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Abstract

The objective of this thesis is to study some qualitative properties of solutions for various
classes of nonlinear fractional differential equations and inclusions involving various kinds
of fractional derivatives. For this aim, we convert the given problem into an equivalent
integral equation and then use the appropriate fixed point theorems such that the fixed points
obtained are the solutions of the given problem. We also provide an illustrative example to
each of the considered problem to show the effectiveness of the theoretical results.
Keywords: Fractional differential equations, hybrid fractional differential equations, frac-
tional integro-differential equations, fractional differential inclusions, fractional derivatives,
boundary value problems, Banach space, fixed point, Kuratowski measure of noncompact-

ness, existence, uniqueness, Ulam stability.
Mathematics Subject Classification: 26A33, 34A08, 34A12, 34B15, 34K20, 47HOS.



Résumé

L’objectif de cette these est d’étudier certaines propriétés qualitatives des solutions pour di-
verses classes d’équations et d’inclusions différentielles fractionnaires non linéaires impliquant
divers types de dérivées fractionnaires. Pour ce but, nous convertissons le probleme donné
en une équation intégrale équivalente puis utilisons les théoremes de points fixes appropriés
tels que les points fixes obtenus sont les solutions du probleme donné. Nous fournissons
également un exemple illustratif a chaque probleme considéré pour montrer 'efficacité des
résultats théoriques.

Mots-clés: Equations différentielles fractionnaires, équations différentielles fractionnaires
hybrides, équations intégro-différentielles fractionnaires, inclusions différentielles fraction-
naires, dérivées fractionnaires, problemes aux limites, espace de Banach, point fixe, mesure

de non-compactité de Kuratowski, existence, unicité, stabilité d’Ulam.
Mathematics Subject Classification: 26A33, 34A08, 34A12, 34B15, 34K20, 47HOS.
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Introduction

The concept of fractional calculus is a generalization of the ordinary differentiation and
integration to arbitrary non integer order. The fractional calculus appeared in the year 1695
[64, 165, [66], in an exchange of correspondence between L’Hopital and Leibniz, even during the
construction of the classic differential and integral calculus. In these correspondences Leibniz
urged the possible generalization of the whole-order derivative to an arbitrary order, L’Hopital
then questioned him about the special case where the order of the derivative was % In the
reply letter, dated September 30, 1695, Leibniz presented a correct reflection, in which he
affirmed that very important consequences would come from these developments [64] 65], 66].
This date is regarded as the exact birthday of the fractional calculus. Encouraged by this new
perspective of fractional calculus application, several authors have developed definitions for
fractional derivatives and integrals in subsequent decades, but some of these definitions have
contradicted each other. One of these definitions, which emerged in the nineteenth century; is
the proposal by Liouville, which was later reformulated by Riemann, more information about
the definitions of the Riemann-Liouville derivative and integral can be found in [46, [79, 87].
In this sense, Caputo introduced the so-called Caputo fractional derivative, fundamental in
the study of memory effects and also in the modeling of real problems by means of differential

equations.

Among other applications that over time were justifying the relevance of the frac-
tional derivative, the emergence of many definitions of fractional derivatives, among which
we mention: Hadamard, Weyl, Caputo-Hadamard, Katugampola, Caputo-Katugampola,
Caputo-Fabrizio, Hilfer, Hilfer-Hadamard, Hilfer-Katugampola, Jumarie, Erdélyi-Kober,
Riesz, Caputo-Riesz, Cassar, Grinwald-Letnikov, each with its respective importance and
application [9, 24] 36}, [4T), [43, 46}, [78, [79] 87]. These integrals and fractional derivatives have a
different kernel and this makes the number of definitions wide. Recently in 2017, Sousa and
Oliviera [89] proposed interpolator of i-Riemann-Liouville and -Caputo fractional deriva-
tives in Hilfer’s sense of definition so-called -Hilfer fractional derivative, ie, a fractional
derivative of a function with respect to another ¥-function. With this fractional derivative,

we recover a wide class of fractional derivatives and integrals. This work is undoubtedly one
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of the first to collect scattered results, a detailed historical account is given in the introduc-
tion of [81] and also can surveys of the history of the fractional theory derivative can be found
in [32], [71], (77, 82, [87].

In the last two decades, fractional differential equations have received very broad regard
because of their applicability in many scientific disciplines. Moreover, it is an excellent
tool for the description of properties of various materials and processes such as chemistry,
physics, biology, fractional dynamics, fitting of experimental data, signal and image process-
ing, economics and control theory. See for instance [16] 27, 39, 45, 62] 68, 06, 104]. For
the recent development of the topic, we refer the reader to a series of books and papers
[2, 7, [13], [14], 22 24, [42), 46, 69, [70, [73], [75], [79, 89, 100].

On the other hand, the theory of fixed point is one of the most powerful tools of modern
mathematics, as it has been applied in such diverse fields as Biology, Chemistry, Economics,
Engineering, Game Theory, and Physics. In particular, in obtaining existence results for a
variety of mathematical problems. In addition, in most of the existed articles, Banach con-
traction principle, Schauder’s fixed point theorem and Krasnoselskii’s fixed point theorem,
etc. have been used to obtain the existence,uniqueness of solutions of various problems of
fractional differential equations and inclusions with initial conditions, boundary conditions,
integral boundary conditions, nonlinear boundary conditions, and periodic boundary con-
ditions, under suitable conditions. Some contributions around applications of fixed point
theorems in fractional differential equations and inclusions to show the existence, uniqueness
and stability of solution can be found in [Il 8, [1T], 51} 53, B8, 60, [70] [75] [76, 4], ©0L OT1, Q9
and the references therein. But, in the absence of compacity and the Lipschitz condition,
the previously mentioned theorems are not applicable. In such cases, the measure of non-
compactness (briefly, MNC) argument appears as the most convenient and useful in appli-
cations. It is a method which was first introduced by Kuratowski [49] in 1930 which was
further extended to general Banach spaces by Bands and Goebel (see [17]). After, that many
authors used this technique in study and solve different kind problems, as differential equa-
tions, integral equations, fractional differential equations and integro-differential equations,
see [4, [19] 20}, 37, [74, [85] 86), 02] and the references therein. We also refer the readers to the
recent book [18], where several applications of the measure of noncompactness can be found.

This thesis is arranged as follows

In Chapter |1, we present some basic concepts, definitions and lemmas about fractional
calculus, measures of noncompactness, multivalued analysis, Ulam stability and some fixed-
point theorems that are used throughout this thesis.

In Chapter [2| we are concerned with the existence and uniqueness of solutions for two
classes of nonlinear fractional differential equations, The desired results are based on fixed
point theorems (Banach, Schaefer, Krasnoselskii). More specifically, in Section , we debate

the existence and uniqueness of mild solutions for the following fractional boundary value

Introduction
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problem with integral and anti-periodic conditions

cot () = flta(t), te(LT),
r(1) +2(T) = @[:u@éi

s
where f: [1,7] x R — R is a continuous function, §D¢, is the Caputo-Hadamard fractional
derivative of order 0 < @ < 1 and b € R such that 2 — blog (7') > 0. The main outcomes of
this problem are published in [52].

In Section we give similar results to another class of fractional differential equations,

but this time with Riemann-Liouville fractional derivative and subject to nonlocal conditions

of the form
MDD (t) = f (6o ()" Dgx (1), t € (0,17,
£ (1) = w0 — 9(x), 20 €R,
where #4Dg is the standard Riemann-Liouville fractional derivative of order 0 < a < 1,

f:(0,T]xRxR —=Randg:C((0,7],R) = R are continuous nonlinear functions. This
problem has been studied in [57].

Finally, an example demonstrating the effectiveness of the theoretical results is presented
at the end of each section.

In Chapter [3| we are interested to study some qualitative properties for certain classes of
nonlinear hybrid fractional differential equations. More specifically, in Section |3.1], we discuss
the existence and uniqueness of solutions and Ulam stability for the following nonlinear hybrid

implicit Caputo fractional differential equations

a z(t)—f(t,x(t o a z(t)—f(t,x(t
CDO—i— < (;(t,af(t))( ))) =h <t7 T (t) 7C DO+ ( (g)](t,af(t))( )))> ) te (07 T]a
x(0) =0g(0,2(0)) + f(0,2(0)), 6 € R,

where f: [0, 7] x R = R, g :[0,7] x R — R\{0} and A : [0,7] x R x R — R are nonlinear
continuous functions and “Dg, denotes the Caputo fractional derivative of order 0 < o < 1.
We provide an example to illustrate our obtained results at the end of this section. The main
results of this problem are published in [59].

In Section we give some results about the existence, interval of existence, unique-
ness and estimation of solutions for nonlinear hybrid implicit Caputo-Hadamard fractional

differential equations of the form
(7, (ML) — (10 ()G Df, (H2RLD)) te (1,7,
x (1) =0g(1,z(1) + f(1,2(1)), 0 €R,

where f: [I,T] xR —= R, g:[1,7] x R — R\{0} and h : [1,7] x R x R — R are nonlinear
continuous functions and $D¢, denotes the Caputo-Hadamard fractional derivative of order

0 < a < 1. This problem has been considered in the paper [10].

Introduction
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Chapter [4] is devoted to the existence of solutions for certain classes of fractional differ-
ential equations in Banach spaces. The desired findings are based on Monch’s fixed point
theorem combined with the technique of Kuratowski measure of noncompactness. More
specifically, in Section [1.1| we look into the existence of solutions for a nonlinear fractional
differential equations involving Riemann-Liouville fractional derivative subject to integral

boundary conditions

{RLDO+x<> f(t,z () = BEDg g (ha (1), t € (0,1),
(0)=0, z(1) = [, g(s.z(s))ds,
RLD84

where ', is the standard Riemann-Liouville fractional derivative of order 1 < a < 2,
f,g9:JxX — X are given functions satisfying some assumptions that will be specified later,
and X be a Banach space with the norm ||.||. The main results of this problem are published
in [56].

As a second problem we debate in Section the existence of solutions for the following
nonlinear fractional differential equations involving Hadamard fractional derivative with two

nonlinear terms

{H%m f(tz () = H@Hg< t(t), te (Le),
x(l)—(),x(e):flg s, x( f,

where #D¢, denotes the Hadamard fractional derivatives of order 1 < v <2, f,g: [1,¢€] x

X — X are given functions satisfying some hypotheses that will be specified later.
Finally, an example is given at the end of each section to illustrate the theoretical results.
In Chapter [, we are interested with the existence of solutions for certain classes of

fractional differential inclusions involving convex and nonconvex multivalued maps. The
results obtained are based on some fixed point theorems of multivalued analysis. More
specifically, in Section we study the existence of solutions for a nonlinear sequential
Caputo and Caputo-Hadamard fractional differential inclusions with three-point boundary

conditions of the form

{ DY, [5D8,x (1)) € F(t,x(t), t € (a,b), a>1,
z(a)=0, x(b)=Xx(n), a<n<b,

where 0§, and Dy , are the Caputo-Hadamard and Caputo fractional derivatives of orders
a and S respectively, 0 < o, < 1 and F : [a,b] x R — P (R) is a multivalued map from
[a,b] x R to the family of P (R) C R. This problem has been studied in [55].

In Section [5.2] we discuss the existence of solutions for the following nonlinear Hilfer frac-
tional differential inclusion with nonlocal Erdélyi-Kober fractional integral boundary condi-
tions

3fx(>ef(t,x<>> € (0,7), T >0,
2(0)=0, z(T) = Z@EKI&% (5:),

Introduction
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where #Dg; is the Hilfer fractional derivative of order a € (1,2) and type 3 € [0, 1], PX 171
is the Erdelyl—Kober fractional integral of order § > 0 withy; > Oand n; € R, F : [0, T| xR —
P (R) is a set-valued map from [0,7] x R to the family of P (R) C R, 6, € R and ¢; € (0,7),
i =1,2,...,m. This problem has been considered in the paper [54].

Finally, some pertinent examples demonstrating the effectiveness of the theoretical results
are presented at the end of each section.

