function Gy satisfies the following properties

Gi(t+T,s+T)=Gi(t,s), Gy (t,t +T) = Gy (t,t)exp (pT),
Gi(t+T,s) =Gy (t,s)exp(—pT), G1(t,s+T) =G (t,s)exp (pT),

0 0
EGl ( ) = _pGl (t7 S) ) %Gl (ta S) = IOGI (ta 5) )
and
my < Gy (t,s) < My,
where

B 1 _exp(pT)
Cexp(pT) =17 T exp(pT) — 1
Lemma 5.2 ([92]) Suppose that (H1), (H2) hold and

R, [exp <f0 ay ( dv) - 1}

> 1, 5.5
T o (5:5)
where
t+T d
R; = max / P (ft o ( U) as (s)ds|,
DI exp (fo ar ( dv) -1
and

o (v ([ wiwa)) m

Then, there are continuous and T-periodic functions a and b such that

b(t) >0, /Ta(v)dv > 0,

and
a(t) +b(t) = ar(t), ib(zﬁ) + a(t)b(t) = as(t) for allt € R.

Lemma 5.3 ([114]) Suppose the conditions of Lemma 5.2 hold and y € Pr. Then the

equation
2

L W tra ) e+t =y ).

dt dt
has a T-periodic solution. Moreover, the pertodic solution can be expressed as
t+T
z(t) = / G (t,s)y (s)ds, (5.6)
t
where
Go (£, 5) = f exp Ut u) du + f du] dv
[exp (fo dv) — 1} [exp <f0 dv) — 1]
ft+T |:L d +f8+ )dU] dv
+ (5.7)

oo (J7 (e ) 1] [oxp (Jo o) d0) 1]

5.1. Preliminaries and inversion of the equation
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Corollary 5.2 ([104]) Green’s function Gy satisfies the following properties
Go(t+T,s+T)=Gz(t,s), G2 (t,t+T) = Ga (1),
T t+T
Gy (t+T,s) =exp (—/ b(v) dv) [Gg (t,s) + / E(t,u) F (u,s)du|,
0 t

2G2 (t,s) = —=b(t) Gy (t,s) + F(t,s),

ot
%Gg (t,s) =a(t) Gy (t,s) — E(t,s),
where . .
E(ts) = exp(Tft b(v)dv) CF(ts) = eXp(Tft a(v) dv) |
exp (fo b(v)dv) —1 exp (fo a(v)dv) -1
Lemma 5.4 ([114]) Let A = fOT a; (v)dv and B = T?exp <% fOT In (ay (v)) dv). If
A% > 4B, (5.8)
then . .
min{/o a(v)dv,/o b(v)dv} > % (A— VA2 —4B) =1,
and

max{/OTa(v)dv,/OTb(v)dv} g%(A+\/m> = L.

Corollary 5.3 ([104]) Functions Gy, E and F satisfy

L
my < Gy (t,s) < My, E(t,s) < -, F(t,s) <eb,
e p—
where
T exp (fOT a (v) dv)
my = ————— and M, = -
r— 1) (@—1)

Lemma 5.5 ([52]) Suppose the conditions of Lemma 5.2 hold and e € Pr. Then the
equation
2" () +p )" (t) +q () 2" (&) +r (t)x(t) =e(t),

has a T-periodic solution. Moreover, the periodic solution can be expressed by

t+T
x(t) = /t G (t,s)e(s)ds, (5.9)

where

G(t,s) = /:JFT Go (t,0) Gy (0, ) do. (5.10)

5.1. Preliminaries and inversion of the equation
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Corollary 5.4 ([104]) Green’s function G satisfies the following properties
Gt+T,s+T)=G(t,s), G(t,t+T)=G(t,t)exp (pT),

%G (t,s) = (exp (—pT) — 1) Gy (t,t) Go (t,s) — b(t) G (t,s)

t+T
+/ F(t,0)Gy(o,s)do,
t
gG(t s) = pG (t, s)
as Y Y Y
and
m<G(ts) <M,

where

9 T
T2 T? (pT +exp ( [; a(v)dv
m = 5 and M = ( 5 ( ’ >> .
(er —=1)" (exp (pT) — 1) (e =1)" (exp (pT) = 1)
Lemma 5.6 Suppose (H1)-(H3) and (5.5) hold. The function x € Pr is a solution of

(5.1) if and only if

t+T 4T
z(t) = /t r(s)H (z(s))G(t,s) ds—l—/t f(s,z(s),xz(s—7(s)))G (t,s)ds, (5.11)

where
H(z) =z — h(x). (5.12)

Proof. Let z € Pr be a solution of (5.1). Rewrite (5.1) as

2 () +p) 2" (1) +q (1)’ () +r (1) (t)
=r(t)H(z )+ f(taz(t),z(t—T7(t).

From Lemma 5.5, we have

The proof is completed. m

5.2 Existence of periodic solutions

In this section, we will study the existence of T-periodic solutions of (5.1). To apply
Theorem 1.7 we need to define a Banach space B, a closed bounded convex subset M of
B and construct two mappings; one is a compact and the other is a large contraction. So,
we let (B, ||.||) = (Pr, ||.||) and

M ={pe P o] <N}, (5.13)

5.2. Existence of periodic solutions
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with NV > 0. Define a mapping S : M — Pr by
t+T
S0 = [ TG s
/1 [ (5,9(5), (s — 7 ())) G (1, 5) ds,
Therefore, we express the above mapping as
Sp = Ap + By,
where A, B : M — Py are given by
0= Sl s - TG 15 (5.14)
and
t+T
BAO= [ (6 H )G s ds. (5.15)
t
To simplify notations, we introduce the following constants
= = = 1
f=max|b(®t)], 6= max|r(®)], p= max|f(#0,0). (5.16)
We need the following assumptions
OMT <1, (5.17)
JMT [(k1 + ko) N + p] < N, (5.18)
J—1
maxx (|H (- )] | (V) < L= D, (519

J
where J is a positive constant with J > 3.

Lemma 5.7 Suppose (H1)-(H3), (5.5), (5.8) and (5.18) hold. Then the operator A :

M — M is compact.

Proof. Let A defined by (5.14). Obviously, Ay is continuous and it is easy to show that

(Ap)(t+T) = (Ap)(t). Observe that in view of (H3) we get

|f &z, )| < |f (2, y) — F(£,0,0) + f(£,0,0)]
< |f(tvw7y) _f(t70’0)| + |f(t7070)|
< kaflzll + B2 lyll + p,

So, for any ¢ € M, we have
KA@@H</%Ifww()w@—T@»WG@ﬁM@

N

5.2. Existence of periodic solutions
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That is Ap € M.
To see that A is continuous, we let ¢, € M, Given ¢ > 0, take & = ¢/n with
n = MT (ki + ko) where k; and ks are given by (H3). Now, for ||¢ — ¢|| < &, we have

t+T
g — Ay < M/ (ks + o) [l — ] ds
t
<nlle—v| <e.

This proves that A is continuous.
To prove that the image of A is contained in a compact set. Let o, € M, where n is a

positive integer. Then, as above, we see that

[ Apn] < N.

Next we calculate 4 (Ap,) (t) and prove that it is uniformly bounded. By using (H1),
(H2) and (H3) we get by taking the derivative in (5.14) that

L (Ap) ()= £ (t9n 1) 0 (¢ — 7 (D)) G (10) (exp (4T) — 1)
+ /lt’”r {(exp (—pT) — 1) Gy (t,t) Go (t,s) —b(t) G (t,s) + /tt+ P(4,0) G, (0.9)do
X [ (8,00 (), n(s—7(s)))ds.

Consequently, by invoking (H3) and (5.16), we obtain

3 (A0 (0] < [0+ 8 N 410 M (exp (0T) — 1)
+ [(exp (—pT) — 1) My M + BM + MyTe"] (k1 + ko) N+ p) T

<D,

for some positive constant D. Hence the sequence (Ag,) is uniformly bounded and
equicontinuous. The Ascoli-Arzela theorem implies that a subsequence (Agp,, ) of (Apy,)
converges uniformly to a continuous T-periodic function. Thus A is continuous and A(M)

is contained in a compact subset of M. m
Lemma 5.8 For B be defined in (5.15), suppose (H1), (H2), (5.5), (5.17), (5.19) and
all conditions of Theorem 1.5 hold. Then B : M — M is a large contraction.

Proof. Let B be defined by (5.15). Obviously, By is continuous and it is easy to prove
that (By)(t+ 1) = (By)(t). So, for any ¢ € M, we have

[(Be) (1) S/t () H (¢ ()| |G (2, )] ds

< oMTwas (| (M) )y < P <y

5.2. Existence of periodic solutions
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by (5.17) and (5.19). Then, for any ¢ € M, we get
1Byl < N.

Thus By € M. Consequently, we have B : M — M.
It remains to prove that B is a large contraction. By Theorem 1.5 H is large contraction

on M, then for any ¢, € M, with ¢ # ¢ we have

(By) (1) — (BY) ()] < / G (t,s)r () [H (9 (s)) — H (1) (3))] ds

< OMT [lp — ol < o =]

Then ||By — Byl < |l¢ —¢|. Now, let ¢ € (0,1) be given and let ¢,v € M, with
|l — || > ¢, from the proof of Theorem 1.5, we have found a ¢ € (0,1), such that

((He) () = (HY) ()] <ol =9Il

Thus,

[(Be) (1) = (By) ()] < /t G (t,s)r(s)[H (p(s)) = H (¢ (s))] ds

OMTS o — ¢l <0l — .

A

So,
1B — Byl < dle -l

The proof is complete. =

Theorem 5.1 Let M defined by (5.13), B, 0, u be given by (5.16). Suppose (H1)-(H3),
(5.5), (5.8), (5.17)-(5.19) and all conditions of Theorem 1.5 hold. Then (5.1) has a

T'-periodic solution in M.

Proof. By Lemmas 5.7, the mapping A : Ml — M is compact and continuous. Also, from
Lemma 5.8, the mapping B : Ml — M is a large contraction. Moreover, if p,9 € M, we
see that

N (J-DN
| Ap + Bell < | Ap] + 1BY] < = + U-HN

Thus Ay + By € M.
Clearly, all the hypotheses of Krasnoselskii-Burton’s theorem are satisfied. Thus there

exists a fixed point z € M such that z = Az + Bz. By Lemma 5.6 this fixed point is a
solution of (5.1). Hence (5.1) has a T-periodic solution. m

5.2. Existence of periodic solutions
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5.3 Existence of nonnegative periodic solutions

This section is concerned with the existence of a nonnegative T-periodic solution of (5.1).
Again, we arrive at our results by using Theorem 1.7. Since we are looking for the
existence of nonnegative T-periodic solutions, some of the conditions in previous sections

will have to be modified accordingly. For a positive constant N we define the set
M={pePr:0<¢p<N}, (5.20)

which is a closed convex and bounded subset of the Banach space Pr.
We assume that for all t € [0,T], z,y € M

N
< H < —. 21
0<r()H (@) + ftoy) < 2 (5.21)
Lemma 5.9 Let A and B given by (5.14) and (5.15) respectively. Assume (H1)-(H3),
(5.5), (5.21) hold. Then A,B: M — M.

Proof. Let A defined by (5.14). So, for any ¢ € M, by (5.21) we have

0< (Ap) (1) < /t [r(s)H (¢ (s)) + f(s,9(s),p(s—T7(s))]G (¢ s)ds
< t+Tdes:N.

That is Ap € M.
Now, let B defined by (5.15). So, for any ¢ € M, by (5.21) we have

t+T
0< (By)(t) < /t [r(s) H (¢ (s)) + [ (s,0(s),¢(s—7(s))]G(t,5)ds
< " des = N.