In Chapter [0, we study the existence and uniqueness of solutions for nonlinear -Hilfer
fractional integro-differential equations with nonlocal integral boundary conditions. More-
over, we discuss various kinds of stability of Ulam-Hyers for solutions to the given problem.
The arguments are based on appropriate fixed point theorems together with generalized

Gronwall inequality the desired results are proven.

MDEa (1) = f (o (1), [ h (Lo (0)do), e (),
(a) =0, I3z (b) = Zefw (5).

where * D2 is the t-Hilfer fractional derivative of order a € (1,2) and type § € [0, 1], >~
and I3 are the 1)-fractional integral of orders 2 — v, 1; > 0 respectively, v = a+3 (2 — a) €
(,2), o <a<b<oo, 0, eR i=12..m0<a<d <d<<.. <id,<H?,
filab) x RxR — Rand h: [a,b] x [a,b] x R — R are given continuous functions. This

problem has been studied in [G1].
Finally, some examples are presented to show the validity of the obtained results.

Introduction



Chapter 1

Preliminaries and Backeground Materials

In this chapter, we introduce the necessary concepts for the good understanding of this
thesis. We present some fundamental notions, definitions, and lemmas related to fractional
calculus, measures of noncompactness, multivalued analysis, Ulam stability and some fixed
point theorems which play an important role in the achievement of the desired results in this

thesis.

1.1 Functional spaces
Let J = [a, b], the compact intervals of R. We present the following functional spaces:

Definition 1.1 Denote by C (J,R) the Banach space of all continuous functions f: J — R

endowed with the norm
[ flle =sup{|f (@) :t € J},

and C" (J,R) denotes the class of all real valued functions defined on J which have a contin-

uous n th order derivative.

Definition 1.2 Denote by L' (J,R) the Banach space of measurable functions f : J — R

that are Lebesgue integrable with norm

1l = / () de.

and by L? (J,R) we denote the space of Lebesgue integrable functions on J where | f |P belongs
to L' (J,R) endowed with the norm

1l = (/Jlf(t)IPth-

Definition 1.3 A function f : J — R is said absolutely continuous on J if for all € > 0

P
there exists a number J. such that; for all finite partition [a;, b;] in J, then > (b; — a;) < 0.
i=1
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implies that Zp: |f (b)) — f(a;)| <e.
i=1

Definition 1.4 Let AC(J,R) be the space of absolutely continuous functions on J. For
n € N, we denote by AC™(J,R) the space of functions f : J — R which have continuous
derivatives up to order n — 1 on J such that f"~V belongs to AC(J,R) defined by

ACT (SR ={f:J = E:f,f ", ,f" €C(JR)and f"' e AC(J,R)}.

For more details about AC(J,R) and AC"™ (J,R), see the book of Kolmogorov and Fomin
([48, pp.388)).

1.2 Special functions

In what follows, we recall three types of functions that are important in fractional calculus:
the Gamma, Beta, and Mittag-Leffler functions. More details about these functions can be
found in [33], 40, [79].

1.2.1 Gamma Function

Definition 1.5 (Gamma function [79]) The Gamma function, denoted by IT' () is a gen-
eralization of the factorial function n!, i.e., I' (n) = (n — 1)! for n € N. For complex arguments

with positive real part it is defined as
I'(z)= /tz_l exp (—t)dt, R(z) > 0.
0

By analytic continuation the function is extended to the whole complex plane except for the
points 0, —1, —2, —3, ..., where it has simple poles. Thus, I" : C\ {0, —1,—2,...} — C. Some

of the most properties are
F'(l) = I'2)=1,T(z+1)=2I(2),

F(n) = (n=1), neN, T (%) — (1.1)

The Gamma function is studied by many mathematicians. There is a long list of well known

properties (see, for example [33]) but in this survey formulas ([1.1)) are sufficient.

1.2.2 Beta Function

Definition 1.6 (Beta function [79]) The Beta function is defined by the integral

B(z,w) = /tz_l (1—t)"""dt, R(2) >0, R(w) > 0.

0

1.2. Special functions
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The functions I'(.) and B (.,.) are related by the formula

()T (w)

B(z,w) = Tt

To demonstrate this relationship, we use the Laplace transform, see [46].

1.2.3 Mittag-Leffler Function

Definition 1.7 (Mittag-Leffler function [79]) The Mittag-Leffler function in one param-
eter is defined by

o0 k
z
E, :E —, , C.
(2) k:0F<ka+1) a>0,z¢€

where it was introduced by Mittag-Leffler [72].

The two-parameter function of the Mittag-Lefler type is defined by the series expansion

> k

z
E S N .
o, (2) kE_OF(ka+5),a,ﬁ>0,zeC

which is of great importance for the fractional calculus. In particular,

By (z) =exp(z), Ez1(2) = cosh (\/E) , Eoa (2) = Ea(2).

1.3 Elements from fractional calculus theory

The fractional calculus is a field of mathematical analysis that embraces the integrals and
derivatives of functions of any real or complex order. For the past few decades, this field has
been one of the handover fist sprawling fields of mathematics by the virtue of the amazing
findings obtained when researchers enrolled the fractional operators in their attempts to

construe some problems that arise in the nature. See [27, [30, [46], 68| [79, 87, [96].
At the beginning of the fractional calculus in 1695 [64], it was consisted of one main integral

operator, namely the Riemann-Liouville fractional integral and two fractional derivatives,
namely the Riemann-Liouville and Caputo derivatives. Because of penurious number of
operators, researchers were compelled to discover and develop new fractional operators that
allow them better comprehend the world around them. In this purpose, new derivatives and
fractional integrals has been arising. The kernel of these integrals and fractional derivatives
differs, resulting in a large number of definitions, see [36, [41], 43}, 40, [78, [79], 87].

Due to the large number of integral and fractional derivative definitions, it was necessary
to create a fractional derivative of a function f with respect to another function, which is
called ¢-Riemann-Liouville, using the fractional derivative in the Riemann-Liouville sense,
which given by [46]

. d\" (o)
wDf 0= () 1.

1.3. Elements from fractional calculus theory
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where a € (n —1,n), n = [a] + 1 for a € N and n = « for a € N. However, such a definition
only encompasses the possible fractional derivatives that contain the differentiation operator
acting on the integral operator. On the other hand, In subsection [1.3.2] We will mention a
corresponding fractional integral which generalized the Riemann-Liouville fractional integrals
and some special cases of this operator.

In the same way, recently, Almeida [9] using the idea of the fractional derivative in the
Caputo sense, proposes a new fractional derivative called ¥-Caputo derivative with respect
to another function v, which generalizes a class of fractional derivatives, whose definition is
given by

DL () = L),

where o € (n —1,n), n =[a] + 1 for « ¢ N and n = « for « € N.

Despite that the ¥-Riemann-Liouville and -Caputo definitions of fractional derivatives
are very broad, there is the possibility of proposing a fractional differentiable operator that
combines these operators and overcomes the wide range of definitions. Motivated by the
Hilfer [39] fractional derivative definition, which includes the classical Riemann-Liouville and
Caputo fractional derivatives as special cases. Depending on -Riemann-Liouville and /-
Caputo fractional derivatives in Hilfer’s sense of definition, Sousa and Oliviera [89] introduced
a new fractional derivative of a function with respect to another v function so-called y-Hilfer
derivative. Which unify a wide class of fractional derivatives. the definition of i-Hilfer
fractional derivative, its relation with the 1-Riemann-Liouville fractional integral and some

special cases of this derivative are will presented in subsection [I.3.4]
The advantage of the fractional operator ¢-Hilfer proposed here is the freedom of choice of

the classical differentiation operator and the choice of the function ), i.e., from the choice of
the function 1, the operator of classical differentiation, can act on the fractional integration
operator or else the fractional integration operator can act on the classical differentiation
operator. As a result, the properties of the two fractional operators mentioned above can be

unified and obtained.
There are several definitions in fractional calculus that are widely used and important

in showing different fractional calculus outcomes. In this section, We will present some
definitions of classical fractional integrals and fractional derivatives and its properties. Next,
we introduce a new class of fractional integrals and fractional derivatives, because there are
so many different fractional operator definitions, the following definition is a special approach
when the kernel is unknown, involving a function v, making this new operator a generalization

of the fractional operators that we use throughout this thesis.

1.3.1 Fractional integrals and fractional derivatives

Let J = [a,b], (—o00 < a < b < o0), be a finite interval on R. In this subsection, we present

some definitions of classical fractional integrals, fractional derivatives and its properties.

1.3. Elements from fractional calculus theory
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Definition 1.8 (Cauchy formula [46]) The Cauchy formula of nth integral of a locally

integrable function f on R is given by

1

PO = o [ =T s

Definition 1.9 (Riemann-Liouville fractional integral [46]) For a > 0. The left-side
(right-side resp.) of Riemann-Liouville fractional integral of the function f € L!'(J,R) of
order « is defined by

RLpe f() = %a) / (t— )2 f(s)ds, t € J
b
RSO = | =0T s e,

resp., where t € J.
Riemann-Liouville fractional derivative are defined depending on their fractional integral

and integer order derivative as follows.

Definition 1.10 (Riemann-Liouville fractional derivative [46]) For o > 0. The left-
side (right-side resp.) of Riemann-Liouville fractional order derivative of order « of f €
L' (J,R), is given by

w0 = () s ) = s () [ s

n—a)

= () (s ) =t (<) [ -0 o

resp., where n = [a] + 1 and [a] denotes the integer part of real number «.

Definition 1.11 (Caputo fractional derivative [46]) For o« > 0. The left-side (right-
side resp.) of Caputo fractional order derivative of order av of f € AC™(J,R), is defined

by
1 ! n—o— n
Dy f(t)= "I (f(n) (1) = m/@ (t—s) L (s)ds, t e J,
CDa t) = RL]n—a (n) ) = 1 b ot n—a—1 g(n) s)ds. t J
b—f() b— (f ()) F(?’L—Oj) ] ( ) f () ) € J,

resp., where n = [a] + 1 and [a] denotes the integer part of real number «.
In what follows, we consider some properties of the Riemann-Liouville and Caputo frac-

tional integral and derivatives. In particular, we are interested by the left-side fractional

derivatives and integrals.

1.3. Elements from fractional calculus theory
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Lemma 1.1 (Relation between Riemann-Liouville and Caputo derivatives [46])
Let a € (n — 1,n|. If the function f € C"(J), then

n (k)
C Nno RL nHo f (a) k—a
D t)= "D t) — E — Y (t— .
a+() a+ () k:OF(k_CV‘i‘l)( a)
Lemma 1.2 ([46]) For «, >0 and f € L' (J). Then, we have
1) The integral operator =12 is linear,

2) RLpe RLTD f(t) =R 17, BLo f (t) = BEISEOf (1),
3) BEDe, REIe f (1) = f (1),
4) TEDE BRI f (1) = FEIUF ().

Lemma 1.3 ([46]) For a >0 and 5 > 0, we have

RL 7o -1 _ F(ﬁ)
(It =) (0= 51w

(x —a)’™71 a >0,

(D2, (t = a) ) (@) = — (4 _ a1 a0

Lemma 1.4 ([46]) Letn—1<a<n,neN. and f € C(J), then, the Riemann-Liouville
fractional differential equation
MDLf () =0,

has a general solution
fA)=cit—a) ' +et—a)*?+et—a)*+. . +et—a)* ™ g ER, i=1,2..n,
From the above lemma, it follows that
RLpe BEDC ft)=f(t) —a(t—a)* ' —ct —a)*? —cs(t —a)* ™ — ... — et —a)* ™",
for some ¢; e R, 1 =0,1,2,...,n.

Lemma 1.5 ([46]) Letn —1 < a <n,neN. If f € AC"(J), then the Caputo fractional
differential equation
CDzCzY—i- <t> =0,

has a general solution
f)=co+eci(t—a)+et—a) +... +cpr(t—a)" ™t
From the above lemma, it follows that
BLpe D& f(t) = f(t) —co—ci(t —a) —ea(t —a)® — .. — cuy(t —a)" !,

for somec;, e R, i=0,1,2,...,n—1.