That is Bp € M. =

Theorem 5.2 Suppose the hypotheses of Lemmas 5.7, 5.8 and 5.9 hold. Then (5.1) has

a nonnegative T-periodic solution x in the subset M.

Proof. By Lemma 5.7, A is compact and continuous. Also, from Lemma 5.8, the mapping
B is a large contraction. By Lemma 5.9, A, B : M — M. Next, we show that if ¢, 1 € M,
we get 0 < Ap + By < N. Let ¢, € M with 0 < ¢,¢ < N. By (5.21), we obtain

(Ag) () + (BY) (¢)
t+T
=Z“ G (t,5) [ (s) H (6 () + f (5.0 (), 0 (5 — 7 (5)))] ds

t+T

< = Mds = N.
=/ wmr"®

5.3. Existence of nonnegative periodic solutions
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On the other hand,

(Ap) (t) + (By) (t) > 0.
Clearly, all the hypotheses of Krasnoselskii-Burton’s theorem are satisfied. Thus there
exists a fixed point z € M such that z = Az + Bz. By Lemma 5.6, this fixed point is a

nonnegative T-periodic solution of (5.1) and the proof is complete. m

5.3. Existence of nonnegative periodic solutions
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differential systems.
This chapter has been extracted from the research paper [78],
A. Guerfi, A. Ardjouni, Investigation of the periodicity and stability in the neutral dif-

ferential systems by using Krasnoselskii’s fixed point theorem, Proceedings of the Institute

of Mathematics and Mechanics 46(2) (2020), 210-225.
In this Chapter, we are interested on the existence and asymptotic stability of periodic

solutions of the following neutral differential system

d d
Sut) — g pult =)

= P()+ A u()+ At quit—r) = bf (w(t) +baf (w(t—7),  (61)

where b > 0, |¢| < 1, r > 0 and A is nonsingular n X n matrix with continuous real-valued
functions as its elements. The functions P : R — R™ and f : R® — R" are continuously
differentiable.

In the analysis we use the fundamental matrix solution coupled with Floquet theory
to invert the differential system (6.1) into an integral system. Then, we employ Kras-
noselskii’s fixed point theorem to show the existence and asymptotic stability of periodic
solutions of the system (6.1). The obtained integral system is the sum of two mappings,
one is a compact operator and the other is a contraction. The results obtained here extend

some results of the work of Ding and Li [62].

64
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6.1 Existence of periodic solutions

In this section, C* (R, R™) and C (R, R") denote the set of all continuously differentiable
functions and all continuous functions ¢ : R — R respectively. For T' > 0, Cpr = {¢ €
C(R,R™), ¢(t+T)=¢(t)} is a Banach space with the supremum norm

¢l = suplé(t)| = sup [6(1)]

te[0,T

where |.| denotes the infinity norm for x € R™ and C} = C' (R,R") N Cr is a Banach
space with the norm ||¢||; = ||¢[|, + ||¢'||, in a period interval. Also, if A is an n x n real
matrix, then we define the norm of A by [A] = maxi<i<, >, ail.

For a sufficiently small positive L, (6.1) can be transformed as

d

d
Zo(t) = gzt —7)

— LP, () + LA, (t)v (t) + LA, () qu (t — 7) — Lbf (v () + Lbgf (v (t — 7)),  (6.2)

where v (t) = u (Lt), 7= 7, P1 (t) = P (Lt) and A, (t) = A(Lt).
First we make the following definition.

Definition 6.1 If the matrix A; is periodic of period w = %, then the linear system
y' (t) = LA:i(t)y (1), (6.3)

is said to be noncritical with respect to w if it has no periodic solution of period w except

the trivial solution y = 0.

Throughout this paper it is assumed that system (6.3) is noncritical. Next we state
some known results [54] about system (6.3). Let K represent the fundamental matrix of
(6.3) with K(0) = I, where I is the n x n identity matrix. Then

(a) det K(t) # 0.
(b) There exists a constant matrix B such that K(t+w) = K(t)eP*, by Floquet theory.
(¢) System (6.3) is noncritical if and only if det(I — K (w)) # 0.
Lemma 6.1 If the matriz LA, is periodic of period w and h € C,,, then the linear system
' (t) = LA (t)z (t) + h(t), (6.4)

has a unique w-periodic solution

2(t) = K(t) (K (w) - 1)~ /t i K~'(s)h (s) ds.

6.1. Existence of periodic solutions
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Proof. Since K (t)K~'(t) = I, it follows that
d —1 o d -1 d -1
0 = S(RWKD) = 4 KW) K0+ K@)5 (K(0)
= (LA K () K1) + K (1) 5 (1)
= LA+ KT (K7 0)
This implies ;
7 (K7'(t)) = =K '(t)LA, (t). (6.5)
If x is a solution of (6.4) with z(0) = zo, then
T e ()] = L (K 0) e () + K1) L ¢
SR e @] = 5 (K 0) 2 )+ K70 50 )
=K 't)LA, )z (t) + K '(t) [LAL (t) z () + R (1))
=K ' (t)h (1),
by (6.5). An integration of the above equation from 0 to ¢ yields
2(t) = KBz (0) + K(?) /0 K=Y(s)h (s) ds. (6.6)
Since z(w) = xy = x(0), we get
2(0) = - K(w)™" /Ow K(w)K ! (s)h (s)ds. (6.7)
A substitution of (6.7) into (6.6) yields
z(t) = K(t) (I — K(w))™" Ow K(w)K(s)h(s)ds
+ K(t) t K (s)h(s)ds. (6.8)

Since
(I - K@) = (Kw) (K (w) =1))" = (K '(w) ~ 1)
(6.8) becomes

6.1. Existence of periodic solutions
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By letting s = u — w, the above expression implies
2(t) = K(t) (K (w) = 1) { / K~'(s)h(s)ds
t+w t
+K_1(w)/ K (p—w)h (u—w) du} . (6.9)
By (b) we have K(t —w) = K(t)e B*and K (w) = eP“. Hence,
K @)K (i — w) = K~ ().
Consequently, (6.9) becomes

() = K(t) (K (w)— 1) { /t K (s)h (s) ds + /w o K=Y(s)h (s) ds} .

]
By applying Lemma 6.1 and Theorem 1.4, we obtain in this section the existence of

periodic solutions of (6.1).

Theorem 6.1 Suppose that f € C' (R™) and Py, Ay € CL. If there exists a constant
H > 0 such that

sup |f (u)] ) . 610
H (1+ 1+ L||A]) cw) Lb’ '
and that
sup |f(u)]
ol < 1—(1+ (1+ L ||A1]]) cw) Lb™=— e
L+ 2| A | (1 4+ (1 + L||JA]]) ew) L+ (14 (1 + L ||A4]]) cw) Lb@
and

1P < i pi ey~ 2l H = b ) s 1] (612

where ||A1]| = sup |A; (t)| and
te0,w]

c= sup ( sup |[K(s)(K ™' (w) = K (t)] ).

tel0w] t<s<ttw

Then (6.1) has a T-periodic solution.

6.1. Existence of periodic solutions
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Proof. According to the condition (6.12), we get

(14 (L + LA cw) L1 Prflg + [1 A+ (U4 (1 + L{[A]) cw) 2L (| Au[[] lg| H

+ (14 (1 + L[ Ax]]) cw) Lb (1 + |g]) sup | (u)]

<1+ 1+ L|JA])ew)L

(1 —1ql) H
. {(1+(1+L||A1||)CW)L —2|[Aull gl H = b (1+g]) sup |f(U)|}

lul<H

+ 1+ (14 (14 L A]]) cw) 2L (| As[[] |g| H
+ (1 + (14 L[| Au]]) cw) Lo (1 + gl) sup |f (u)|

jul<H
= H. (6.13)

We need to prove that (6.2) has a w-periodic solution. Let

S={s €l lIgll, = llgll, + I¢'lly < +o0},

and
M:{¢€S’ ||¢||1 < H}7

then M is a bounded closed convex set of the Banach space S.
Consider the system

%U (t) = LAy (t) v (t) + LP, (t) + LA, () qu (t — 7)

— Lbf (v(t)) + Lbgf (v(t — 1)) —|—q%v(t—7).

According to Lemma 6.1, this equation has a unique w-periodic solution
U(t):K(t)( / K ' (s)[LP (s) + LA, (s)qu (s —T)

Lbf (v(s)) + Lbaf (v (s — 7)) + q%v (s — ﬂ} ds,

Performing an integration by part and the fact that v (t +w—7)=v(t —7), we obtain

K(t) (K\w) — 1) / K (s)av (s — 1) ds
= K(t )(K Yw) — [K (t+w) K_l(t)} qu(t—7)
—/t % [K‘l(s)} qu (s —T) ds} (6.14)

Noting that K~ 1(t + w) = e P* K~1(t), we have

Kl't+w) - K'(t) = e’B‘“K () K=t
= (K 'w) — 1)K~ '(t). (6.15)
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Since p
STt = —K T (OLA (), (6.16)

then, a substitution of (6.15) and (6.16) into (6.14) yields
K(t) (K Y (w) - 1) / . K_l(s)qév (s —7)ds
qo(t—7)+ K(t) (K / K1 (s)LA, (s) qu (s — 7) ds.
Therefore
o(t) = quit — 1) + K(t) (K- / K\(s) [LP; (s)
LOLA, (s) qu(s — 7) — Ibf (v (s)) + Lbaf (v (s — 7)) ds.

Define the operators A and B by

Aa) (0= K0 (K@) - 1) [ K6 LR
+2LA; (s)qp (s — 1) — Lbf (¢ (s)) + Lbaf (¢ (s — 7))] ds,
and
(Be) (t) = qp(t— 7).
In order to prove (6.2) has a w-periodic solution, we shall make sure that A and B satisfy

the conditions of Theorem 1.4.
For all x,y € M, we have

r(ttw)=a(t), y(t+w)=y(t) and [lz], < H, [lyll, < H.

Now let us discuss Az + By. We have

(Az) (t+w) = K(t + w) (K (w) — 1)71 / i uJK_l(s) [LP; (s)

t+w

+2LA; (s)qx (s — 1) — Lbf (x (s)) + Lbqf (x (s — 7))] ds.

By letting s = p 4+ w, the above expression implies

t+w
(Az) (t +w) = K(t +w) (K (w) — 1) /t K=+ w) [LP; (4 + w)

+2LA; (p+w)gr (p+w—7)
—Lbf (x (p+w)) + Logf (x (p+w —7))] dp.

By (b) we have
K(t+w) = K(t)eP* and K(w) = e?¥.

6.1. Existence of periodic solutions



Chapter 6. Investigation of the periodicity and stability in the neutral differential
systems by using Krasnoselskii’s fixed point theorem 70

Hence

K(t+w) (K (W)= 1) K (u+w)
= K(t) (K (w) = 1) K~ (),

Consequently, the above expression implies

(Az) (t+w) = (K~ / K '(s)[LP (s
+2LA; (s)qx (s —7) — Lbf (x(s)) + Lbgf (z (s —7))] ds
= (Az) (1),
and
(B) (1 +) =yt +—7)
=qy(t—7)=(By) (1),
therefore

(Ax + By) (t + w) = (Ax + By) (t) .

Meanwhile, we get

(Az) (£) = K'(#) (K~ / K=1(s) [LP, (s
+2LA; (s)qu (s — 7) — Lbf (x (s)) + quf (z(s—7))ds
+K() (K (w) = 1) [K Yt +w) — KY(0)] [LP (t)
+2LA; (t) gz (t — ) — Lbf (x (t)) + Lbgf (z (t —7))] . (6.17)
Since
K'(t) = LA, (t) K(t), (6.18)
and noting that K~(t +w) = e"P*K~1(¢), we have
Kl'(t+w)— K 't) = e‘B‘”K ( ) — K7t
= (K~'(w) = I) K~\(1). (6.19)

A substitution of (6.18) and (6.19) into (6.17) yields

(Az)' (t) = LA, (t) (Ax) (t) + LPy (t) + 2LA; (t) gz (t — 7)
— Lbf (z(t)) + Lbgf (z (t —71)).
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Thus,
[Az][, = [[Az|], + ||(¢433)/H0
t+w
= sup |[K(¢) (Kl(w)—[)_l/ Kil(s) [LP; (s)
te[0,w] t

+2LA; (s)gx (s —7) — Lbf (x(s)) + Lbgf (x (s — 7))] ds]

+ sup
te[0,w]

+2LA; (s)qr (s —71) — Lbf (x (s)) + Lbgf (x (s — 7))] ds
+LPy (t) 4+ 2LA; (t)qu (t —7) — Lbf (2 (t)) + Lbgf (x (t — 7))|

1 t+w
LA (1) K(t) (K ' (w) — ) /t K '(s)[LP (s)

< cw

2L (| Ax[ |g| H + Lb (1 + [q]) sup |f (W) + L{[Pl]
ul<H

+ (L+ L{[A cw) | 2L [[Avl[ g H + Lb (1 + [q]) sup [f (u)] + L[| P[]

|u|<H

= (1 4+ (1 + LAd]l) cw) | 2L [[Asll gl H + Lb (1 + ql) sup |f (u)| + L[| Pl

lu|<H

?

and

1Byll, = 11Bylly + || (By)[|, < lal llyllo + lal 14/l = lal lyll,
<lq| H.

Therefore

| Az + Byl

< [lAzl, +1[Byll,

<+ (4 L As]]) ew) 2L | As] gl H

+Lb(1+Iq\)‘s‘li%!f(U)lJrLHPlHo + gl H

=1+ 0+ U+ Lf[Ad]) cw) 2L [[Au][T gl H + (1 + (1 + L[ As]]) ew) L[ Pr]l
+ (14 (1 + L{[A]) cw) Lo (1 + |g]) sup |f (u)].

lul<H

By (6.13), || Az + Byl|, < H. Accordingly, Az + By € M.
For all x € M, || Az||, < H, H(Aaz)/”O < H. According to Ascoli Arzela lemma, the

subset AM of C,, is a precompact set, therefore for all subsequence {z,} of M, there exists
the subsequence {z,, } of {z,} such that Az, — xy € C, as k — +o0.
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Meanwhile, we get

(Az)" (t) = LAY (t) (Az) (t) + L2AT () (Az) (t) + LA (t) [LPy ()
+2LA; (t)qr (t — 1) — Lbf (x (t)) + Lbgf (x (t — 7))]
+ [LP](t) +2Lq[A} (t)x (t —7) + Ay (t) 2 (t — 7)]
—Lbf (z(t)) 2’ (t) + Lbgf' (x (t — 7)) 2" (t — 7)].

Thus,

sup_[(Az)" (t)] < (L [[Asll + (L 1AL + L2 | Au°) ew) [2L || Aull gl H

te|0,w]

+Lb(1+q]) sup |f (w)] + L[ £l

lul<H

+ 2L (1A + (1AL D) [al H

+LbH (1 + |q]) sup [f (u)| + L ||l

lul<H

Therefore there is a constant H; > 0 such that

sup |(Az)" (t)| < Hy and {(Az)": 2z € M} C C,.
te[0,w]

According to Ascoli Arzela lemma, {z,, } has a subsequence, for simplicity, written as
{n,}, such that (Az,, ) — 20 € C,. Since 4 is a closed operator, zy = (z)". Hence,
zg € C! and {Az,} is contained in a compact set. Then, A is a compact operator.

Suppose that {z,} € M, z € S, z,, = =, then ||z, — z||, = 0 and ||z}, — 2/||, = 0 as
n — +oo. And we get

[ Az, — Az,
1 t+w
= sup |K(t) (K '(w)—1) / K~(s)
te0,w] t

X 2LAL(s) q (2 (s = 7) =2 (s = 7)) = Lb(f (2n (s)) — f (2 (s)))
+Lbg (f (2 (s = 7)) = f(x (s —7)))] ds]

<we | 2L [[Adl gl lzn =[] + Lb (1 + |gl) sup [f (zn () = f (x (£))] |,

te[0,w]
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and

I(Aza)" = (Al
= sup LA (1) ((Aza) (1) = (A2) (1))

te[0,w]
+2LA () gz (t—7) =2 (t = 7)) = Lb(f (2n (£)) — [ (x (1))
+Lbg (f (2o (t = 7)) = [ (= 7)))]]
< (1 + L [[Asffwe) L[| Al gl [l2n — 2|

+Lb(1+ gl) sup [f (zn (1)) — f (z (1))l
te[0,w]
When ||z, —z[; = 0 as n — 400, |z, (t) —x(t)] = 0 for ¢t € [0,w] uniformly. And
since f is continuous, [Az, — Az, = 0, ||(Az,) — (Az)'||, = 0. Consequently, A is
continuous.
For all z,y € M, [|[Bx — Byl|, < [q| |z —y||, and [g] < 1, therefore B is a contraction

operator.
Thus, the conditions of Theorem 1.4 are satisfied and there is a ¢ € M such that

¢ = A¢p + Bo. It is a w-periodic solution for (6.2). Since v (t) = u(Lt), P (t) = P (Lt)
and Ay (t) = A(Lt), then (6.1) has a T-periodic solution. m

Example 6.1 Consider the following neutral differential system

d d
L) g ut -
=Pt)+AW)u(t)+At)qu(t—r)—=0bf (u(t))+bgf (u(t—r1)), (6.20)
1 0 1 0
where T =27, b=1, ¢ = "= 2, A(t) = ( 1 >, P(t) = ( 0.01 cos (1) ) and
fu(t) = ( “n (2 0 > For L = 0.25, (6.20) can be transformed as
d d
i (t) — i (t—1)

= LP (1) + LA (t)v (1) + LAy (1) qu (t = 7) = Lbf (v (1)) + Lbgf (v (L = 7)),

0
h ) = u(0.25t), w = 8, T = 8, P (t) = d A1) =
where v(f) = u(0.25), w = 8m, 7 1 () (0.0lcos(O.25t)> and A, (1)

0 1
( L1 ) Since the matrix A; has eigenvalues with non-zero real parts, the system

d
pri (t) = LA; (t)v (t) is noncritical. Let H = 30, then all conditions of Theorem 6.1 are

satisfied and hence (6.20) has a 2w-periodic solution.
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6.2 Asymptotic stability of periodic solutions

This section concerned with the asymptotic stability of periodic solutions. When the
conditions of Theorem 6.1 are satisfied, there is a T-periodic solution u* for (6.1). Let
v (t) =u(t) —u*(t), then (6.1) is transformed as

V() —qu(t—r)=AB)vt)+ A)qut —r) = b[f (v (@) +u (1) = f (u" (2))]
+og[f (vt —r)+u" (t—r)) = f(u" (E—7))]. (6.21)

Obviously, (6.21) has the zero solution. Now we use Krasnoselskii’s fixed point theorem
to prove the zero solution for (6.21) is asymptotically stable. We set S as the Banach
space of bounded continuous function ¢ : [—r,00) — R™ with the supremum norm |.||.
Also, Given the initial function ¥, denote the norm of ¢ by ||¢[| = sup,¢_,.q) |4 (¢)], which

should not cause confusion with the same symbol for the norm in S.

Proposition 6.1 ([54], Proposition 2.14) Ift — @(t) is a fundamental matriz solu-

tion for the system
y' ()= Ay (1), (6.22)

defined on an open interval J, then ®(t,r) := ®(t) P~ (r) is the state transition matriz.

Also, the state transition matrix satisfies the Chapman-Kolmogorov identities
O(r,r) =1, O(t,5)P(s, 1) = D(¢,7),

and the identities

B(t,5)"! = B(s, 1), aq’éi’ ) _ ot 5)A(s).

Theorem 6.2 If all conditions of Theorem 6.1 are satisfied, f satisfies the locally Lips-
chitz condition. Further assume that

P(t) — 0 ast — oo,

and there exists Q > H such that

sup | (u)] + sup [ (u)] < 2 (6.23)
lu|<H+Q lul<H

and that
Q- /\b< sup [f (u)[ + sup If(U)I)

lul<H+Q lul<H

lq| < (6.24)

lul<H+Q lul<H

(1+2M|AH)Q+>\b< sup [ f (u)] + sup !f(U)\>
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and

(1= (1 +2[Al) [g]) @ = Ab (1 + |g]) ( sup | f (u)[ + sup !f(U)|>

lul<H+Q lul<H

e ST 7

(6.25)

where 6 = sup,~ |P(t,0)| and A\ = sup ‘f; O(t,s)ds|. Then the solution of (6.21) v (t) — 0
= >0
as t — oo.

Proof. According to the conditions (6.23), (6.24) and (6.25), we have

(1+2X[|A[) |g] @ + 0 (1 + |g]) ||

+Ab (1 + ql) < sup | f (u)] + sup \f(U)I) < Q. (6.26)

[ul<H+Q lu|<H

Given the initial function v, there exists a unique solution v for (6.21). Let

My ={¢ €S, o] <@, ¢(t) =4 (t) ift € [-r0], |¢ ()] = 0ast— oo},

then M, is a bounded convex closed set of S.
Let v be a solution of (6.21). We write (6.21) as

S~ ao (- 1)
= AW )+ AW o (=) = bIF (0 0) " (1)) = f (" (1)
H0g1f (vl =)+ (6= ) = ] (@ (0= )]

Since @ is a fundamental matrix solution for the system (6.22). We have
d , __
AP0 w0 —av(t 1)}

~{Go 0} o0 -+ e 0L 0 - we- ).

By the Proposition 6.1, it follows that
d

pr o) = —d AL,

Then

AP O 00— g0 ()}

= 0 DA W) (v (1) — qv (t =)+ S (DA 0 (1)
FAW ot —1) = bIf (0 (1) +u* (1) = f (u* (1)

b [f (0 (¢ = 1)+ (= 1) = £ (u (¢ = )]}

= 07 () {2A () qu (t ) — bIF (0 () +u" (1) — £ (u" (£)
by [F (0 (E =)+ (£ = 1)) — £ (" (¢ = )]}
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An integration of the above equation from 0 to ¢ yields
O (t) (v (t) —qu(t—7)) = 7(0) (v (0) — qu (0 — 1))
= /O 71 (s) {24 () qu (s —7) = D[f (v (s) +u" () = f (u" (s))]
+bg[f (v(s—r)+u"(s—r)) = f(u" (s —7))]}ds. (6.27)

(6.27) can be expressed by

v(t) =®(t,0) (v(0) —qu(0—7))+qu(t—r)

+ /0 O(t,5) {24 (s) qu(s —7) = b[f (v (s) + " (s)) = f (v (s))]

+oq[f(v(s—r)+u (s—7r))— f(u" (s—1))|}ds,

then we have

v () ®(t,0) (¥ (0) =g (0=7)) +qu(t —7)
+/0 ®(t,5) {24 (s) qu (s —r) = b[f (v(s) +u" (s)) = f (u" (5))]

+og[f (v(s —=7)+u” (s = 7)) = f(u" (s = 7))]} ds.