1.3. Elements from fractional calculus theory
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Definition 1.12 (Hadamard fractional integral [46]) Let ¢ > 0. The Hadamard frac-
tional integral of order a > 0 for a function f € L' (J,R) is defined as

1 t AN ds
H~a
I F () = —— log - — telJ
a-+ () F(Q’)\/Q(()g5> f(S)S
Set 6 = (t%), a,a > 0, n = [a] + 1, where a denotes the integer part of a. Define the
space

ACE (JR) = {f:J =R :§"'f(t) € AC(J,R)}.

Definition 1.13 (Hadamard fractional derivative [46]) Let a > 0. The Hadamard
fractional derivative of order av > 0 for a function f € AC} (J,R) is defined as

103, (0 =5 (") () = s (1) [ (bgg)”‘“‘l Fo .

Definition 1.14 (Caputo-Hadamard fractional derivative [41], [46]) Let a > 0. The
Caputo-Hadamard fractional derivative of order @ > 0 for a function f € ACY (J,R) is
defined as

S

GO5S (1) = ("I (0= s | (logé) e ®

Lemma 1.6 ([41], 46]) Let o, 5 > 0 and n = [a] + 1. Then, we have
1) The integral operator HJ3¢ | s linear,
~o —1 '« z\Bta—1
2) 132, (logt)’ " (z) = F(Q(JF)B) (log £) ;

a — 6% x ﬁ—a—l
3) %, (logt)”™ (1) = 725 (log 2)", B> m,

4) §02, (logt)* =0, k=0,1,....,n — 1.

Lemma 1.7 ([46]) letn—1 < a < n, n € N, the general solution of the fractional differen-

tial equation
H@g+ (t) = 07

1s given by

£ =3 a (g é)k

k=1

where ¢, € R, k=1,2,...,n are arbitrary constants.
From the above lemma, it follows that
n ¢ a—k
" DS (0= 10~ (lst)
k=1

for some ¢, € R, k=1, 2,...,n are arbitrary constants.

1.3. Elements from fractional calculus theory
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Lemma 1.8 ([41,/46]) Letn —1 < a <n,n € N. If f € AC} (J,R), then the Caputo-

Hadamard fractional differential equation

has a solution

and the following formula holds
n—1 + k
130, (@00 f ) = F(1) =) e (10% 5) )
where ¢, € R, k=0,1, 2,..., n — 1.

1.3.2 Fractional -integral

Definition 1.15 ([89]) Let (a,b), (—oo < a < b < 00) be a finite or infinite interval of the
real line R and a > 0. Also let ¢ (t) be an increasing and positive monotone function on
(a,b), having a continuous derivative ¢’ (t) on (a,b). The left sided fractional integral of a

function f with respect to another function ¢ on [a, b is defined by

g —Lt's —ap ()7 f(s)ds
IO = [ VO W0 =) ) ds (1.2

Lemma 1.9 ([46, 89]) Let o, 3,6 > 0. Then, the left-sided -fractional integral satisfies
the following properties
1) The integral operator Is‘jrw is linear,
2) The semigroup property of the fractional integration operator Ifj:p s given by the fol-
lowing result
LPIEF () = L0 F (1),

holds almost everywhere if f € L* (J,R).
3) Commutativity

gy (e rw) =y (1 rw).
Lemma 1.10 ([89]) Let a, 8 > 0. Then

as (g = L) b ()BT
I (0 (1) — ¥ (a)) <t>_1“(a+ﬁ)(¢(t) ¥ (a)) :

The fractional integral operator with respect to another function defined in (1.2)) is a
general operator, in the sense that it is enough to choose a function v and obtain an existing
fractional integral operator. In the following, we present a class of fractional integrals, based

on the choice of the arbitrary v function.

1.3. Elements from fractional calculus theory
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1) Choosing v (t) = t and replacing in equation (1.2, we get

J;’ﬁh@):ﬁ/ (t— )" f(s)ds = PEIof (1),

the Riemann-Liouville fractional integral.
2) If we consider ¢ (t) = log(t) and a > 0 in equation ((1.2)), we have

1

IYh () = m/ é(logt —logs)* " f(s)ds

_ ﬁ/ (1og§)a1f<s>§: H3, 1 (1),

the Hadamard fractional integral.
3) Choosing 9 (t) = t° and g (t) = t*7f () and substituting in equation (1.2)), we get

I g (1) = eI e (1)
§t—0(a+n)

= — gomto—1 6—35a_1 s)ds
=TT )

a

- Ek[naa f(t),

the Erdélyi-Kober fractional integral.

1.3.3 Fractional -derivative

We start by evoking two definitions of fractional derivatives with respect to another function,
both of which are motivated by the fractional derivatives of Riemann-Liouville and Caputo,

in that order, choosing a specific function .

Definition 1.16 ([46]) Let ¢/ () # 0 (—o0o<a<t<b<oo)and a > 0, n € N. The
Riemann-Liouville derivative of a function f with respect to v of order a correspondent to

the Riemann-Liouville, is defined by
RL pyost 1 d >" (n o)
10= (5w 7o),
! 1 d e / n—a—1
~ ot () [POE@O- e e

where n = [a] + 1 and [a] denotes the integer part of real number a.

Definition 1.17 ([9]) Let @ > 0, n € N, J = [a,b] is the interval —oo < a < b < oo,
f,v € C™"(J,R) two functions such that v is increasing and ¢’ (t) # 0, for any ¢t € J. The

left sided y-Caputo fractional derivative of a function f of order « is given by

Dy (0 =15 () 10

1.3. Elements from fractional calculus theory
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Lemma 1.11 ([42, 87]) Let o, > 0. Then

DI (0 = 6 (@) (0 = g (00 - v (@)
Lemma 1.12 ([89]) If f € C" (J,R) and o € (n —1,n), then
nl gl (gt .
B Fo =0 -3 I i - @)

In particular, given a € (0,1), we have

I ODEY fF ()= f(t)— f(a).

1.3.4 Fractional y-Hilfer derivative

From the definition of fractional derivative in the Riemann-Liouville sense and the Caputo
sense [40], was introduced the Hilfer fractional derivative [39], which combines both deriva-
tives. Motivated by the definition of Hilfer, we present a new generalized operator the so-
called ¢-Hilfer fractional derivative of a function f with respect to another function. From the
fractional derivative i-Hilfer, we introduce some relations between the -fractional integral

and the fractional derivative 1-Hilfer.

Definition 1.18 ([89]) Let o € (n—1,n) with n € N, J = [a,b] is the interval —oo <
a<b< oo, f,p € C"(J,R) two functions such that v is increasing and ¢’ (t) # 0, for any
t € J. The left sided ¢-Hilfer fractional derivative D% (.) of function f of order a and
type § € [0, 1] is defined by

H HouBi ey (L AN aopymeaw
Da+ -f (t) - [a+ (w/ (t) dt) IaJr f (t)> n e N. (13)
Lemma 1.13 ([89]) Ford >0, a € (n—1,n) and B € [0, 1], we have
0,B; _ N o
MDY (1)~ 0 @) = s (00— (@) 5

Lemma 1.14 ([89]) In particular, given n < k € N and as 6 > n we have

KDL (1) =¥ (@) = =g (0~ v @)

On the other hand, for n > k € Ny, we have
KD (W (1) = (@) =0,
Lemma 1.15 ([89]) Letn—1<a<n, f€[0,1] andy=a+ B (n—a). If f € C"(J,R),

then
1) 15 DRIV F () = f () -

n—k g
(Fe2)" s,
2) DI I F () = f (1)

—p(@)"* pln—k] 1(1—8)(n—a); n—k
S AP ) e 13707 (1) =

n

~

1.3. Elements from fractional calculus theory
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In the following, using the -Hilfer fractional derivative operator defined in equation (1.3)),
we can combine in this derivative a different types of fractional derivatives by changing the

value for ¢ and taking the limit of the parameter §. Some of them are presented below.
1) Consider the 1 (t) = t and taking the limit § — 1 on both sides of equation (|1.3]), we

get

o,1; n—o); d\"
D =15 () £

= “Dg f(t),

the Caputo fractional derivative.
2) For ¢ (t) = t and taking the limit 8 — 0 on both sides of equation ([1.3)), we have

d

D= () 1o

= 031 0= o () [ = s

the Riemann-Liouville fractional derivative.
3) For ¢ (t) = logt, a > 0 and taking the limit 5 — 0 on both sides of equation (|1.3)), we

have

d

o) = (i) 1

< () [ ()0

= D91 (),

the Hadamard fractional derivative.
4) For v (t) = logt, a > 0 and taking the limit 5 — 1 on both sides of equation (1.3]), we

have

a,l; n—o); d\"
D ) = 15 (1) S0

R JACHENCOREE

= g®g+ (t)7

the Caputo-Hadamard fractional derivative.

1.3. Elements from fractional calculus theory
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5) For ¢ (t) = t and replacing in equation (|1.3), we have

dt
_ RL[fj_n*Ol) Dl RL[éijﬁ)(”*a)f (t)

= "DYF (),

o,f; n—a); d\" —B)(n—a);
D = 1 (§) B

the Hilfer fractional derivative.

1.4 Functional tools

In what follows, we present some concepts of functional analysis that will we use throughout
this thesis.

Theorem 1.1 (Ascoli-Arzela Theorem [23]) Let A C C ([0,7],R). A is relatively com-
pact (i.e A is compact) if
1) A is uniformly bounded i.e, there exists M > 0 such that

|f ()| < M for every f € Aandt e [0,T],

2) A is equicontinuous i.e, for every € > 0, there exists 6 > 0 such that for each t,ty €
[0,T], [t1 — ta| <& implies | f (t1) — f (t2)| < € for every f € A.

Definition 1.19 ([28]) A map f:[0,7] x X — X is said to be Carathéodory if
1) t — f(t,x) is measurable for each x € X,
2) x — f (t, ) is continuous for almost all ¢ € [0, T7.
Moreover, f is called L'-Carathéodory if ¥p > 0, there exists ¢, € L' ([0,T],R") such
that
|f (t,2)] < ¢,(t), forall |z| < p and for a.e. t € [0,T].

Lemma 1.16 (Standard Gronwall inequality 01 [38]) Let f : [0,T] — R™ be real func-

tion and w is a nonnegative locally integrable function on [0,T].

Assume that there is a constant @ > 0 such that for 0 < a < 1

f) <w(t)+ a/o (t — S)O‘_1 f(s)ds.

Then, there exist a constant k = k(«) such that

£(8) < w(t) + ka /0 (t— )" w(s)ds.

1.4. Functional tools
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Lemma 1.17 (Standard Gronwall inequality 02 [67]) Let f : [1,7] — [0,00) be a real
function and w is a nonnegative locally integrable function on [1,T]. Assume that there is a
constant a > 0 such that for 0 < a < 1

ds
S

F) <) +a [ (1gt) 1)

Then, there exists a constant k = k(a) such that

F0) < wlt) + ha t (mé)w w(s)Z.

s
for every t € [1,T].

Lemma 1.18 (Generalization of Gronwall inequality [102]) Let f, g be two integrable
functions and h be continuous with domain [a,b]. Let ¥ € C'([a,b],R) be an increasing

function such that V' (t) # 0, Vt € [a,b]. Assume that
1) f and g are nonnegative functions,
2) h is nonnegative and nondecreasing.

If
f#)y<g@)+h (t)/ W' (s) (T (1) — W (s))" f(s)ds,

then

<o+ [ X v @ @ - v

Lemma 1.19 ([102]) Under the hypotheses of Lemma (1.18), assume further that g (t) is

nondecreasing function for t € [a,b]. Then

f) <g(t) Ea(h(t)T () (¥ () =¥ (s)").

1.5 Background about measures of non-compactness

1.5.1 The general notion of a measure of noncompactness

Firstly, we need to fix the notation. In what follows, (E,d) will be a metric space, and
(X,]l.]) a Banach space. Let @Q is non-empty subset of X, then @ and conv@ denote the
closure and the closed convex closure of (), respectively. When () is a bounded subset, Diam
(Q) denotes the diameter of ). Also, we denote by B (resp.Bx) the class of nonempty and

bounded subsets of E (resp. of X).
We begin with the following general definition.