For all ¢ € M, define the operators .4 and B by

0, t €[-r0],
(A) (¢ Jo ®(t,5) {24 (5) g6 (s =) = b (¢ (5) +u* (5)) = f (u" (5))]
+bg [f (¢ (s —r) +u (s —7))

— f(u (s =r))l}ds, t >0,

and

(Bo) (1)

¢(t)v le [_T70]7
®(t,0) (¥ (0) =g (=r)) +qp (t —7), t = 0.
(¢) For all z,y € My, x (t) = 0 and y (t) — 0 as t — oo, then (By) (t) — 0 and
lim (Az) (t)

t—o0

= lim

tim {0 0) [ 076 240 g0 (s = 1) = DIF (0 (6) 4 07 ()~ £ 0 (9)

+bg[f (@ (s —7) +u” (s = 7)) = f (u” (s = 7))]} ds}
=0,
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therefore 1tlim (Ax + By) (t) = 0. And
—00

/0 ®(t,5) {24 (s) g (s —r) = b[f (2 (s) + u" (s)) — f (u" (s))]

+oq[f (s —r) +u' (s —7)) = f (u" (s —7))]} ds|

| Az|| = sup
>0

< {2 141 gl sup | ()] + b

sup [ f (u)] + sup |f(U)\]

[ul<H+Q lul<H

thlgl | sup |f (w)]+ sup \f(u)\”sup / o(t, 5)ds
ul<H+Q ul<H 20 | Jo
< |2014] |q\@+b<1+rq|>( sup |f (u)| + sup If(u)!>],
lu|<H+Q lu|<H
and
Byl = sup|(By) ()
= max{ [0l sup [90,0) (6 0) = v (=) + a1~ )]
< @(1+IQI)|\¢II+Stl>113|qy(t—T)|
< 00+l ¢l + ldl Q.
Thus,
| Az + By|
< Az + 1By
<A

2[|All gl @ + 0 (1 +ql) ( sup | f ()] + sup If(U)|>]

lul<H+Q lul<H

+0(1+ gD ¥l + el @
= (L+ 21 [|AlD) ¢l @ + 0 (1 + [al) [[¢]]

+ Ab (1 + qf) ( sup | f (u)[ + sup If(U)!> :

lul<H+Q lul<H

According to the condition (6.26), || Az + By|| < Q. Thus, Az + By € M.
(¢7) For all z € My, ||z]| < Q. And

[(Az) (t)] =0, t € [-r,0],

6.2. Asymptotic stability of periodic solutions



Chapter 6. Investigation of the periodicity and stability in the neutral differential
systems by using Krasnoselskii’s fixed point theorem 78

and

|(Az)' (1)]
= 'A (t) /0 O(t,5) {24 (s) gz (s —r) = 0[f (w (s) +u" (s)) = [ (" (s))]

+bg [f (x (s —r)+u(s—r)) = f(u" (s —7))]}ds
+{24 () g (t —r) = b[f (z () +u” (1) — f (u" (2))]
+bq [f (2 (t —r) +u” (t = 7)) = f(u” (¢t =7))]}]

< (L+A[AND) [2[1AlHgl @ + b (1 + la]) ( sup | f (u)] + sup |f(U)|)] :

[ul<H+Q lul<H

here, the derivative of (Az) (t) at zero means the left hand side derivative when ¢t < 0
and the right hand side derivative when ¢ > 0. One can see |(Az)’ (t)| is bounded for all
xr € M, and AM,, is a precompact set of S. Therefore A is compact.

Suppose {z,} C My, z € S, x, — x as n — oo, then |z, (t) — x (t)] — oo uniformly
for t > —r as n — 0o0. Since

14z, — Az|
0 / (t,5) {24 () q (20 (s — 1) = 2 (s = 1))

—b[f (zn(s) +u™(s)) = f(x(s) +u"(s))]
+oq[f (wn (s =) +u™ (s = 7)) = (2 (s —r) +u" (s —7))]} ds
< AR Al gl llzn — =[] + 0 (1 + [ql)

X sup | f (zn (t) +u* (1) — f(z () +u"(1))]],

t>—r

and f is continuous, therefore|| Az, — Az| — 0 as n — oo and A is continuous.
(¢73) For all z,y € My,

|Bx — Byl| = sup lqgr (t —7) —qy (t —7)] <|q| |z —yll,

and |g| < 1, therefore B is a contraction operator.

According to Krasnoselskii’s fixed point theorem, there is a ¢ € M, such that
(A+B)¢ = ¢ and ¢ is a solution for (6.21). Because the solution through v for the
equation is unique, the solution v (t) = ¢ (t) > 0 ast — co. m

When f satisfies the locally Lipschitz condition, H in Theorem 6.1 and () in Theorem
6.2 exists, there is a constant R > 0 such that

[f (w(®) +u™ (1) = f @) < Rlo ()]
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Since ¢ satisfies

G(1) = B 0)(0) — v (—) + gb(t— 1)
# [ B9 2A G 06 (1)~ bIF (6 6) 40" () £ o 5)
gL (6 (5 — )+ u* (5 — 1) — F (u (5 — )]},
then
101 <61+ lal) 10+ lal 161l + M2 A1 gl 6]l + b1+ lal) RS,

that is
(1 —lal = AC[IA[l lg| + (1 + |g)) R)} o]l <0 (1 + [al) l¥]l-

Then there clearly exists a 6 > 0 for each ¢ > 0 such that |¢ (t)| < € for all t > —r if
||| < d. Thus we have the following theorem.

Theorem 6.3 If R satisfies
1—lgl = A2[|All gl +b(1 + |q])) R > 0.

Then the zero solution for (6.21) is stable.
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Existence and uniqueness of mild solutions

for nonlinear hybrid Caputo fractional
integro-differential equations via fixed point

theorems

Keywords. Hybrid fractional integro-differential equations, fixed point theorems, exis-

tence, uniqueness.
This chapter has been extracted from the research paper [76],
A. Guerfi, A. Ardjouni, Existence and uniqueness of mild solutions for nonlinear hy-

brid Caputo fractional integro-differential equations via fixed point theorems, Results in
Nonlinear Analysis 4(4) (2021), 207-216.

7.1 Introduction

Fractional differential equations arise from a variety of applications including in various
fields of science and engineering. In particular, problems concerning qualitative analysis
of fractional differential equations have received the attention of many authors, see [9],

[10], [37], [56], [60], [82], [90], [93], [113], [123], [125] and the references therein.
Hybrid differential equations involve the fractional derivative of an unknown function

hybrid with the nonlinearity depending on it. This class of equations arises from a variety
of different areas of applied mathematics and physics, e.g., in the deflection of a curved

beam having a constant or varying cross section, a three-layer beam, electromagnetic

waves or gravity driven flows and so on [56], [57], [59], [61], [113], [122].
Recently, Dhage [57] discussed the following first order hybrid differential equation with

80
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mixed perturbations of the second type

4 [MOZHsO] = g (1 (1)), t € [to,to +a],
u (tg) =g € R,

where [tg, to + a] is a bounded interval in R for some ty,a € R with a > 0, f : [to, to + a] X
R — R\ {0} and k,¢ : [to,to +a] x R — R are continuous functions. He developed the
theory of hybrid differential equations with mixed perturbations of the second type and
provided some original and interesting results.

Zhao et al. [125] discussed the following boundary value problem of nonlinear fractional

differential equations with mixed perturbations of the second type

Ftu(t))
u(t)—k(tu(t)) u(t)—k(tu(t) _
“[ ful0) ]to“’[ Fal LZT*C’

where 0 < a < 1, “Dg, is the Caputo fractional derivative, f : J x R — R\ {0} and

k,g: JxR — R are continuous functions, a, b and c are real constants with a+b # 0. They

Dy, MO — g (1 u(t), te S =[0.T],
u(
)

established an existence theorem for the boundary value problem under mixed Lipschitz

and Carathéodory conditions by using the fixed point theorem in Banach algebra due to
Dhage.

In [9], Ardjouni and Djoudi studied the existence and approximation of solutions for the
following initial value problem of nonlinear hybrid Caputo fractional integro-differential

equations

C Na u(t) B B
D0+ ( ()+F(5 fO (t=s) B ! g(s,u(s))d s) - f(t’u(t))a teJ= [07CL],
u(0)=p(0)0,

where 0 < a <1,0< < 1,0 €R, g, f:J xR — R are continuous functions and
p:J — R is a continuous function. By using the Dhage iteration principle, the authors
obtained the existence and approximation of solutions under weaker partially continuity
and partially compactness type conditions.

In this chapter, we discuss the existence and uniqueness of mild solutions for the
following initial value problem of nonlinear hybrid first order Caputo fractional integro-

differential equations

c u(t)— f(tu®)) _
D <p(t )fott $)P1g(s ,u(s))ds) —h<t;U(t)); t e [O,T],
u(0) = f(0,u(0)) +p(0)8,

where ©Dg, denotes the Caputo fractional derivative of order o € (0,1), 8 € (0,1),
0eR, p:[0,7T] >R and f,g,h:[0,7] x R — R are continuous functions with p (t) +

]éir g (t,u(t)) # 0. To show the existence and uniqueness of mild solutions, we transform

(7.1)

7.1. Introduction
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(7.1) into an integral equation and then use the Krasnoselskii and Banach fixed point
theorems. Also, we provide an example to illustrate our obtained results. Finally, we

study the Higher order Caputo fractional integro-differential equations.

7.2 Preliminaries

Let C ([0,7],R) be the Banach space of all real-valued continuous functions defined on

the compact interval [0, 7], endowed with the norm

[ul = sup |u(?)].
te[0,7)

L' ([0,T],R) denotes the space of Lebesgue integrable functions on [0, 7] equipped with

T
lulls = / fu (s) ds.

We consider the following set of assumptions.
(A;) There exists a constant K > 0 such that

the norm ||.||;, defined by

|f(tu) = f (8 0)] < Ky lu— vl

for all t € [0, 7] and u,v € R.
(Ay) There exist functions H,G € L' ([0,T],R,) such that

|h(t,u)| < H(t) and |g(t,u)] < G(t), t €[0,T].
(A3) There exists a constant K, > 0 such that
Ip(t2) — p(t1)| < K, [ta — t1] for all ty,t5 € [0,7T7.
(A4) There exist constants K, K, > 0 such that
\h (t,u) — h(t,v)| < Kplu—v| and |g(t,u) — g (t,v)| < K, |u— v

for all t € [0, 7] and u,v € R.
We introduce some basic definitions and necessary lemmas related to fractional calculus

and fixed point theorems that will be used throughout this chapter.

Definition 7.1 ([90]) The left sided Riemann-Liouville fractional integral of order a > 0
of a function u : [0,7] — R is given by

1 ¢ o1
m/o (t—9)""u(s)ds,

where I' denotes the gamma function.

7.2. Preliminaries
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Definition 7.2 ([90]) Let n — 1 < a < n. The left sided Riemann-Liouville fractional
derivative of order a of a function w : [0, 7] — R is defined by

ar 1 ar

¢
D§iu(t) = = —— Iy (t) = / (t—s)""* " u(s)ds, t >0,

T (n—a)dt

provided the right side integral is pointwise defined on [0, T]. In particular, if 0 < a < 1,
then

_d oy 1 d [* u(s)
Dijeu (t) = S 137w (t) = F(1—a)£/(t—s) ds, t > 0.

Definition 7.3 ([90]) Let n —1 < o < n. The left sided Caputo fractional derivative of
order a > 0 of a function u € C"([0,T],R) is given by

na n 1 ! n—a— n
“Dgix (1) = I ()(t)zm/(t—s) o (s)ds, t> 0.
0
In particular, if 0 < a < 1, then

1 TR E)

C na l—a, /

D t)y=1 t) = ds, t

0+U() 0+u() F(l—a)/o(t— ) 8y > 0.

Moreover, the Caputo derivative of a constant is equal to zero.