Definition 1.20 ([15, 19]) A mapping i : Br — RT will be called a measure of noncom-

pactness in F if it satisfies the following conditions

1.5. Background about measures of non-compactness
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1) Regularity : p (Q) = 0 if, and only if, @) is a precompact set.
2) Invariant under closure: p(Q) = p (@), for all Q € Bg.

3) Semi-additivity : (@1 U Q2) = max {u(Q1),p(Q1)}, for all @1, Q2 € Bp.
To have a MNC in a Banach space X we need to add the two following additional properties

4) Semi homogeneity : u (AQ) = |A|p(Q) for A € R and @ € B.
5) Invariant under translations : p(z 4+ Q) = p(Q), for all z € X and @ € By.

Three main and most frequently used MNCs: the Kuratowski MNC, the Hausdorff MNC,
and the De Blasi Measure of Weak Noncompactness. In this thesis, we are interested by
Kuratowski MNC.

1.5.2 The Kuratowski measure of noncompactness

Now we present some fundamental facts of the notion of Kuratowski measure of noncom-

pactness.

Definition 1.21 ([49] 50]) Let (E,d) be a metric vector space and () be a bounded subset
of E. Then the Kuratowski measure of noncompactness (the set-measure of noncompactness,
k-measure) of ), denoted by py, (@), is the infimum of the set of all numbers € > 0 such that

(@ can be covered by a finite number of sets with diameters < e, i.e.,
pr (Q) =inf{e >0:Q CUL,S;, S; C E, diam(S;) <€, i=1,2,...,n, n € N}.

This measure of noncompactness satisfies the following properties
1) Regularity : p (Q) = 0 if and only if, @ is a precompact set.
2) Invariant under passage to the closure : py (Q) = g (@), for all Q € Bg.
3) Semi-additivity : i (@1 U Q2) = max {py, (Q1) , e (Q1)}, for all @1, Q> € Bp.
4) Monotonicity : Q1 C Q2 = i (Q1) < i (Q2).
5) Algebraic semi-additivity : ug (Q1 4+ Q2) < g (Q1) + px (Q2), for all @1, Q2 € Bp.
6) Semi-homogeneity : ug (AQ1) = |A| ug (Q1), for A € R and @, € Bg.
7) Invariant under passage to the convex hull : uy (conv@) = px (Q).

8) i (Q1 N Q) < min{uy (Q1), px (Q1)}, for all Q1, Q2 € Bp.

The following lemma is important in order to attain the desired outcomes in this work.

Lemma 1.20 ([92]) Let J = [0,T] and D be a bounded, closed and convex subset of the
Banach space C (J, X). Let G be a continuous function on J x J and f a function from
J x X — X, which satisfies the Carathéodory conditions, and assume there exists p €
L' (J,RT) such that, for each t € J and each bounded set B C X, we have

hlirgl+ p (f (Jen x B)) < p(t)ug (B), here Jpp, = [t — h,t] N J.

If V' is an equicontinuous subset of D, then

" ({ JoGnreusnisye v}) < [16 6016 m (v (5 .

1.5. Background about measures of non-compactness
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1.6 Multivalued Analysis

In this section, we introduce some definitions, notations, and preliminary facts for multivalued

analysis, which are used throughout this thesis.

Definition 1.22 ([28]) Let (X, ||.||) and (Y, ||.||) two Banach spaces. A multivalued function
F (or a set valued map, multivalued map ) from X into P (Y') is a correspondence that

associates to each element x € X a subset F (x) of Y.

We denote this correspondence by the symbol F : X — P (Y). We define

1) The effective domain DomF = {zx € X, F (X) #0}.

2) The graph Gr (F) = {(z,y) € X xY, © € DomF, y € F(z)}.

3) The image of the set A € P (X) : F(A) =2 € UgeaF (2).

4) The inverse image of the set B€ P(Y): F ' (B)={z € X: F(x)NB=0}.

5) The multivalued map F : X — P (Y) is convex (closed, compact) valued if F (z) is
convex (closed, compact) for all z € X.

6) F is bounded on bounded sets if F (B) = U,ep F () is bounded in Y for all bounded
set B of X, i.e.,

sup {sup {4 : y € F (2)}} < o0,

7) F is called upper semi-continuous (u.s.c for short) on X if F~1(A) is closed in X
whenever A C X is closed.

8) F is said to be completely continuous if F (B) is relatively compact for every bounded
subset B of X.

9) A multivalued map F : X — Py (V) ( where Py (Y) ={A € Py (Y),A # (}) is said to
be measurable if for every open U C X the set F~! (U) is a measurable set.

10) F has a fixed point if there exists x € X such that x € F (z). The fixed point set of
the multivalued operator F will be denoted by Fix F.

For each y € C ([a,b] ,R), the set of selections of F at point y is defined by
Sry = {v € L' ([a,b],R) : v (t) € F(t,y) forae. t € [a,b]} )

In the following, by P, we denote the set of all nonempty subsets of X which have the
property ”p” where "p” will be bounded (b), closed (cl), convex (c), compact (cp) etc.
Thus P, (X) = {A € P(X): Ais bounded}, Py (X) ={A € P(X): Ais closed}, P, (X) =

{AeP(X):Ais compact}, and P, (X) ={A € P(X): Ais compact and convex}.

Definition 1.23 ([28]) A multivalued map F : [a, b] xR — P (R) is said to be Carathéodory
if

1) t = F (t,z) is measurable for each z € R,

2) x — F (t,x) is uppe semi-continuous for almost all ¢ € [a, b].

Further, a Carathéodory function F is called L!-Carathéodory if

1.6. Multivalued Analysis
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3) for each p > 0, there exists ¢, € L' ([a,b] ,R") such that
IF (&, 2)[| = sup{Jo| v e F(t,2)} <, (1),
for all ||z]| < p and for a.e. t € [a,b)].

Lemma 1.21 ([47]) Let (E,d) be a metric space induced from the normed space (X, |.]]).
Consider Hy : P (X) x P (X) — R U {oo} given by
H; (A, B) = max {Supd(a, B),supd (A, b)} ,
acA beB
where d (A,b) = inf,cad(a,b) and d(a, B) = infyep d (a,b). Then (Pyo (X), Ha) is a metric

space.

Definition 1.24 ([28]) A multivalued operator N : X — P, (X) is called
(a) y-Lipschitz if and only if there exists v > 0 such that

Hy (N (2),N (y)) < 7d (2, y) for each a,y € X.

(b) A contraction if and only if it is y-Lipschitz with v < 1.

Lemma 1.22 ([28], Proposition 1.2) If F : X — Py (Y) is u.s.c., then Gr (F) is a closed
subset of X XY, i.e., for every sequence {zn}, .y C X and {yn}, ey C Y, if when n — oo,
Ty — T, Yo — Ys and y, € F(x,). then y. € F(x.). Conversely, if F is completely

continuous and has a closed graph, then it is upper semi-continuous.

Lemma 1.23 ([63]) Let X be a separable Banach space. Let F : [a,b] x X — Py, (X)be an
L*-Carathéodory multivalued map and let © be a linear continuous mapping from L' ([a,b] , X)
to C (a,b],X). Then the operator

©o0Sr:C([a,b],X) = Pepe(C([a,b], X)), x— (©0Sx)(x) =0 (Sra),
is a closed graph operator in C ([a,b], X) x C ([a,b], X).

For more details on multivalued maps and the proof of the known results cited in this
section, we refer the interested reader to the books by Deimling [28], Gorniewicz [35] and Hu

and Papageorgiou [40].

1.7 Fixed point theorems

The theory of fixed points is one of the most powerful tools of modern mathematics, which
used to show the existence and uniqueness of fixed points of various kinds of equations.
Throughout this study, we convert the given problem into an equivalent integral equation
and then use the appropriate fixed point theorem such that the fixed points obtained are thus
the solutions of the given problem. In this section we collect the fixed point theorems which

are used in the proofs of our main results. We start with the definition of a fixed point.

1.7. Fixed point theorems
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Definition 1.25 For a mapping ® of a set E Into itself, an element = of E is a fixed point
of &, if ¢ (x) = x.

Theorem 1.2 (Banach’s fixed point theorem [88]) Let 2 be a non-empty closed subset
of a Banach space (X, |.||), then any contraction mapping ® of Q into itself has a unique

fixed point.

Theorem 1.3 (Schauder’s fixed point theorem [88]) Let @ be a nonempty closed
bounded convex subset of a Banach space X and ® : ) — € be a continuous compact operator.
Then ® has a fized point in 2.

Theorem 1.4 (Schaefer’s fixed point theorem [88]) Let X be a Banach space, and @ :
X — X is completely continuous operator. If the set By ={x € X :x = A0z, A € (0,1)} is
bounded. Then ® has fized point in X.

Theorem 1.5 (Krasnoselskii’s fixed point theorem [88]) Let 2 be a non-empty closed
bounded convex subset of a Banach space (X, |.||). Suppose that Fy and Fy map Q into X
such that

1) Fiz + Foy € Q for all z,y € Q,

2) Fy is continuous and compact,

3) Fy is a contraction with constant [ < 1.

Then there is a x € Q with Fixz + Fox = x.

Theorem 1.6 (Monch’s fixed point theorem [5]) Let ) be a bounded, closed and con-
vex subset of the Banach space such that 0 € €2, and let ® be a continuous mapping of £ into
itself. If the implication

V=conv®(V) orV=3o(V)u{0} = u(V)=0,
holds for every V of €2, then ® has a fized point.

Theorem 1.7 (Nonlinear alternative of Kakutani maps [34]) Let 2 be a closed con-
ver subset of a Banach space X and U be an open subset of Q) with 0 € U. Suppose that

N:U— Pep.c () is an upper semi-continuous compact map. Then either
(i) N has a fived point in U, or
(1) there is a x € OU and p € (0,1) with x € uN (x).

Theorem 1.8 (Covitz and Nadler fixed point theorem [26]) Let (E,d) be complete
metric space. If N : E — Py (E) is a contraction, then Fixz N # ().

1.8 Ulam’s stability

The stability of the Ulam can be viewed as a special kind of data dependence which was

initiated by the Ulam in [97]. Rassias in [80] extended the concept of Ulam-Hyers stability.

1.8. Ulam’s stability
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In latest years, many authors discussed Ulam-Hyers stability problem for various types of
fractional integral and fractional differential equation using different techniques, for more
details see [2, [12] 21] [70, O8] and the references therein.

To define Ulam’s stability, we consider the following fractional differential equation

Hp&BPva(t) = f(t,z (1), t €[0,T]. (1.4)

Definition 1.26 ([83]) The equation (1.4) is said to be Ulam-Hyers stable if there exists a
real number k& > 0 such that for each ¢ > 0 and for each y € C([0,7],R) solution of the
inequality

DRy () — [ty (1))

there exists a solution z € C ([0, T],R) of the equation (1.4) with

<e te]0,T], (1.5)

ly(t) — z (t)] < ke, t € [0,T].

Definition 1.27 ([83]) Assume that y € C ([0,7],R) satisfies the inequality in (1.5)) and
xz € C([0,T],R) is a solution of the equation (1.4). If there is a function ¢y € C' (R*,R™)
with ¢(0) = 0 satisfying

ly(t) —z (£)| < ¢r(e), £ €[0,T].
Then the equation (1.4) is said to be generalized Ulam-Hyers stable.
Definition 1.28 ([83]) The equation (1.4]) is said to be Ulam-Hyres-Rassias stable with

respect to ¢y € C'([0,7],RT) if there exists a real number k& > 0 such that for each ¢ > 0
and for each y € C' ([0,7],R) solution of the inequality

DY () = ] (ty (1)] < eop(t), te0,T], (1)
there exists a solution z € C ([0, T],R) of the equation (1.4) with
ly(t) — = ()| < koy(t)e, t €[0,T].

Definition 1.29 ([83]) Assume that y € C ([0,7],R) satisfies the inequality in (1.6) and
z € C([0,T],R) is a solution of the equation (1.4). If there exists a constant & > 0 such that

ly(t) —x (t)] < key(t), t €10,T].
Then the equation (1.4 is said to be generalized Ulam-Hyres-Rassias stable.

Remark 1.1 If there is a function v € C'([0,7],R) (dependent on y), such that
1) |v(t)] <€ forall t €0,T],
2) HDS5%y (1) = f (t,y (1)) + v (1), t € 0,7
Then a function y € C ([0, 7] ,R) is a solution of the inequality (1.5).

1.8. Ulam’s stability
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Existence and uniqueness results for two classes

of nonlinear fractional differential equations

In this chapter, we are concerned with the existence and uniqueness of solutions for two
classes of nonlinear fractional differential equations. In section we study the existence
and uniqueness of mild solutions of a boundary value problem for Caputo-Hadamard frac-
tional differential equations with integral and anti-periodic conditions. In section [2.2] we
establish sufficient conditions for the existence and uniqueness of solutions for nonlinear im-
plicit Riemann-Liouville fractional differential equations with nonlocal conditions. our results
are obtained via fixed point theorems. An example demonstrating the effectiveness of the

theoretical results is presented at the end of each section.

2.1 Existence and uniqueness of mild solutions of
boundary value problems for Caputo-Hadamard
fractional differential equations with integral and

anti-periodic conditions

In this section, we study the existence and uniqueness of mild solutions for a nonlinear

fractional differential equation with integral and anti-periodic conditions as follows

GO (t) = f(t,z@), te(,T), (2.1)
z(1)+a2(T) = b/1 x(s)%, (2.2)

where f: [1,7] x R — R is a continuous function, §D¢, is the Caputo-Hadamard fractional
derivative of order 0 < @ < 1 and b € R such that 2—blog (T") > 0. To show the existence and
uniqueness of solutions, we transform the problem ({2.1)-(2.2]) into an integral equation and

27
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then use the Schaefer fixed point theorem to prove the existence result, while the uniqueness
is demonstrated by using the Banach’s contraction mapping principle.
At the end of each section, An example demonstrating the effectiveness of the theoretical

results is presented.

2.1.1 Existence results
First, we start by defining what we mean by a solution of the boundary value problem
@1)-@2).
Definition 2.1 Let J = [1,7], A function x € C (J,R) is said to be a mild solution of the
problem (2.1))-(2.2) if = satisfies the corresponding integral equation of (2.1))-(2.2).

For the existence of solutions for (2.1)-(2.2), we need the following auxiliary lemma.

Lemma 2.1 Let A = 2 —blog(T), x € C(J,R) and 2’ exists. If x is a solution of the
boundary value problem —, then x is a solution of the integral equation

5@ / (] (oe2) reaenT) T
an L (06D) e ® e, 03)

Proof. Suppose z satisfies the problem (2.1)-(2.2). Then, by applying #J¢, to both sides of

(2.1), we have
Hj(ll-k (g@?+m (t)) =1 3(1}-5- (f <t7 z (t))) .

In view of Lemma [1.8 we get

z(t) =2 (1) + "3 (f (tz (1)) (2.4)

The condition ([2.2)) implies that

SO

— AFl(a) /1T (log g)a—l f(s,z(s)) % (2.5)

2.1. Existence and uniqueness of mild solutions of boundary value problems for
Caputo-Hadamard fractional differential equations with integral and anti-periodic
conditions
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Substituting (2.5) in (2.4)) we get the integral equation ({2.3). The proof is completed. m
Now, we transform the integral equation (2.3)) to be applicable to fixed point theorems,

we define the operator ® : C'(J,R) — C (J,R) by

(Px) (1) = FL) /j <log E>a_1 f (5,0 (s) &

(«

+%@/1T (/1 <log§>a_1f(a,x(o))a%g) %

-5ra ) ) (logg)“‘lﬂs,us»%

Where figured fixed point must satisfy the identity operator equation ®u = w.
In the following, we prove existence, as well as existence and uniqueness results for the

boundary value problem ({2.1)-(2.2) by using a variety of fixed point theorems.

Existence and uniqueness results via Banach’s fixed point theorem

Theorem 2.1 Assume the following hypothesis
(H1) There exists a constant k > 0 such that

‘f(tux)_f(tvy” §k|l’—y|, fOT’tG J andx,yE]R.

If
k(logT)*  k|bl(logT)**"  k(logT)* -1
I'(a+1) ATl (a + 2) Al (a+1) ’

then the boundary value problem — has a unique mild solution on J.

(2.6)

Proof. Let ® defined by (2.3]). Clearly, the fixed points of operator ® are mild solutions of
the problem (2.1)-(2.2). Let z,y € C (J,R). Then for ¢t € J, we have

o

log £)“ k [b] (log T)*™*
< k(logt) e =yl + 6] (log T')

=Tlat 1) AT (o 1 2) ”x_y”ooerHx_y““

(k(logﬂ“ k bl (log T)**" k(logT)a>H »
T(a+1) Al(a+2) ' Al(a+1) Ylloo -

2.1. Existence and uniqueness of mild solutions of boundary value problems for
Caputo-Hadamard fractional differential equations with integral and anti-periodic
conditions
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Therefore

k(logT)*  k|b|(logT)*™ Kk (logT)*
dr — Dy < — vyl .
|2 = Pyl < (F(a+1) ATar2) T Aren ) " Vs

From ({2.6), ® is a contraction. As a consequence of Banach’s fixed point theorem, we get
that ® has a unique fixed point which is the unique mild solution of (2.1)-(2.2)). m

Existence results via Schaefer’s fixed point theorem

Theorem 2.2 Assume the following hypothesis
(H2) There exists a constant M > 0 such that

|f (t,x)| < M, forte J and each x € R.

Then the boundary value problem (2.1)-(2.3) has at least one mild solution on J.
Proof. We shall use Schaefer’s fixed point theorem to prove that ® defined by (2.3) has a

fixed point. The proof will be given in several steps.
Step 1. The continuity of f implies the continuity of the operator ® defined by (2.3).
Step 2. ® maps bounded sets into bounded sets in C' (J,R).
Indeed, it is enough to show that for any n > 0, there exists a positive constant [ such

that for each x € Q = {z € C (J,R) : ||z||, < n}, we have ||Pzx|| < (. In fact, we have

a)

i | ' ([ (0s2) W maiom 2) 2

txre | ' (1gf) (s o) 2

(logt)™ +

@01 s [ (et) " e &
|

SF(a—f—l) AT (o + 2)

b log T
<A 1) ==
- ( * a+1 * Al (o + 1)

(log T)*.

Thus
(A+1)(a+ 1)+ |b|logT

M
P < logT)" = 1.
H :cuoo_( at1 )Ar<a+1><0g )=t

Step 3. ® maps bounded sets into equicontinuous sets of C' (J, R).
Let t1,ty € J with t; < g, Q be a bounded set of C'(J,R) as in Step 2, and let x € €.

2.1. Existence and uniqueness of mild solutions of boundary value problems for
Caputo-Hadamard fractional differential equations with integral and anti-periodic
conditions
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Then

(@) (t2) — (P) (t1)

|
< ﬁ/j (log %)a_lﬂs,x(s))%— ﬁ/j <log %)a_lf(s,x(s))d_;
)

—_

M N 2\ N a2\
<—" ((logt log 2) — (logt log 2
STt >((0g 1) +(0gt1) (logta)™ + ogt1> >

- 2M | ta\
—_— og — .
STla+1) \ By

As t; — tq, the right-hand side of the above inequality tends to zero and the convergence is

independent of z in 2. As consequence of Step 1 to Step 3, together with the Arzela-Ascoli

theorem, we can conclude that ® is completely continuous.
Step 4. A priori bounds.
Now it remains to show that the set

By ={z € C(J,R): x = \Px for some 0 < \ < 1},

is bounded. Let x € B,, then x = A®x for some 0 < A < 1. Thus, for each t € J we have

v () =\ [ﬁ / (bgg)“ﬂs,m»d—;

AFb(a) /1T (/1 <1°g §>al J(o,2(0)) %) %

2.1. Existence and uniqueness of mild solutions of boundary value problems for
Caputo-Hadamard fractional differential equations with integral and anti-periodic
conditions
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For A € (0,1), we have

@01 s [ (6?) " G &

M
< « a+1 «
S Tz e+ Ararg 08T + Ay (o D)
|b[log T o
<(a 1) (logT)" = R.
_( * a+1 * AF(a+1)(Og ) =R
s A+1)(a+1)+bllogT\ M
+1)(a+ 1)+ 10| log o
dr|. < logT)" = R.
\rmm_( P )Arm+n(% ) =R

This implies that the set B) is bounded. As a consequence of Schaefer’s fixed point theorem,
we deduce that ® has a fixed point which is a mild solution of the problem (2.1)-(2.2)). =

2.1.2 Examples

In this subsection, we present some examples to illustrate our results of the previous subsec-

tion.

Example 2.1 We consider the problem for Caputo-Hadamard fractional differential equa-

tions of the form

€O () = w telld, (2.7)
(1) +a(e) = /16:5(5)%, (2.8)

where o =3, T=e, b=1and f (t,2) = Si%ix). For any z,y € R and ¢ € [1, e], we have

£ (62 = F )l < 5l =l

Therefore, the condition kél(o agfl))a + k'%?&ﬁgﬂ + Z(lro(i?f) < 1 holds with k = £ and A = 1.

2 1 i, i
Indeed, () + (i) = 0.60 < 1. By Theorem the problem 1' 1) has a unique
€

mild solution on [1

Example 2.2 We consider the following fractional boundary value problem

CDL () = %, telle, (2.9)
(1) +z(e) = %/161:(8)%, (2.10)

2.1. Existence and uniqueness of mild solutions of boundary value problems for
Caputo-Hadamard fractional differential equations with integral and anti-periodic
conditions
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wherea =1, T'=¢,b=1 A=2and f (t,2) = 2zz;($) We have
|cos (z)| 1
t < < Y (t 1 R.
Choosing M = 5= 1_ then by Theorem E the problem . - ) has a mild solution on
[1,e].

2.2 Existence and uniqueness results for nonlinear
implicit Riemann-Liouville fractional differential

equations with nonlocal conditions

In this section, we study the existence and uniqueness of solutions for the following fractional

differential equation with nonlocal conditions

{ FEDg @ (t) = f(t,x (1) " Di,x (1), t € (0,77,

. (2.11)
e (t)|t:0 =Ty — g(x), zo € R,

where RLD8‘+ is the standard Riemann-Liouville fractional derivative of order 0 < a < 1,

f:(0,T]xRxR —Randg:C((0,7],R) - R are continuous nonlinear functions. To
prove the existence and uniqueness of solutions, we transform ([2.11]) into an integral equation

and then use the Banach and Krasnoselskii fixed point theorems.

2.2.1 Existence of solutions

First, we start by defining what we mean by a solution of the problem ([2.11)).

Definition 2.2 A function x € C ((0,7],R) is said to be a solution of (2.11)) if x satisfies
BLDg x (t) = f (¢, z (¢) ,BF Dg, x (t)) for any t € (0,T] and t'~*z (t)],_, = zo — g(z).

For the existence of solutions for the problem (2.11]), we need the following auxiliary

lemma.

Lemma 2.2 The function x solves iof and only if it s a solution of the integral equation

x(t)=t""1(zg—g(x))+ ﬁ/o (t—s)*"f (t,:c( ), L Dy x (¢ )) ds, t€(0,T]. (2.12)

Proof. Suppose the function z satisfies the problem |D then applying RL]g; to both
sides of (2.11]), we have

RL[a RLD0+37( ) = RL[3+ f (t,x( ) e D0+x( ))

2.2. Existence and uniqueness results for nonlinear implicit Riemann-Liouville
fractional differential equations with nonlocal conditions
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In view of Lemma [1.4] we get

1 t
x(t) =ct* ' + —/ (t—s)*""f (t,x (), D§,x (1)) ds. (2.13)
I'(a) Jo
The condition ¢'~®x (t)|,_, = xo — g(x) implies that
¢ =x9—g(x). (2.14)

Substituting (2.14]) in (2.13)) we get the integral equation (2.12]). The converse can be proven

by direct computations. The proof is completed. m
In what follows, we show existence, as well as existence and uniqueness results, for the

problem (2.11)) by using a variety of fixed point theorems.
The following assumptions will be used in our results.
(H1) There exist constants k; > 0 and ks € (0, 1) such that

’f<t7uav) - f<t7U*7U*)| < kl ’u_u*l —|—]€2 |U_U*|7

for t € (0,7, u,v,u*,v* € R and f(.,0,0) € C;_, ([0,7],R), where C;_, ([0,7],R) is the

weighted space of continuous functions defined by
Cioo ] ={z:(0,T] = R:t"*z e C([0,T],R)},

with the norm

l#lle, ., = sup [t ()]
telo.7]

(H2) There exist a constant b € (0,1) such that

g (w) =g (W) <bflu—ullg,_,

for u,u* € C1_, ([0, 77, R).