Lemma 7.1 ([90]) Let o >0 and u € C™ ([0, T],R). Then
1) “Dg I¢u(t) = u(t).

w0
2) 13+CD0+U( ) =u(t) - Z ( e
In particular, when o € (O, 1) Ig+CDO+u( ) =wu(t) —u(0).

From the definition of the Caputo derivative, we can obtain the following lemma.

Lemma 7.2 ([90]) Letn—1<a <n andue C"([0,T],R). Then
IS D0+u( ) = u(t) + o+ cit + ot + .o+ t" T
for somec, € R, k=0,1,2,...n— 1.

In particular, when o € (0,1), I&Dgu (t) = u(t) + co.

7.3 First order Caputo fractional integro-differential
equations

In this section, we discuss the existence and uniqueness results for the initial value prob-

lems (7.1).
Let us start by defining what we mean by a mild solution of the problem (7.1).

7.3. First order Caputo fractional integro-differential equations
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Definition 7.4 A function u € C ([0,7],R) is said to be a mild solution of the problem
(7.1) if u satisfies the corresponding integral equation of (7.1).

For the existence and uniqueness of solutions for the problem (7.1), we need the fol-

lowing lemma.

Lemma 7.3 u € C([0,T],R) is a mild solution of (7.1) if u satisfies

w0 = () + 5 [ =9 sl as)

1 t a1
X (W/o (t—s) h(s,u(s))ds+9) + f(tu(t)). (7.2)

Proof. Let u be a solution of the problem (7.1). Applying the Riemann-Liouville frac-
tional integral I, on both sides of (7.1), by Lemma 7.2, then we obtain

w(t) = f (bu(t))
p(t)+ iy Jy (¢ — ) g (s,u(s)) ds

= IS h(tu(t)) +c

for some ¢ € R. So, we get

w0 = (0 + 5 [ =9 ol as)

« (ﬁ /Ot (t—s)o‘_lh(s,u(s))ds—i—c) +F(tu). (7.3)
Substituting £ = 0 in the above equality, we have
u(0) =p(0)c+ f(0,u(0)).
The condition u (0) = f (0,4 (0)) + p(0) # implies that
=9, (7.4)

Substituting (7.4) in (7.3) we get the integral equation (7.2). m
Now we will give the following existence and uniqueness theorems for the initial value

problem (7.1).
Theorem 7.1 Assume that hypotheses (A1 )-(As) hold. Furthermore, if
Kf <1, (75)

then the initial value problem (7.1) has a mild solution defined on [0,T].

Proof. Set B = C([0,7],R) and define a subset M of B by

M={ueB, |ul| <N},

7.3. First order Caputo fractional integro-differential equations
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where

TPNG .\ (TN H|
N = K;N + F, KT 0 L L 0
N o+( : +1p<>r+r<ﬁ+1>)(r(a+1)+| |),

with Fy = supepo | f (¢,0)]. Clearly, M is a closed, convex and bounded subset of the
Banach space B.
Define two operators A, B : M — B by

it = (b0 + 5 [ =9 sl s

I'(B)
I a1
X (m/o (t—s) h(s,u(s))ds—l—@), t e [0,7], (7.6)
and
(Bu)(t) = f (t,u(t)), t €[0,7]. (7.7)

Now, (7.2) is equivalent to the operator equation
u(t) = (Au)(t) + (Bu)(t), t € [0,T].

We shall use Krasnoselskii’s fixed point theorem to prove there exists at least one fixed
point of the operator A + B in M. The proof will be given in several steps.

Step 1. We prove that B is a contraction with constant K; < 1. Let u,v € M. Then
by (A1), we get

[(Bu)(t) = (Bu)(t)] = [f (£, u (b)) = f (&0 (6)] < Kplu(t) —v (1)

< Ky ||u—vf
for all ¢ € [0, T]. Taking supremum over ¢, then we have
[Bu — Bul| < Ky [lu — v

for all u,v € M. Thus, by (7.5), B is a contraction operator on M with constant K, < 1.
Step 2. We prove A is a compact operator on M into B. It is enough to prove that

A(M) is a uniformly bounded and equicontinuous set in B. On the one hand, let u € M
be arbitrary. Then by (Aj), we get

|(Au)(t)| < (]p(t)| —i—ﬁ/o (t—s)"" \g(s,u(s))\ds)
1

<t [ =9 s topls + o)
< (Kt 4O+ 5 [ -9 Gl

(7 [ =9 )l + o)

ﬁ (67
< (KPT+ lp (0)] + ?(gcﬂﬁ) (?(c'ﬁHlL)l * W)

X
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for all ¢t € [0,T]. Taking supremum over ¢, we obtain

TGl (T 1H
b = (17-+ b 01+ £l ) (Tl + )

for all u € M. This shows that A(M) is uniformly bounded on M.
On the other hand, let t1,t € [0,7] be arbitrary with ¢; < t5. Then for any u € M,
we get

|(Au)(ts) = (Au)(t,)]

P+ 15 / "t — )" g (s,u (s)] ds)

Thus,

|(Au)(ts) = (Au)(t1)]

&}
+(Kp|t2—t1|+% G(s)ds
TGl T | [
< (Wl + T i | s

to

T8 T H|
<Kp|t2—t1|+m ) G(S)d&’)(%—i-wo

Ié] %
() + b8 ) s o) = ()
(Zobi

Th8
T (Oé——l— 1) + |9|> (Kp |t2 - tl‘ + m |O' (tg) — 0 (t1)|) s
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where p (¢ fo s)ds and o (t) = fot H (s)ds. Since the functions p and o are contin-
uous on compact [O,T |, they are uniformly continuous. Hence, for € > 0, there exists a
0 > 0 such that

[ta — t1] < 6 = |(Au)(t2) — (Au)(t1)]| < ¢

for all t1,t, € [0,T] and u € M. This shows that A(M) is an equicontinuous set in B.
Now the set A(M) is uniformly bounded and equicontinuous set in B, so it is a relatively
compact by Arzela-Ascoli theorem. Thus, A is a compact operator on M.

Step 3. We prove A is a continuous operator on M into B. Let {u,} be a sequence in
M converging to a point u € M. Then by the Lebesgue dominated convergence theorem,

we obtain

ggg@m%xw::(pu>+-¥i—1fa——@5”'mng<aun@»d{)

() i
x(ﬁ t—s)alnh_gloh(s un())ds+9>
~(p0+ 15 [ =9 Mgl as)
« Fl) t—s)alh( ())ds+9>

— (Au)(1)

for all ¢ € [0,7]. This shows that {Au,} converges to Au pointwise on [0,7]. Moreover,
the sequence {Au,} is equicontinuous by a similar proof of Step 2. Therefore {Au,}

converges uniformly to Awu and hence A is a continuous operator on M.
Step 4. We show Au + Bv € M for all u,v € M. For any u,v € M and t € [0,T], we

have

(Au (&MM
t ot
__Qpa A w@wmﬁnw)
< [ =9 s olds+ ) + 17 (o 0)
L t — )7 G (s)ds
s(&Hw>!+(@A@ ) G<m)
x@j t—@“Hﬂ@@+w)+uwwm—wa+vwm\

TP |Gl 2\ (TN H||
< (KT L L K F, < N.
—( P +’p(o)|+l“(ﬁ+1)>(l“(a+1)+’9’)+ vl + Fo <

This shows that Au + Bv € M for all u,v € M.
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Thus, all the conditions of Theorem 1.4 are satisfied and hence the operator equation
Az + Bz = z has a solution in M. Therefore, the initial value problem (7.1) has a mild
solution defined on [0,77]. m

Theorem 7.2 Assume that (A1)-(A4) are satisfied and

TGl T°K
KKpTﬂp(O)H : ”L>F -

T(B+1)/) T (a+1)
T ||H|| 1 17K, _
#(Fas +01) e 17 =2 < .

Then the initial value problem (7.1) has a unique mild solution defined on [0,T].

Proof. From Theorem 7.1, it follows that the initial value problem (7.1) has a mild
solution in M. Hence, we need only to prove that the operator A + B is a contraction on

M. In fact, for any u,v € M, we have

[((A+B)u) (1) = (A+ B)v) ()]

< (w1 + <2 [ =5y g s, () ds
X (FL /Ot (£ — )2 B (s, (s)) —h(s,v(s))|ds)

TAG|,.\ TKp
K,T 0 L
(”+@(”+FW+D)FW+D
T || H| 11 T°K,
T

AL 101) sy + 6] = ol

Thus,
[(A+B)u—(A+B)v| < Au—vl.

Hence, the operator A + B is a contraction mapping by (7.8). Therefore, by Banach’s

fixed point theorem, the initial value problem (7.1) has a unique mild solution in M. =

Example 7.1 Let us consider the following initial value problem

1 1.
C 3 u(t)fg sin u(t) _1
D0+ (Tr—l—sint-l-r(ll//g3) fot(t—s)72/3 sinu(s)ds) — gcosu <t> ’ te [O’ 1] ’

u(0) = sinu (0) +,

(7.9)
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where o =3, B=3,T=1,0=1, f(t,u(t) = gsinu(t), p(t) =7 +sint, g (t,u(t)) =
ssinu(t), h(t,u(t)) = 2cosu(t). Let Ky = 4, K, =1, G(t) = 5, H(t) = 3. Then
hypotheses (A;)-(Asz) hold. Since

9

1
Kf - g < 1,
hence (7.5) holds. Therefore, by Theorem 7.1, the initial value problem (7.9) has a mild
solution. Also, we have

1 1
ngg,Kh:?aHd)\Zo.957<l,

then (A4) and (7.8) hold. So, by Theorem 7.2, (7.9) has a unique mild solution.

7.4 Higher order fractional integro-differential equa-

tions

The method in Section 3 can be extended to the following initial value problem of nonlinear

hybrid higher order Caputo fractional integro-differential equations

¢pa, <p(t) ) (s))ds) = h(t,u(t), t€[0,T],

+W fO (tfs)

(k)
u(t)—f(tu(®)
f (t—s) B 1g(s u(s))ds
t=0

where « € (n—1,n), € (n—1,n), 0, € R, p:[0,7] - Rand f,g,h:[0,T] xR =R
are continuous functions with p (¢) + ]éig (t,u(t)) #0.

(7.10)

:Qk, k:O,...,n—l,

Lemma 7.4 u € C([0,T],R) is a mild solution of (7.10) if u satisfies

w0 = (p0+ 5 [ =9 sl as)

x(ﬁ/ot(t—s)alhsu d8+2—tk>+ftu()) (7.11)

The proof is similar to that of Lemma 7.3 and hence, we omit it.

Theorem 7.3 Suppose that hypotheses (A1)-(As) and (7.5) hold. Then (7.10) has a mild

solution.

The proof is similar to that of Theorem 7.1 and hence, we omit it.

Theorem 7.4 Suppose that (Ay)-(As) are satisfied and

NG Tk,
K&f+mm»+ W+D)FW+D

risly S

7.4. Higher order fractional integro-differential equations
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Then (7.10) has a unique mild solution.

The proof is similar to that of Theorem 7.2 and hence, we omit it.

7.4. Higher order fractional integro-differential equations



Chapter 8

Periodic solutions of almost linear Volterra

integro-dynamic systems

Keywords. Volterra integro-dynamic systems, time scales, Krasnoselskii’s fixed point

theorem, periodic solutions.
This chapter has been extracted from the research paper [79],
A. Guerfi, A. Ardjouni, Existence, Periodic solutions of almost linear Volterra integro-

dynamic systems, Malaya Journal of Matematik 8(4) (2020), 1427-1433.