Existence and uniqueness results via Banach’s fixed point theorem
Theorem 2.3 Assume that the assumptions (H1) and (H2) are satisfied. If

[(a) kT
I (2a) (1 — ko)

b+ <1, (2.15)

then there exists a unique solution for the problem in the space C1_, ([0,T],R).
Proof. We define the operator ® : C_, ([0,7],R) — C1_, ([0,7],R) by

(®z) (t) = t* (2o — g () + ﬁ/o (t—s)*""h(s)ds, te (0,T],

where h : (0,7] — R be a function satisfying the functional equation

h(t):f(t,l‘(t),h(t)).

2.2. Existence and uniqueness results for nonlinear implicit Riemann-Liouville
fractional differential equations with nonlocal conditions
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By Lemma , the fixed points of operator ® are solutions of (2.11]). The operator ® is well

define, i.e. for every x € C1_, ([0,7],R) and ¢ > 0, the integral

I a1
m/o (t— )" h(s)ds,

belongs to C_, ([0,7],R). Under the condition (H1),

(L ()] = 1f (& (), h(1))]
ki

<
T 1 — ke

|z (t)| + ct*~ ! for each t € (0,T],

. For every x € C1_, ([0,7T],R), we have

< e /t (t—s)* tso! _h |s' 2 (s)| + ¢ ) ds

By Lemma (1.3 we have

e —5)* " h(s)ds u x c Do)
o [e=rtneas) < (sl +e) ot
()T

< (Bl o) BOE
= 1k Mlea ™) T Ra)

That is to say that the integral exists and belongs to Cy_, ([0, 7], R).
Let x,y € C1_4 ([0, T],R). Then for t € (0,7], we have

(@) (1) ~ (@) 1)
< g @) =g W+ s [ (6= 91" () = oy ()] .
where h,, h, € C1_q ([0,T],R) be such that
bet) = £ (12 (0) b (1),

and

hy () = f (ty (£)  hy (2)) -

(2.16)

(2.17)

2.2. Existence and uniqueness results for nonlinear implicit Riemann-Liouville
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By (H1) we have

e ()= by (O] = 1 (1 (1) () — (1, (8), By (1)
< Rl )~y @)1+ e (1) — By (1)
Then
e (6) =y ()] < 2 o (6) =y 1)
Therefore, for each ¢t € (0,7
(@) (1) — (@) (1)
<=l + e | = e @ -l ds
==l + e [ O T )~y )]s

a— kl a a—
S t lb Hx - y”Cl,a + 1— kQ RL‘[a+ (t 1) Hx - y||C17a :

By Lemma (1.3 we have

F(Oz)k?ltmlil || B ||
T (2a) (1 — ko) 1 Ylcioas

(@) () — (Py) (1)) < t*bllz = ylle, ., +

which implies that

1 (@) () — (@) (1)]
<blla—ylle,, + 7 ;;gg;% L
F ((]1) k?lTa

T (20[) (1 —_ k’g) ||JZ - y”Cﬁfa :

Thus
r (O{) k’lTa

or — O < (b — .

0~ @l < (04 s ) ool

From (2.15)), ® is a contraction. As a consequence of Banach’s fixed point theorem, we get
that ® has a unique fixed point which is a unique solution of the problem (2.11)). =

Existence results via Krasnoselskii’s fixed point theorem

Theorem 2.4 Assume (H1), (H2) and the following hypothesis

(H3) There exist p; € C1_o ([0,T],RT), po,p3 € C([0,T],R") with p5 = sup ps(t) <1
te[0,7

such that
[ (£ u,0)] < pi(8) + p2 (2) [u] + ps () |v],
fort € (0,T] and each u,v € R.

2.2. Existence and uniqueness results for nonlinear implicit Riemann-Liouville
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If

Pyl (a) T
(1 =p5T(2q)
where p5 = sup ps (t). Then the boundary value problem (2.11) has at least one solution in

A=b+

<1,

te[0,T
Q.
Proof. Set . TepiT (a)

Pyl (@
R = — A g
T ATl @ G ST ey

where p; = sup {t!™p; (t)} and Q = |g(0)]. Let us fix

te[0,T

M > RA.
Consider the non-empty closed bounded convex subset
0= {zeCial0,T),R): |lzllg,_, <M},
and define two operators F, and F), on (2, as follows
1 ¢ .
Fa)({t)==—— [ (t—s)" h(s)d
(Fa) ) = g [ (4= his)as
and
(Fya) (t) =t (w0 — g (2)),

where h : (0,7] — R be a function satisfying the functional equation

h(t)=f(tx(t),h(t).

We shall use the Krasnoselskii fixed point theorem to prove there exists at least one fixed

point of the operator F, + F; in €2. The proof will be given in several steps.
Step 1. We prove that Fiz + Fyy € Q for all z,y € Q.
For any x,y € Q and t € (0,7], we have

|(Fy2) (1) + (Fay) (1)

1
<

t
—— | (t—25)"""h(s)ds
I'(a) /0
<t Hao| + 127 g () — g (0)] + 7 g (0)]
1 /t a—1 —1 1—
+ — t—s s* s h(s)|ds
e )
<t g + 270 2], +0TQ
1 /t a—1 —1 1—
+——— | (t—9)"" s s %h(s)|ds
I'(a) Jo ‘ ‘
<t o]+t OM +t71Q
1

+ m/O (t—s)* s s R (s)] ds. (2.18)

t° (w0 — g (2)) +

2.2. Existence and uniqueness results for nonlinear implicit Riemann-Liouville
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By (H3), for each t € (0,7, we have
L ()] = |f &,z (t), h (1))
< p1(t) +p2 (8) |z (8)] + ps (£) |2 (2)].
Hence, we get
7R ()] < 7%y (8) +po () [t72 (8)] + ps () [t R (2)]
< Py + M +p3 [t R (1)
then, we have
k *M
1o (1)) < L P2 (2.19)
1 —p3

Replacing (2.19) in the inequality (2.18) and with Lemma [1.3] we get

|(Fyx) () + (Fay) (1))
<t o] + M + t71Q

* *M 1 t
+ (pl +p2* ) / (t . S)afl sa—lds
1 —p3 [ (a) Jo

<t x| F M +t71Q + (

1— D3 r (20&)
Therefore
[t ((F@) (t) + (Fax) (1))
T°piT () pal (o) T°
< |zl + @ + ()T (2a) (b+ (1 —p’é)F(m)) .
Thus

||F1'r + F2IHC1,Q

M 1
<A+ < — l—=|M=M.
<asnmrs (1o )

Hence Fix + Fyy € Q for all z,y € Q.
Step 2. We show that Fj is continuous.

21 +p’2‘M> I'(a) pa-1

Let (), be a sequence such that z, — x in Ci_, ([0,7],R), then for each ¢t € (0,77,

we have

|[(Fya) (8) = (F2) ()] < %/0 (t =) A (s) = h(s)| ds,

)
where h,,h € Ci_, ([0,T],R) be such that

hn (t) - f (t? Tn (t) ’ hy, (t)) )

(2.20)

2.2. Existence and uniqueness results for nonlinear implicit Riemann-Liouville
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and
h(t)=ftz(t),h(t).
By (H1) we have

o () = B (8)] = [f (£, 20 (E) , o (8)) = f (8,2 (2) , o ()]
< kulwn () — 2 ()] + Kz b (8) = A (1)]

Then

e () = R (O] < T2 fa (1) 1) (221)

2

By replacing (2.21) in inequality (2.20)), we find

|(Fyzn) () — (Fyz) (2)]

kl ! a—1
Sm/{) (t—s)" " [on () —2 ()| ds
ki ! a-1 a1 l-a . s
= m/o (t =) s "7 (2 (1) — 2 (1))] d
kl «a a—1
=71_ k2]0+ (t ) ||=’L‘n - "L‘HC&,Q :

By Lemma (1.3 we have

(Fuan) (0= () (0] £ sl = ol

which implies that

17 (F) (0 = () O)] < = oy g e = 7l

STk e

Thus
T (Oé) k’lTa

11‘”01704 — (1 . kQ) r (20[) Hxn - «CE”C’I,Q )

and hence

| Fi2n — Fiz|lo,_ —0asn— oc.

Consequently, F, is continuous.
Step 3. We prove that Fj is compact.
For all z € Q and t € (0,7, we have

1 ! a=1 a—1|_1-«
(F.z) (t)\gm/o (t— 5)° 52 10 ()| ds. (2.92)

2.2. Existence and uniqueness results for nonlinear implicit Riemann-Liouville
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Replacing (2.19) in the inequality (2.22) and with Lemma [1.3] we get
’(le) (t)| S (pl +p2 > (O[) tQOz—l.

1—p5 ) I'(2a)
Therefore i .
£ (F2) (1] < (p L o2 ) e
— D3 ' (2a)
Thus

HFI'THcl_Q

< (PitpMY T(a) o
1—p5 ) I'(2a)
Hence F} (Q2) is uniformly bounded.
It remains to show that F} (2) is equicontinuous, let 0 < t; < ¢, < T and z € 2. Then

|ty (Fix) (t2) — 8 (Fiz) (1))

1 t1 to
= — tlfa to — a_lh d / tlfa to — Oé—lh d
g | s [T - ) ds

t1
—/ i (t, — $)*  h(s)ds
0

t
< o [ g s R )] s
0

(@)

1 /t2 1- a1 a—1_1-
+ = ty “(ta— )" s s h(s)|ds
F (Oé) t1 2 } ( ‘
pi +p;M 1 /tl l1—a a—1 l1—a a—=1] a—1
< t ty — —1 t1 — d
- 1-—p (F(a) 0 |t (t2 = 5) (= 8) s 5

pT —|—ng ( 1 /t2 1—a a—1 a-—1 )
+ t to — s s ds ) .
1 —p3 r (a) t1 ? ( ? )

As t; — to, the right-hand side of the above inequality tends to zero. That is to say that
F, (9) is equicontinuous, then by Ascoli-Arzela theorem, we can conclude that the operator
F, is compact.

Step 4. We prove that I, : Q — C;_, ([0,7],R) is a contraction mapping.

For all x € Q and from (H2), we have

(Fx) (1) = (Fy) (0] = [t*"(g(x) — g (y))]
< tollz =yl

Therefore
[t (F) () — (Fy) @) < bllz = ylle,, -
Thus
1Fx = Fylle,_, <blle—ylle,_, -

Hence, the operator F is a contraction.
Clearly, all the hypotheses of the Krasnoselskii fixed point theorem are satisfied. Thus

there a fixed point = € Q such that = F,x + F,x, which is a solution of the problem (2.11)).
n

2.2. Existence and uniqueness results for nonlinear implicit Riemann-Liouville
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2.2.2 An example

We consider the following fractional initial value problem

RL 1
D0+x( ) =
4exp( t+2)<1+|x O+
1
§

te (] =3 Tatly(t),

t=0

+1 te(0,1],
s e (0,1]

(2.23)

where 0 < t; < ... <t, <1and¢;, i =1,...,n are positive constants with
ICEE
4
=1

Set
[t u,v) =

1 1
_17 te (0,1, u,v € R,
3

4dexp(—t+2) (1 + |u| + |v])
We have

Cia([0,1],R) = C1 ([0,1] ,R) = {h;(0,1HR;t%hec([o,1],R>},

=

with o = % Clearly the functions f and g are continuous, f(.,0,0) € C
u,u*,v,v" € R and t € (0, 1], we have

([0,1],R). For each

W=

’f(t7u7v) - f<t7u*7v*)|

1 1 1
 dexp(—t +2) ((1+ ul + o) (1 +Jur] + Iv*|)>'
< lu —u*| + v — v
~ dexp(—t+2) (1 + |ul + |v]) (1 + |u*| + |[v*])

1
<_ _ * _ *
< = (lu—wl+ o)),

and
g () —g ()] < Y eit? u(ts) —u (&)

1
< Daillu=wllo, < gllu=wle,

Hence, conditions (H1) and (H2) are satisfied with k; = k; = -and b = ;. The condition

D(a) kT 1 r(3)
= e 04 <1,
[@2a)(1=k) 4 T(3)(1-7)
is satisfied with 7" = 1. It follows from Theorem that the problem (2.23)) has a unique
solution in the space C% ([0,1],R).

b+

2.2. Existence and uniqueness results for nonlinear implicit Riemann-Liouville
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Chapter

Some qualitative properties for certain classes
of nonlinear hybrid fractional differential

equations

The area of differential equations where the terms in the equation are perturbed either
linearly or quadratically or through the combination of first and second types is called hybrid
differential equations. Perturbation taking place in the form of the sum or difference of terms
in an equation is called linear. On the other hand, if the equation is perturbed through the
product or quotient of the terms in it, then it is called quadratic perturbation. So the
study of the hybrid differential equation is more general and covers several dynamic systems
for some developments on the existence results of hybrid fractional differential equations.
In latest years, the existence theory for solutions of boundary value problems of hybrid
fractional differential equations has attracted the attention of many researchers, we refer to

[7, 22, 29] 84], OT], 103] and the references therein for the recent development in this area.
In this chapter, we are interested to study some qualitative properties for certain classes of

nonlinear hybrid fractional differential equations. First, In section 3.1} we study the existence
and uniqueness of solutions and Ulam stability results for nonlinear hybrid implicit Caputo
fractional differential equations. Next, In section we present some results about the
existence, interval of existence, uniqueness and estimation of solutions for nonlinear hybrid

implicit Caputo-Hadamard fractional differential equations.

42
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3.1 Existence and Ulam stability results for nonlinear

hybrid implicit Caputo fractional differential equa-

tions

In this section, we study the existence and uniqueness of solutions and the Ulam stability for
the following nonlinear hybrid implicit Caputo fractional differential equation

Cra (20-fts®)) _ C e (-
{ D0+< eiCa >—h<t,x(t), D0+< Lt >),te(0,T], A

x(0) =09 (0,2(0)) + f(0,2(0)), 0 € R,
where f: [0, 7] x R - R, g:[0,7] x R — R\{0} and h : [0,7] x R x R — R are nonlinear
continuous functions and “ D, denotes the Caputo fractional derivative of order 0 < o < 1.
To show the existence, uniqueness and estimate of solutions of , we transform
into an integral equation and then use the contraction mapping principle and Gronwall’s
inequality. Further, we obtain Ulam-Hyers and Ulam-Hyers-Rassias stability results of .

Finally, we provide an example to illustrate our obtained results.

3.1.1 Existence and estimate of solutions

First, we start by defining what we mean by a solution of the problem (3.1]).

Definition 3.1 A function z € AC ([0,7],R) is said to be a solution of (3.1)) if = satis-
fies “Dg, <W) =h <t,x(t) C D, (W)) for any ¢t € [0,7] and z (0) =

09 (0,2(0)) + £ (0,2(0)).

To obtain our results, we need the following auxiliary lemma.
Lemma 3.1 If the functions f : [0,T] x R - R, g : [0,7] x R — R\ {0} and h : [0,T] x
R xR — R are continuous, then the initial value problem 15 equivalent to the nonlinear

fractional Volterra integro-differential equation

8
~~
S+~
~—
I

f () +0g(t, (1))

D o st o, (<L)

fort € [0,T].

The proof of the above lemma is close to the proof of Lemma 6.2 given in [30].

Existence and uniqueness results via Banach’s fixed point theorem

Theorem 3.1 Let T > 0. Assume that the continuous functions f : [0,T] x R — R,
g:[0,T] xR — R\ {0} and h: [0,T] x R x R — R satisfy the following conditions

3.1. Existence and Ulam stability results for nonlinear hybrid implicit Caputo
fractional differential equations
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(H1) There exists M, € Rt such that

lg (t,u)] < M,,

for allu € R and t € [0, 7).
(H2) There exists My, € RT such that

’h (tv u, U)‘ S th

for all u,v € R and t € [0,T].
(H3) There exist Ky, Ko, K3 € R, Ky € (0,1) with K; + K5 (0] € (0,1) such that

|f (u) = f(u)] < Kyfu—of,
g (t,u) —g(tu’)| < Kylu—v,

and
|h(t,u,v) - h(t7U*aU*)| < K3 |’LL —U*| + Ky |U _U*|7

for all u,v,u*,v* € R and t € [0,T].

If
M,Ky T

(1-K)T'(a+1)
Then, the problem has a unique solution x € C ([0, T],R).

B =K+ K |0] + MK, + <1 (3.2)

Proof. Let

cpe (O FHa@)) )
Dy, (LD ). 0 0) = 09 0,000) + £ 0.000),

then by Lemma (3.1}, we have

B gtr®) 1 s
o(t) = £ (t.a(t) + g(t. (1)) + LE ) / (t— ) 2, (s) ds,

where

2o (t) = (1 f (6 2(8) + 0g(t2 (1) + g (b2 ()™ I,z (1), 2 (1))

That is = (t) = f(t,2(t)) + 0g(t,z () + g (t,z ()™ I§ 2, (t). Define the mapping @
C([0,7],R) — C (]0,T],R) as follows

(®x) (t) = f(t,z(t)) +0g(t,z (t)) + M /Ot (t — S)O‘f1 2. (8) ds.

3.1. Existence and Ulam stability results for nonlinear hybrid implicit Caputo
fractional differential equations
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It is clear that the fixed points of ® are solutions of (3.1)). Let xz,y € C ([0,T],R), then we

have
(@) (1) — (®y) (1)
ot (1)
F(ea(0) + 09000 0) + LD gt 0
1 tyt0) = dgtty 0) - LLLD [ty
< 1F (1 n(6)) — £ 1y )]+ 18 g 1)) — oty (1)
ot () =gy )l iy [ 0= e )]s
oty g [ 0= ) =5 ()] ds
< Kaalt) — y(0)] + K 0] [2(t) — y(0)
M, [ a—1
R lalt) = y(0)] s [ (=9 ds
T ARt A O EEIER
and
2 (0) =2 (O] < [ (0) 2 (1) — b (6, 0(t), 2 (1)
< Ky lalt) — (0] + K|z (6) — 2, ()

< ol — (o)l

By replacing (3.4) in the inequality (3.3)), we get

(@) (1) = (Py) (1)]
< Ky lz(t) —y(0)] + K2 0] [x(t) — y(2)|

K () — y(t)) % / (t— )" ds

sz<1||:c—y||oo+f<2(|e|+ B ))n -yl

Mg KS ¢ a—1
t— d -
o ([ o) e -

M K t
< <K1+K2|9’+ (MhK2+ 3) Tl ) |z =yl

1-— K4 C(—i—l)

M, K. T
< (s o+ (s 25 ) Y oy

1-— K4 Oé—|-1)

3.1. Existence and Ulam stability results for nonlinear hybrid implicit Caputo
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Then

P2 — Pyl < Blr -yl -

By (3.2), the mapping ® is a contraction in C'([0,7],R). Hence ® has a unique fixed point

z € C([0,7],R). Therefore (3.1)) has a unique solution. =
Estimate of solutions

Theorem 3.2 Assume that f: [0,T] xR =R, g:[0,7] x R - R\ {0} and h:[0,7] x R x
R — R satisfy (H1)-(H3) and holds. Then has a unique solution x and

(1-K)(1—(K1+ K |0) T (a+1)+ MgKgKTO‘)
(1—Ky) (1= (K4 K5]0)T (a+ 1)

M,QsT*
X (Q1+|9|Q2+ (1_Kz)r(a+1)>’

(0 < (

where Ql = Sup |f(t70)|7 QQ = Sup |g (t70)|7 QS = Sup |h(t7070)| and K € R* is a
te[0,T te[0,T] te[0,7]
constant.

Proof. Theorem [3.1 shows that the problem ([3.1]) has a unique solution. Let
CDoz <£B (t) — f (t7$(t))

o g(t,2(1))

then by Lemma , w(t) = f(t,x(t)) + 0g(t,x () + g (t,x (t))"" I§, 2, (). Then by (H1),
(H2) and (H3), for any ¢ € [0, 7] we have

) =2 (1), #(0) = 0g (0,2(0)) + f (0,(0)),

[z ()] < [f (& 2(0)] + 18] [g(t, = (8)] + g (¢, 2 ()] |15, 2 (1)]
< |f (&) = f (£ 0) +[f (& 0)]
+10] (lg(t,z () — g(t, 0)] + |g(¢, 0)]) + My [*“I§, 2 (1)]
< Ki |z (0)] + Q1 + 0] (K |z (8)] + Q2) + My "Ig, |2, (t)]-

On the other hand, for any ¢ € [0,T] we get

|22 ()] = [h (£, 2 (t) , 2 (1))
< |h(t,$(t>, (t))_h(t7070)|+|h(t70’0>|
< K|z (t)] + Ky |z (t)] + R (¢,0,0)]

Qs
1— Ky

721‘
ZZ‘

K3|

<
T 1-Ky

x(t)| +

Therefore

lz ()] < Kilz (t)] + Q1+ 0] (K |z (1) + Q2)

o K3 Q3
+ M, " I3, (1_—[(4 e ()] + = K4) :

3.1. Existence and Ulam stability results for nonlinear hybrid implicit Caputo
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Thus

(1= (K1 + K2[0])) [ (1)]

M,QsT*
< Q1+ 10| Q2+ (I K)T (a1 1)

M9K3 RL T
+ ((1 —K4) (1 _ (Kl +K2\9D)) ( [+{( (Kl +K2!9!))! (t)‘})

By Lemma|1.16| there is a constant K = K («) such that

(1= (K1 + K3 |60])) [ ()]

M,QsT°
S QIO+ T T e T

M, KK Te
< 1—K4)(1—(K1+K2|9|))F(a+1))
M, Q5T
X(Ql+|@|@2’+(1 K)F(a+1))

IN

(1K) (1 — (K, + K2 |0]) T ( + 1) + M, K3 KT®
( 1—K4)(1—(K1+K2|9D)F(04+1) )

X(Q1+\9\Q2+ M, QT )

(1-Ky)T(a+1)

Hence

()] < ((1 —K) (1= (K1 + Ko |0) T (a+ 1)+ MgKgKTO‘)
= (- K2) (L (B + 52 |0)°T (o + 1)
M,QsT*
(1—K4)P(a+1)> '

Y (Q1 101 Qa

This completes the proof. m

3.1.2 Ulam stability

In the following, we will study two types of Ulam stability of the hybrid implicit Caputo frac-
tional differential equation ({3.1) which are Ulam-Hyers and Ulam-Hyers-Rassias stabilities.

Lemma 3.2 Assume that g satisfies (H1). If y € C([0,T],R) is a solution of the fractional
differential inequality for each € > 0

() o

then, y is a solution of the following inequality

plorrae ) ECRCS

eM, T

ly(t) — (Py )()|_m

3.1. Existence and Ulam stability results for nonlinear hybrid implicit Caputo
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Proof. Let y € C' ([0, T],R) be a solution of the inequality (3.5)) for each € > 0. Then, from
Remark [1.1]and Lemma 3.1]for some continuous function v (¢) such that |v (t)| < e, t € [0,T7,

we have

0(0) = £ (e + batt.y 0) + LD e

(o () )

Then, by Remark and (H1), we obtain

(t) — (@) ()] = ] 2L [ gt o)
< ty(t ‘/ (t —s)* o (s)|ds

eMTa

I'a+1)

which is satisfied inequality (3.6)). This completes the proof. m
Theorem 3.3 Assume that the assumptions (H1)-(H3) are fulfilled and holds. Then
the problem 1s Ulam-Hyers stable.