8.1 Introduction

Delay dynamic equations arise from a variety of applications including in various fields
of science and engineering such as applied sciences, physics, chemistry, biology, medicine,
etc. In particular, problems concerning qualitative analysis of delay dynamic equations
have received the attention of many authors, see [1], [3], [19], [26], [40], [41], [45], [46],
[47], [71], [91], [106] and the references therein.

Let T be a periodic time scale such that 0 € T. In this chapter, we consider the

following almost linear Volterra integro-dynamic system on time scales

{ 2 (t)=at)p(x(t)) + fjoo C(t,s)h(y(s))As+el(t), (8.1)
b(t)q(y(t)+ [ D(ts)g(x(s)As+ f(t),

where a, b, e and f are rd-continuous functions, p, ¢, f and g are continuous functions.

We assume that there exist constants P, (), H, G and positive constants P*, Q*, H*, G*
such that

p(x) = Pz[ < P*, g (z) — Qx| < @7, (8.2)

and
\h(x) — Hz| < H*, |g(x) — Gz| < G*. (8.3)

91
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To show the existence of periodic solutions of (8.1), we transform (8.1) into an integral
system and then use Krasnoselskii’s fixed point theorem. The obtained integral system
is the sum of two mappings, one is a contraction and the other is compact. Our re-
sults generalize previous results due to Raffoul [106], from the one dimension to the two

dimensions.

8.2 Preliminaries

A time scale is an arbitrary nonempty closed subset of real numbers. The study of dynamic
equations on time scales is a fairly new subject, and research in this area is rapidly growing
(see [1], [3], [19], [26], [40], [41], [45], [46], [47], [71], [91], [106] and papers therein). The
theory of dynamic equations unifies the theories of differential equations and difference
equations. We suppose that the reader is familiar with the basic concepts concerning the
calculus on time scales for dynamic equations. Otherwise one can find in Bohner and
Peterson books [40, 41, 91] most of the material needed to read this paper. We start
by giving some definitions necessary for our work. The notion of periodic time scales is
introduced in Kaufmann and Raffoul [88]. The following two definitions are borrowed
from [88].

Definition 8.1 We say that a time scale T is periodic if there exist a w > 0 such that if
te€Tthent+weT. For T # R, the smallest positive w is called the period of the time

scale.

Example 8.1 The following time scales are periodic.
1) T=U;2 _[2(i — 1)h,2ih], h > 0 has period w = 2h.
2) T = hZ has period w = h.
3) T
4)'1[‘ {t—kz—qm'kGZ m € Ny} where, 0 < ¢ < 1 has period w = 1.
Remark 8.1 ([88]) All periodic time scales are unbounded above and below.

Definition 8.2 Let T # R be a periodic time scale with period w. We say that the
function f : T — R is periodic with period T' if there exists a natural number n such
that T' = nw, f(t £ T) = f(t) for all t € T and T is the smallest number such that
F(t+T) = f(0).

If T = R, we say that f is periodic with period T > 0 if T is the smallest positive
number such that f(¢t +7T) = f(t) for all t € T.

Remark 8.2 ([88]) If T is a periodic time scale with period w, then o(t£nw) = o(t)£nw.
Consequently, the graininess function p satisfies p(t + nw) = o(t £ nw) — (t £ nw) =

o(t) —t = u(t) and so, is a periodic function with period w.

8.2. Preliminaries
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Definition 8.3 ([40]) A function f : T — R is called rd-continuous provided it is con-
tinuous at every right-dense point ¢t € T and its left-sided limits exist, and is finite at every
left-dense point ¢t € T. The set of rd-continuous functions f : T — R will be denoted by

Crd - Crd(T) :Ord(Ta R)

The set of functions f : T — R that are differentiable and whose derivative is rd-

continuous is denoted by
Cld = Cﬁd@r) :Cq}d(Ta R).

T

Definition 8.4 ([40]) For f : T — R, we define f2(¢) to be the number (if it exists)
with the property that for any given € > 0, there exists a neighborhood U of ¢ such that

[(f(o(t) = f(s)) — A (o(t) — s)| <elo(t) —s| forall s € U.
The function f2 : T* — R is called the delta (or Hilger) derivative of f on T*.

Definition 8.5 ([40]) A function p : T — R is called regressive provided 1+ u(t)p(t) # 0
for all t € T. The set of all regressive and rd-continuous functions p : T — R will be
denoted by R = R(T,R). We define the set R of all positively regressive elements of R
by

RT=RT(T,R)={peR:1+ult)p(t) >0, Vvt e T}

Definition 8.6 ([40]) Let p € R, then the generalized exponential function e, is defined

as the unique solution of the initial value problem
z2(t) = p(t)x(t), 2(s) =1, where s € T.

An explicit formula for e,(¢, s) is given by

t
ep(t, s) = exp (/ fu(v)(p(v))Av> , for all s,t €T,

with

log(1+up) ¢
p# 0,
éu(p) = K ) o
p if p=0,

where log is the principal logarithm function.
Lemma 8.1 ([40]) Let p,q € R. Then

(i) eo(t,s) =1 and ey(t,t) =1,

(ii) ep(a(t),s) = (1+ pu(t)p(t))ep(t, ),

(i) oy = cenlts ) where, p(0) = ~ i,

8.2. Preliminaries
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() ey(t,s) = ep(—it) = egp(s, 1),
(v) ep(t, s)ep(s,m) = ep(t, ),
A
- 1 _ _ o)
(vi) <<>> CAON
Lemma 8.2 ([1]) Ifp € RT, then

t
0 < epy(t,s) <exp (/ p(v)Av) , vt e T.

8.3 Periodic Solutions

Let T be a periodic time scale with period w. Let T" > 0 be fixed, and if T # R, then
T = nw for some n € N. By the notation [a, b] we mean

la,b] ={teT:a<t<b},

unless otherwise specified. The intervals [a,b), (a,b] and (a,b) are defined similarly. Let
Pr be the set of all continuous scalar functions, periodic of period T. Then (Pr, ||.||) is a

Banach space with the supremum norm

2] = sup [ (¢)] = sup [z (#)].
teT t€[0,7

In this section we investigate the existence of a periodic solution of (8.1) using Krasnosel-

skii’s fixed point theorem.
The next lemma is essential to our next results. Its proof can be found in [88].

Lemma 8.3 Let x € Pr. Then ||z%| exists and ||z°|| = ||z]|.

In this section we assume that for all (¢,s) € T x T,

¢ ¢
sup/ |C (t,s)] As < o0, sup/ |D (t,s)] As < 0. (8.4)

teT J -0 teT J -

We assume a,b € R* with eg(pa)(t,t —T') # 1 and egqp)(t,t —T') # 1. Suppose that
a(t+T) = a(t), b+T)=bt), e(t+T)=e€(t), ft+T)=f(1),
Ct+T,s+T) = C(t,s), D(t+T,s+T)=D(t,s). (8.5)

Let Pr = Pr x Pr, then Pr is a Banach space when endowed with the maximum norm

| (@, y)ll ZmaX{ sup |z (¢)[, sup Iy(t)\}-

te[0,7) te[0,7

For any positive constant m the set
M = {(z,y) € Pr: [[(z,y)| < m}. (8.6)

is a bounded closed convex subset of Prp.
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Lemma 8.4 [f (z,y) € Py, then (x,y) is a solution of (8.1) if and only if

x(t) =m /t_T [Pa (u) 2% (u) + a (u) p (z(u)) + K (u)] eapa) (T, v) Au, (8.7)
and .
y(t) = ne /tT [Qb (u) y7 (u) + b (u) g (y(u)) + 1 (u)] es(qa)(t, u)Au, (8.8)
where
= [1=ecpa(T,0)] ", mo = [1 = eciou(T,0)]
/ C(t,s)| ))—Hy(s)]As—l—/_ C'(t,s) Hy (s) As,
and

+ /_too D (t,s)[g(x(s)) — Gz (s)] As+ /_; D (t,s) Gz (s) As.
Proof. For convenience we put the first equation in (8.1) in the form
z® (t) + Pa (t) 2°(t)
— Pa(t)a”(t) +a (t)p(w (1) + e (t)
/ C(t5) [l (y () — Hy (s)] As + /_; C'(t5) Hy (s) As. (8.9)

Let

t t

k:(t):e(t)—i—/ C(t,s)[h(y(s))—Hy(s)]As+/ C (t,s) Hy (s) As.

—0Q0 —00

Then we may write (8.9) as

22 () 4+ Pa(t)2°(t) = Pa(t)2°(t) +a () p(x (1) + k(t). (8.10)

Let x € Pr and assume (8.5). Multiply both sides of (8.10) by ep,(t,0) and then integrate
both sides from ¢ — 7" to ¢ to obtain

epa(t,0)z(t) — epa(t — T,0)z(t — T
- /tT [Pa (u) 2% (u) + a(u)p(z (u) + k (u)] epa(u, 0)Au.

Divide both sides of the above equation by ep,(t,0) and use the fact that x(t —T') = ()

to obtain
z(t) [1 = eopay(t,t = T)]

- /t_T [Pa (u) 27 (u) + a (u) p (z (u) + k (u)] es(pay(t, w) Au,
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where we have used Lemma 8.1 to simplify the exponentials. Since every step is reversible,
the converse holds. The proof of (8.8) is similar and hence we omit it. m
Define mappings A and B from M into Py as follows. For (1, ¢2) € M,

A1, 02) (1) = (A1 (91, 92) (1), Az (01, 02) (1))

such that

Ao 0 =m{ [ bt + P @] s (t.u)d0

" /th /_Zo C (t,5) [h (@2 (s)) = Hepa (s)] Aseepa(t; U)Au} ,

Aetonen) 0 =m{ [ 0(0) g oa(w) + Qe 0] ccionlt )

[ D)ot o) - G ()] Bsecian(tu)du

and for (¢r,19) € M|
B (Y1,12) (t) = (By (¥1,%2) (t) , By (11, 12) (1))

such that

By (¢1,92) (1) =m {/ / (u, 8) Hiby (5) Aseopay(t, 1) Au
+/t_Te( ) eo(pa) (t,u)Au}_

By (. ) (1) = { [ [ D)) sseciantt s

[ ) eoon <t,u>Au}.

t—T

It can be easily verified that both A (¢1, v2) and B (11, 1,) are T-periodic and continuous.

Assume
|71 sup/ / (u, )| |H| Aseqpay(t,u)Au < oq <1, (8.11)
teT Jt—T
72| Sup/ / (u, 8)| |G| Aseggn) (t, u)Au < ap < 1, (8.12)
teT

pmlsip{ [ lalPrecim ez
t=T

teT

t u
+/ / |C (t,s)| H* Ases(pa)(t, u)Au}
t—T J—o0

< fr < o0, (8.13)
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and

t
Ima] sup { / b ()] Q*enin (b w)Au
t—T

teT

t u
+/ / |D (t,s)| G*Asesqn)(t, u)Au}
t—T J—o0

< B2 < o0 (8.14)

Choose the constant m of (8.6) satisfying

t
i sup / e ()] eoqpa (W) Au + arm + B < m, (8.15)
teT Jt—T
and
el s / 1 ()] eoan(t, u)Au + agm + B < m. (8.16)
te

Lemma 8.5 Assume (8.4), (8.5) and (8.11)-(8.16) hold. Then B is a contraction from
M into M.

Proof. For (¢1,1,) € M,

B O <mlnl [ / C (1,)] ] Asecray(tu) Au

+ |771\/ ) es(pay (t, u)Au
< |771|SUP/ le (u)] espay(t, u) Au+ agm < m,
teT Jt—T
and
By (101, 465) (8)] = m |n2|/ / (u, 9)] |G| Aseoion(t u) Au
T e / 1 ()] oo (t, u)Au
t—T
t
< el sup / 1 ()] emion (£ w)Au + agm < m,
teT Jt—T
then

1B (1, 92)|| < m.
For (¢1,¢2) , (¥1,12) € M, we obtain

|B1 (1, ¢2) () — By (¥1,92) (t)]
<l [ / 1€ ) 162 (5) = v (5)] At )
< o [[(91, d2) — (b1, o),
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and in a similar way one can easily show that

|Bs (91, ¢2) (t) — Ba (1, 2) ()] < a [[(d1, d2) — (Y1, 02) ] -

Therefore
1B (¢1, ¢2) (1) — B (¢1,92) ()| < a[[(d1, 2) — (¥1,42) |-

where o = max {ay, s} < 1. This proves that B is a contraction mapping from M into
M =

Lemma 8.6 Assume (8.2), (8.3), (8.4), (8.5) and (8.13)-(8.16). Then A from M into

M s continuous, and AM is contained in a compact subset of Prp.

Proof. For any (¢1,2) € M, it follows from (8.2) and (8.3) that
A1 (1, p2) ()]
t
<l { [ Il Iper(w) + P )] ccqmmlt. )0
t—

+/t_T/“ |C(t,8)| |k (92 (s)) — Hepo (S)|A369(Pa)(t,U)Au}

—0o0

<l { [ o) Preciratnu

/ / (t, 5)| H* Aseapa(t, u)Au}

Using (8.13) and (8.15), we get

[Av (o1, 02) (1) < P < m.

and in a similar way we have

|As (01, 92) (B)] < B2 < m.

Therefore
[ A (@1, 02)|| < m. (8.17)

So, A maps M into M, and the set {A(¢1,¢p2)} for (¢, ¢2) € M is uniformly bounded.
To show that A is a continuous we let {(¢}, ¢5)} be any sequence of functions in M with
(&7, &5) — (é1,¢2)|| — 0 as n — oco. Since M is closed, we have (¢, ¢2) € M. Then by
the definition of A we have

A (60, 62) — A(on, 60)]
. {,E}é% Ay (60, 63) (8) — Ar (61, 62) (8]

sup |Ag (@7, ¢) (t) — Az (¢1, d2) (t)’} ;

t€[0,T]
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in which
| A1 A1 (1, ¢2) (t)]

(61263 (1) —
" { | @) + Por )] ecqr t. 00

- /:T ¢ (;) [p (61(w)) + P (u)] ec(pa(t, u) Au
./
-/

/ (63 () — HO (9)] Asecpa(t,u) A
[ cn o) - o o) Aseairatan

<l [ 1o er) - p i)

+[P17 (u) — PoT (u)l] ee(pa) (t, u)Au

// 185 (5)) = (62(5)]

+‘H¢2 H¢2( )HAS@e Pa) (t UAU}

The continuity of p and h along with the Lebesgue dominated convergence theorem implies
that

sup [ Ay (61, ¢5) (1) — A1 (é1, ¢2) (£)] = 0 as n — oo.

t€[0,T]
By a similar argument one can easily argue that

sup [ Az (61, ¢5) (1) — Az (é1, ¢2) (t)] = 0 as n — oo

te[0,7

Thus,
|A (7, 05) — Ao, ¢2)|| = 0 as n — oo.

This proves that A is a continuous mapping.

It is trivial to show that for all (¢, ¢s) € M, there exist constants Li, Ly > 0 such
that |A; (¢1,¢2)A (t)‘ < Ly and ‘Ag (gzﬁl,qbg)A (t)’ < Ls. This means ’A(gzﬁl,gbg)A (t)) <
L where L = max{L;, Ly}. Therefore that the set {A(¢1,d9)} for (¢1,¢02) € M is
equicontinuous. Hence, by the Arzela-Ascoli theorem, AM is contained in a compact

subset of Pr. m

Theorem 8.1 Suppose the assumptions of Lemmas 8.5 and 8.6 hold. Then (8.1) has a

continuous T -periodic solution.

8.3. Periodic Solutions



Chapter 8. Periodic solutions of almost linear Volterra integro-dynamic systemi00

Proof. For (o1, ¢2), (11,12) € M, we get

| AL (@1, 92) (1) + By (¥1,12) (1))
o{ [ a@b i)+ P wlccmm it o

/ / C(t5) [h (02 () — Hepa (5)] Asee(pa)(t,u)Au}
+m {/ / (u, 5) Hipg (5) Aseqpa(t, u) Au
+/tTe( >e@(Pa)(t,u>AuH

t
< m] sup / e (u)] egra) (£, u)Au + arm + By
t—T

teT

< m.

and

s (1, 02) (1) + Ba (61, 42) (1)

< Imlsup/ 1 ()] eoon(t, w) Au + azm + B
teT

<m.

This implies that
A (@1, 92) + B (Y1, 42)]| < m,

which proves that A (o1, p2) + B (¢1,19) € M.
Therefore, by Krasnoselskii’s theorem there exists a function (z,y) in M such that

(z,y) = A(z,y) + B(z,y).

This proves that (8.1) has a continuous T-periodic solution (z,y). m
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Chapter 9

Existence and uniqueness of periodic

solutions in neutral nonlinear
summation-difference systems with infinite

delay

Keywords. Krasnoselskii’s theorem, Contraction, Neutral difference equation, Periodic

solution, Fundamental matrix solution.
This chapter has been extracted from the research paper [77],
A. Guerfi, A. Ardjouni, Existence and uniqueness of periodic solutions in neutral non-

linear summation-difference systems with infinite delay, Rocky Mountain Journal of Math-
ematics 51(2) (2021), 527-537.

9.1 Introduction

Due to their importance in numerous applications, for example, physics, population dy-
namics, industrial robotics, and other areas, many authors are studying the existence,
uniqueness, stability and positivity of solutions for delay differential and difference equa-
tions, see the references [11], [99], [109], [112] and references therein. In this chapter,
we study the existence and uniqueness of periodic solutions of the nonlinear neutral

summation-difference system with infinite delay

Az (n)=P(n)+An)x(n—r71(n))

+AQ (n,x(n—gn)+ Y D(nk)f(x(k), (9-1)

k=—0oc0

where A and D are N x N sequence matrices on Z and Z x Z, respectively, P : Z — RY

is a sequence vector, 7, g : Z — Z* are scalar sequences and the functions f : RV — RY
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and Q : Z x RV — RY are continuous in . The sets Z and Z* denote the integers
and the nonnegative integers, respectively. For more details on the calculus of difference
equations, we refer the reader to [66] and [89]. In this analysis we use the fundamental
matrix solution of Az (n) = A(n)z(n) to invert the system (9.1). Then we employ
Krasnoselskii’s fixed point theorem to show the existence of periodic solutions of system
(9.1). The obtained mapping is the sum of two mappings, one is a compact operator
and the other is a contraction. Also, transforming system (9.1) to a fixed point problem
enables us to show the uniqueness of the periodic solution by appealing to the contraction

mapping principle.

9.2 Preliminaries

For the definitions of the different notions used throughout this chapter we refer, for
example [66], [89], [99], [112]. For T" > 1 define

Cr={¢peC(Z,RY), ¢(n+T)=9¢(n)},

where C (Z, RN ) is the space of all N-vector sequences. Then Cr is a Banach space when
it is endowed with the supremum norm
lzll = maxjz ()] = _max lz(n)].

RNT

Note that Cr is equivalent to the Euclidean space , where |.| denotes the infinity

norm for x € RY. Also, if A is an N x N real matrix, then we define the norm of A by
N
Al = max Y ).

1<i<N 4
Jj=1

Definition 9.1 If the matrix B is periodic of period 7', then the linear system
y(n+1)=B(n)y(n), (9.2)
is said to be noncritical with respect to T, if it has no periodic solution of period 1" except
the trivial solution y = 0.
In this chapter we assume that
An+T) = A(n), Din+T,k+T) = D(n,k),
Tn+T) = 7(n)>7">0, g(n+T)=g(n)>g" >0, (9.3)

where 7* and g* are constants. For n € Z, z,y € RY, the function Q(n,z) is periodic in

n of period T, that is
Qn+T,z) =Q(n,x). (9.4)
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The functions ) and f are globally Lipschitz continuous. That is there are positive

constants k; and k9 such that

Q(n,2) = Q(n,y)| < ki fz —yl, (9.5)
[f(z) = f(y)| < k2|2 —yl, f(0)=0. (9.6)
Also, there is a positive constant ks such that
> ID(nk)| < ks < 0. (9.7)
k=—0oc0

Throughout this chapter it is assumed that the matrix B(n) = I + A(n) is nonsingular
and the system (9.2) is noncritical, where I is the N x N identity matrix. Also, if x is
a sequence, then the forward operator E is defined as Ex(n) = z(n + 1). Now, we state
some known results about system (9.2). Let K represent the fundamental matrix of (9.2)
with K(0) = I, then

a) det K(n) # 0.
b) K(n+T)=B(n)K(n)and K~'(n+T)= K '(n)B~!(n).
c¢) System (9.2) is noncritical if and only if det (I — K(T")) # 0.
d) There exists a nonsingular matrix L such that
Kn+T)=B(n)Kn)L", K*n+T)=L"TK(n).
The following lemma is fundamental to our results.

Lemma 9.1 Suppose (9.8) and (9.4) hold. If x € Cr, then x is a solution of the equation
(9.1) if and only if

e =Qmrn—gm))— Y Al
t=n—(n)
n+T-1 s—1
+ Y O(n,s) | P(s)+ A(s) (Q (s, 2(s—g(s)) — A(t)x(t)
s=n t=s—7(s)
+U(s)z(s—7(s) + Y D(s,k) f(x (k)] (9.8)
k=—o00
where
O (n,s) = K(n) (K(T)™" = 1) K~'(s) (I — A(s) B"\(s)),

and
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Proof. Let z € C7 be a solution of (9.1) and K is a fundamental matrix of solutions for
(9.2). Rewrite the equation (9.1) as

Az (n) =P (n)+ A(n)z(n) — A(n)x(n) + A(n)x (n — 7 (n))

n

+AQ (n,x(n—g(n)+ Y D(nk)f(x(k)

k=—o00

P (n)+ A(n - A, ZA

t=n—71(n)

+[An) = (1= A7 (n) A(n—7 ()] (n—7(n))

+AQ(n,z(n—g +Z (k).

We put A(n) — (1 — A7 (n)) A(n—7(n)) = U(n), we obtain

Alz(n)—Q(n,z(n )+ Z Alt ]

t=n—7(n

k=—o0

Since K (n)K~'(n) = I, it follows that

0 = A[K(n)K '(n)] = AK(n)EK " (n) + K(n)AK™'(n)
()K" (0) B\ (n) + K(m)AK " (n)

This implies
AK 'n)=—-K*(n)A(n) B '(n). (9.9)
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If x is a solution of (9.1) with z(0) = zy, then

A K ) (x<n>@<nx<ng<n>>>+ ] A<t>x<t>)
t=n—r(n)
= AK ()R [x< )~ Qrm—gm)+ Y A@()
t=n—r(n)
PRI WA |2) - Qi —gm) + Y A<t>x<t>]
t=n—r(n)

Thus
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Summing of the above equation from 0 to n — 1 yields

n—1

z(n)=Qmax(n—gm))— Y  Alt)()

t=n—7(n)

+ K(n) (l’ (0) = Q0,2 (0-9¢(0)) + i A(W@))

t=—7(0)

3
—

+K(n)Y K '(s)(I—A(s)B'(s))[P(s)

S

I
=)

L A(s) (Q (sa(s—g() - 3 A(t)x(t))
)

t=s—7(s

+U(s)z(s—7(s) + > D(s,k) f(x (k))] . (9.10)

k=—o00

For the sake of simplicity, we let

H(s)=(I—-A(s)B7'(s))

P(s)+A(s) (Q (s,2(s—g(s)) = A(t)iﬂ(t))
t=s—7(s)

+U(s)z (s —7(s)) + > D(s,k) f(x (k))] .
Since x(T) = zo = x(0), using (9.10) we get
2(0) = Q0. (0—=7(O)+ > Alt)x()

= (I-KT) "y K(T)K Ys)H (s). (9.11)

z(n)=0Q n,x( y At
t=n—7(n)
+ K(n) (I NUK(T H (s)
+ i K(n)K ' (s)H (s). (9.12)

-1

(I-K(T)" = (K(T)(K(T)™" =1)) = (K(T)" = 1)

9.2. Preliminaries



Chapter 9. Existence and uniqueness of periodic solutions in neutral nonlinear
summation-difference systems with infinite delay 107

then the equations (9.12) becomes

£ (n) = Q(nx(n— Z e
F K@) (K@) =) S K () (9)+ Y KK (5)H (5
—QUa—gm)— S AWa(t) + Kn) (K@) — 1)
t=n—r(n)
X { - K '(s)H (s) + X_:K(T)AK*I(S)H(S) Ry K1<S)H(S)}
= Q(n,z(n—g(n)+ Kn) (K1) —1)"
X {— K '(s)H (s) + K(T)—lK—l(s)H(s)}

By letting s = w — T in the third term on the right side of the above expression, we end

up with
v(n) = Qn,x(n— Z A)x(t) + K(n) (K(T)™ = 1)~
t=n—7(n)
n—1 T+n—1
X {— S KN s)H(s)+ > K(T)'K'(u—T)H (u— T)} . (9.13)

By (d) we have K(n —T) = K(n)L™T and K(T) = L*. Hence,
KYT)YK Yu—-T)=K '(u).

Moreover, since H (u — T') = H (u) then the expression (9.13) becomes

z(n)=Q(n,a(n— Z Alt K(n) (K™ =1)"
t=n—7(n)
x {—ZK—l(s)H(s)+ Z K—l(s)H(s)}
=Q(n,x(n— Z At
t=n—7(n)

+K(n) (K(T)™" =1)"" Z K

The converse implication is easily obtained and the proof is complete. m
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9.3 Existence and uniqueness of periodic solutions

By applying Theorems 1.4 and 1.2, we obtain in this section the existence and the unique-
ness of the periodic solution of (9.1). So, let a Banach space (Cr, ||.||), a closed bounded

convex subset of Cr,
M= {¢ € Cr, [l¢]l < J}, (9.14)

with J > 0, and by the Lemma 9.1, let a mapping F given by

(Fo) () = Qe (—g) = S AWelt)
t=n—7(n)
£3 0ms) | P +AG) [Qps—g6) - 3 ADe)
s=n t=s—7(s)
+U(s)e (s =7 () + Y D(s,k) [ (k)|. (9.15)
Therefore, we express equation (9.15) as
Fpo=Rp+ S,
where R and S are given by
Re)m) = 3 O(ns) |[P(s)+A(s) | Qspls— g — S AW
s=n t=s—7(s)
+U(s)e (s =7 () + > D(s,k) [ (k)] (9.16)
and -
(Se)(n) =Q(n,p(n—g(n)— > Al)p(t). (9.17)
t=n—7(n)

By a series of steps we will prove the fulfillment of (4), (¢7) and (i77) in Theorem 1.4.
So that, since ¢ € Cr, (9.3) and (9.4) hold, we have for ¢ € M

(Re) (n+T) = (Ry) (n) and Ry € C (Z,RY) = R (M) C Cr, (9.18)

and

(S¢) (n+T) = (S¢) (n) and Sy € C (Z,RY) = S (M) C Cr. (9.19)

The next lemma plays an important role in the compactness of R.

Lemma 9.2 Suppose (9.3)-(9.7) hold. If R is defined by (9.16), then R is continuous

and the image of R is contained in a compact set.
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Proof. Let on € M where N is a positive integer such that o — ¢ as NV — co. Then

[(Reow) (n) = (Rep) (n)]

+1Q (5,08 (s —g(s))) -
+ U [en (s =7 (s)) —
+ ) ID (RIS (on (R) = £ (9 (K)]

Since ) and f are continuous, the Dominated Convergence Theorem implies,

Jim [(Rew) () — (Re) ()] = 0,

then R is continuous. Next, we show that the image of R is contained in a compact set,

let M defined by (9.14), by (9.5) and (9.6), we obtain

Q(n,z)| < |Q(n,x) —Q(n,0) +Q(n,0)|
< byl +1Q (0, 0)]

and
[f (@) < 1f (2) = F(0) + f(0)] < ka|2] -
Let ¢ € M}, then by (9.16) we obtain

T-1
IRl < e fa+ Al (k] +75+B|A[J) + U] J + kskyJ]
=0

T o+ |A| (k] + 7+ BIA|J) + |U| J + kskaJ]

IN

where

a= sup [P(n)|, B= sup |7(n)[,y= sup |Q(n,0),
n€l0,7—1)NZ n€l0,7—1)NZ n€l0,T—1]NZ

and

c=  sup sup O (n,s)] ] .
n€l0,T—1]NZ \ s€[n,n+T—1]NZ

Second, we show that R maps bounded subsets into compact sets. As M is bounded
and R is continuous, then R (M) is a subset of RN? which is bounded. Thus R (M)
is contained in a compact subset of M. Therefore R is continuous in M and R (M) is

contained in a compact subset of M. m
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Lemma 9.3 Suppose (9.3)-(9.5) hold and
k‘l + 6 |A‘ < 1. (920)

If § is defined by (9.17), then S is a contraction.
Proof. Let S be defined by (9.17). Then for o1, ps € M | we have by (9.5)

|(Sp1) (n) = (Sp2) (n)]

1)
=[Q(n,¢1(n =g (1)) = Q(n,pa2(n—g(n)))

LY ADa - Y A
t=n—r(n) t=n—r(n)

< (k1 + BA]) [l — @2l -

Hence S is contraction by (9.20). m

Theorem 9.1 Suppose that the assumptions of the Lemmas 9.2 and 9.3 hold. If there
exists a constant J > 0 defined in M such that

Tla+ |Al (ki J 4+ v+ BIA|T) + |U| J + kskoJ] + kaJ + v+ B|A| T < J. (9.21)

Then (9.1) has a T-periodic solution in the subset M.

Proof. By Lemma 9.2, R : M — Cr is continuous and R(M) is contained in a compact
set. Also, from Lemma 9.3, the mapping § : M — C7 is a contraction. Next, we show
that if ¢, ¢ € M, we have||Ryp + S¢|| < J. Let ¢, ¢ € M with ||¢||, ||¢|| < J. Then

R 4+ S¢|
< Tla+ Al (ki +~v+ BlA|J) + |U| J + kskoJ| + kad +v+ B|A| J
< J.

Clearly, all the hypotheses of Krasnoselskii’s theorem are satisfied. Thus there exists a
fixed point z € M such that z = Rz + Sz. By Lemma 9.1 this fixed point is a solution of
(9.1). Hence (9.1) has a T-periodic solution. m

Theorem 9.2 Suppose the assumptions of Lemma 9.1 hold. If
T[|A| (k1 + BA|) + |U| + ksks] + k1 + B |A] < 1, (9.22)

then (9.1) has a unique T-periodic solution.
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Proof. Let the mapping F be given by (9.15). For ¢, s € Cr, we have

((Fer) (n) = (Fe) ()]
<[Q(n,p1(n—g(n)) = Q(n,2(n—g(n)))

n—1 n—1
+ Y AMea(t) = D Ale(t)
t=n—7(n) t=n—7(n)

n+T—-1 s—1

+ ) Oms)AG]| D AW ei(t) = a(t)

t=s—7(s)

+HIQ(s,01(s =9(s)) = Q (5,02 (s = g (5)))]]

3 0 U] 1 (5 — 7 () — o (5 — 7 (5))
+ > D (s, k)| (01 (k) = f (2 (K))]
k=—o00

< [k + BIA| + T [|A] (BA] + k1) + [U| + ksko]] lo1 — 2| -
Since (9.22) holds, the contraction mapping principle completes the proof. m

Corollary 9.1 Suppose (9.3) and (9.4) hold. Let M defined by (9.14). Suppose there are

positive constants ki, k3 and k3, such that for z,y € M and n € Z we have
Q(n,z(n—g(n))) =Qn,y(n—g®)| <k |z -yl and ki <1,
|[f (@ (n) = f(y ()] < k3 llz =yl £(0)=0,

> 1D (n, k)| < kj < o,

k=—o00
and

cTla+ Al (KT +~v+B|A|J)+|U|J + k3ks T+ kiJ+~+ BlAJ < J.

If |Fel|l < J, for ¢ € M, then (9.1) has a T-periodic solution in M. Moreover, if

T Al (ki + BIA]) + U] + kzko] + ki + B[A] < 1,

then (9.1) has a unique T-periodic solution in M.

Proof. Let the mapping F defined by (9.15). Then the proof follow immediately from
Theorem 9.1 and Theorem 9.2. =
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Example 9.1 Consider the 2-dimensional nonlinear neutral summation-difference system

ri(n) \ 0 0 A1 x1(n—7(n))
A(xQ(n)>—<)\4sin(n)>+<—/\1 —)\1>(x2(n—7'(n))>
0

+A<Mammﬁmfgm»>
- 0 0 0
+ e ) , (9.23)
2@(0&2 )(xmm)

Pln) = ( /\431(1)1(71) ) Al = ( _OAl _)\)1\1 )

CN%%W—QWD%=< ! >,

Agsin (n) z1 (n — g (n))

szm:(g M;%),f@@»=<$£m).

Let 7(n) =8 € Z", g : Z — Z7" is a nonnegative sequence and 2m-periodic. Since the

where

and

matrix B = [ 4+ A has eigenvalues with non-zero real parts, the system x(n+ 1) = Bx(n)

is noncritical. So, let a Banach space (Ca, ||.]]),
Cor ={0p€C(Z,R?), ¢p(n+2m)=0¢(n)},
a closed bounded convex subset of (s,
M ={p € Cor, [loll < J}.
Let ¢ = (p1,p2), @ = (¢1,¢2). Then for ¢, ¢ € M we have
Q(n,x(n—g(n)) —Qn,y(n—g (1) <2XJ [lz—yl,

|f(x(n) — fly(n)] <2J ||z —yll, f(0)=0,
and

DD (k)= > A2 =2)3 < 0.
k=—o0 k=—o00
Hence ki = 2X\oJ, k3 = 2J, ki = 2X3, a« = Ay, 7 = 0 and
Un)=An)—(1—-A7r(n))A(n—1(n)) =0, |A] =2X;.
Consequently

T M+ M (20007 + BALT) + 4X3T°] + 20007 + 28MJ <,
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for all \;; 1 <4 < 4 small enough. Then (9.23) has a 2w-periodic solution, by Corollary

9.1. Moreover,
cT (A (202 + BA1) + 4N J] + 200 J + 20A; < 1,

is satisfied for \;, 1 <14 < 3 small enough. Then (9.23) has a unique 27-periodic solution,
by Corollary 9.1.

9.3. Existence and uniqueness of periodic solutions



Conclusion

As we have seen in the present thesis, we used the technique of fixed point to study
the existence, uniqueness, periodicity, positivity and stability of solutions for a class of
nonlinear delay functional equations and systems, because its have been of great interest

recently. We have reached new results from which we can proceed in the future.
The main aspect of the future work is to take other problems of functional equations

and systems with or without delay with different conditions and study it theoretical and

numerical.
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