Proof. Under (H1)—(H3) and (3.2)), the problem (3.1) has a unique solution in C (]0,7],R).
Let y € C ([0,T],R) be a solution of the inequality (3.5)), then for each t € [0, T], we have

ly (t) —z (0]
= ly (t) — f(t,z(t)) + 0g(t, z (1))
tz (1))

)
ga®) [ (e (2= al)))
Fiy ) €9 h(’ (s DO*( 96,7 () ))d
(1) — By (1) + By (1) — b (1)
<y (t) — By (1) + By (1) — Ba (1)
eMTa

)
>_
SﬁJrﬂHy [

_|_

= |y (t

Then

b=l < T T @)

By setting
M,T*

A

we obtain
ly () —x (t)] < ke.
Therefore, the problem (3.1]) is Ulam-Hyers stable. This completes the proof. m

3.1. Existence and Ulam stability results for nonlinear hybrid implicit Caputo
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In the next, we introduce the following function.
(H4) The function ¢ € C ([0,7],R") is increasing and there exists a constant A, > 0 such
that, for each ¢ € [0, T], we have

TIo(t) < Mo (1)

Lemma 3.3 Assume that (H1) and (H}) are satisfied. If y € C ([0,T],R) is a solution of
the fractional differential inequality for each € > 0

opg, (LU= IEHD) _ (0 € pp, (UU=TEHD)) <y ary

g (t,y(t)) gt y(t))

then, y is a solution of the following inequality

ly(t) = (Py) ()] < eMgApo (). (3.8)

Proof. Let y € C([0,T],R) be a solution of the inequality (3.7)) for each ¢ > 0. Then,
from Remark [I.1] and Lemma [3.1] for some continuous function v (¢) such that |v (¢)| < e¢ (t),
t € [0,T], we have

po) =@l = |ZED [ gt )as
< IO

< eM, g)\d>¢ (t) .
which is satisfied inequality (3.8)). This completes the proof. m

Theorem 3.4 Assume that the assumptions (H1)-(H4) are fulfilled and holds. Then
the problem 15 Ulam-Hyers-Rassias stable.

Proof. Under (H1)-(H4) and (3.2), the problem has a unique solution in C'([0,7],R). Let
y € C([0,T],R) be a solution of the inequality (3.7)), then for each ¢ € [0, T], we have

|y (t) — = (1)

=0 - s .atey + tateo @)+ HEE [t

(e o pe (T8 = PN,
h<’<)’D“( 95,7 (5)) ))d
—ly (1) — (@) (6) + (@y) (1) — (32) (1)

(
<[y (@) = (®y) (O] + [(Py) (1) = (D) (2)]
< eMgAoo (1) + Blly — ol

3.1. Existence and Ulam stability results for nonlinear hybrid implicit Caputo
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Then M6 (1)
€
) — ()] < kil M AN
y () —a @) < —— 3

By taking a constant

k _ MQ)\¢>

d):f - 1 _ /87

we obtain
ly (t) —x ()| < kg pep(t).

Therefore, the problem (3.1f) is Ulam-Hyers-Rassias stable. This completes the proof. m

3.1.3 An example

We consider the following fractional nonlinear hybrid implicit Caputo fractional differential
equation

CD§+ ( x(t)—itsinm(t)) >

1+% exp(—t2) cos(z(t))

= Ltcos(x(t)) + 1 , t €10,1], 3.9
b (et+24) (lJr'CD(;LJr<1+1i(jz)xp?i:;l;<:§:3i(t))) ) ( )

2(0) = g(0,2(0)) + f(0,2(0)).

where § =1, f (t,x (t)) = tsin (x (1)), g (t,2(t)) = 1+ 55 exp (—t?) cos (x (t)) and

b (o0 0, (LU= L )Y

= %t cos (z (1)) +

3 z(t)—Ltsin(z )
(et + 24) (1 + ‘CD61+ ( (t) gt (=) >D

1—|—%0 exp(—t2) cos(x(t))

Set h (t,u,v) = %t cos (u) + Wl(). For any w,v,u*,v* € R and t € [0, 1], we have

1-+|v|

* 1 *
* 1 *

1 1

|h<t7uav)_h(tJU*7U*)| < 5|u—u*]+%lv—v*|,

and 11 + 29

e
t < — |h(t <

Hence, all conditions of Theorem are fulfilled and 5 = 0.62309 < 1, with

11 e+ 29 1 1 1 1
M, = — = Y K = Ky=—. Ki=- Kj=—.
97100 T T he+1200 TP 4 P10 TP 5 YT 9p

Then the problem (3.9) has a unique solution z € C ([0, 7],R). And from Theorem [3.3| we
deduce that (3.9) is Ulam-Hyers stable.
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Now, we choose ¢ (t) = t* and in view of Lemma [1.3] we have
r')
RL y« 2+« 2
I t) = ————1 = X0 (1) .
0+¢() F(S—i—a) _F(%) ¢¢()
Thus condition (H4) is satisfied with ¢ (¢) = t* and A\, = ﬁ = %, it follows from
3

Theorem [3.4] that the problem (3.9)) is Ulam-Hyers-Rassias stable.

3.2 Existence and uniqueness results for nonlinear hy-
brid implicit Caputo-Hadamard fractional differen-

tial equations

In this section, we study the existence, interval of existence and uniqueness of solution for

the following nonlinear hybrid implicit Caputo-Hadamard fractional differential equation
a z(t)—f(t,x(t o a z(t)—f(t,x(t
%©1+ < (;(t;(t))( ))> - h (ta x (t) 7%914— < (;(t,z((t))( ))>> ’ t € (17 T] )
z (1) =0g(1,2(1)) + f(1,2(1)), 0 €R,
where f: [1,T] xR =R, g:[1,7] x R - R\{0} and A~ : [1,7] x R x R — R are nonlinear

continuous functions and D¢, denotes the Caputo-Hadamard fractional derivative of order

(3.10)

0 < a < 1. To show the existence, interval of existence and uniqueness of solutions, we
transform (3.10) into an integral equation and then use the Banach fixed point theorem.
Further, by Gronwall’s inequality we obtain the estimate of solutions of (3.10)).

3.2.1 Existence and estimate of solutions

First, we start by defining what we mean by a solution of the problem (3.10)).

Definition 3.2 A function = € AC* ([1,T],R) is said to be a solution of (3.10) if z sat-
isfies 0%, (%) =h (t,x(t) DY (%W)) for any t € [1,7] and = (1) =
0g (1, x(1)) + f (1,2(1)).

To obtain our results, we need the following auxiliary lemma.
Lemma 3.4 If the functions f: [I,T]xR = R, g: [1,T]xR — R\ {0} and h : [1,T] xR* —
R are continuous, then the initial value problem 1s equivalent to the nonlinear fractional

Volterra integro-differential equation
ol6) = £ (t.2(0) +09(6.(0)
L) [ (0 ) (o o, (ELLLlr)))

a) s g(s, 2 (s)) 5

fort e [1,T].

The proof of the above lemma is close to the proof of Lemma 6.2 given in [30].

3.2. Existence and uniqueness results for nonlinear hybrid implicit Caputo-Hadamard
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Existence and uniqueness results via Banach’s fixed point theorem

Theorem 3.5 Let T > 0. Assume that the continuous functions f : [1,T] x R — R,
g:[1,T] x R — R\ {0} and h : [1,T] x R* — R satisfy the following conditions
(H1) There exists M, € RY such that

|g (t,U)‘ S M97

forallu e R and t € [1,T].
(H2) There exists M), € RT such that

’h (tv Uu, U)| S th

for allu,v € R and t € [1,T].
(H3) There exist Ky, Ky, K5 € R, Ky € (0,1) with Ky + K> (0] € (0,1) such that
|f(t7U)—f(t,U*)| < K1|u—v|,
’g(t,U)—g(t,U*” < KQ‘U_U|7
and
|h(t,u,v) - h(t7U*av*)| < K3 |U - U*| + Ky |U - ?J*| )

for all u,v,u*,v* € R and t € [1,T].
Let

(1= (K1 + K [0]) (1= KT (a+ 1)\ =
(M Ky (1 — Ky) + M,K3) ) } : (3.11)

Then has a unique solution x € C ([1,b] ,R).

1 <b<min{T,eXp(

Proof. Let

oo (T @) )
o, (M LEO) ), 2 () = b9 (1,00 + 7 (L 0(0),

then by Lemma (3.4}

g(t,z(t) [ AN ds
o) = £ttt + 0t )+ 22O [ log ) a9,
where
2 (8) = b (& (2 () +0g(t, 2 (1) + g (42 () 35,2 (1), 2 (1))
That is x (¢ t,x(t)) + O0g(t,x (t)) + g (t,x (t))" 3¢, 2, (t). Define the mapping @ :

) = )
C([1,b],R) — C ([1,b] ,R) as follows

(@) () = £ (1.00) + tate. o (0)+ LEEO [ (0gt) s 0 2

S
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It is clear that the fixed points of ® are solutions of (3.10). Let z,y € C'([1,b],R), then we

have

and

(@2) (1) — (By) (1)
Fitoato) +b(t.a 1) + Lt [ (1gt) (5L

glty@®) [(, " ds
=10 + 9ty @) - LEED [ ogt) 9%

< If (ha(e)) ~ £ (10 (®)] + 18] gt (1)) ~ ol (1))
ol () =g (Ol s [ (102) 1201 %

oty i [ (o) o 501 %

< Ky |z(t) — y(t)| + K2 |0] |2(t) — y(t)|
wrale) o0l [ (oet) 2

i rj\({i) /j (log é)a_ 22 (s) = 2y (5)] %,

N
8
—~
~+
~—
I
<
—~
~+
~—
A

‘h (t’ x<t)v Rz (t)) —h (t’ x(t)v Ry (t))’
< Kslao(t) —y(t)] + Kylze (t) — 2 (1)

< Tl — o).

By replacing (3.13) in the inequality (3.12)), we get

(@) () — (Py) (1)]
< Ky lz(t) —y(0)] + K2 |0] [=(t) — y(2)|

+ Ko |z(t) — y(t)] % /j (k)g é)a_l %

M, Ky ot ds
log — — -
T Wi ), (og S) [2(s) —y(s)

My (log t)*
<K — Ky | 10|+ ——% —
< Ko =yl + 1 101+ B o -l

K M, (logt)”
b ()l -l

1-K, r (Oé + 1)
M,K;3\ (logt)®
1 — K4 F (Oé + 1

< (Ky+ Ko |0 + (th@ n o=yl

(3.12)

(3.13)

3.2. Existence and uniqueness results for nonlinear hybrid implicit Caputo-Hadamard
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Since t € [1,b], Then

where

M, K I @
5=K1+K2|9|+<MhK2+ g 3) (log b

1-Ky) T(a+1)
That is to say the mapping & is a contraction in C ([1,b],R). Hence, by the Banach fixed

point theorem, ® has a unique fixed point z € C ([1,b],R). Therefore, (3.10) has a unique
solution. m

Estimate of solutions

Theorem 3.6 Assume that f: [1,T|xR =R, g: [1,T]xR — R\ {0} and h : [1,T|xR?> - R
satisfy (H1), (H2) and (H3). If z is a solution of (3.1(), then

(1-Ky)(1— (K1 + K |0) T (a+ 1)+ MK K (log T)*
(0] < ( =K (1 (B + K2 ) T (@ 1) >

MgQg (IOgT)a
X (Q1+|9|Q2+ (1—K4)F(O{+].))’
where Qy = sup [ (£,0)], Q2 = sup |g(£,0)], @5 = sup |h(£,0,0)| and K € R* is a
te[1,T] te[1,T] te[1,T)

constant.

Proof. Let

t)— f(t,x(t
o, (ML IO ), o () = 09 (1,00 + 7 (L 0(0),

then by Lemma , x(t) = f(t,z(t)) +0g(t,x(t)) + g(t,x(t))Hjﬁzx (t). Then by (H1),
(H2) and (H3), for any ¢ € [1,T] we have

|z (0)] < [f (t2(0)] + 101 lg(t, = (1))] + g (¢, 2 ()] |"IF, 2 (1)]
< |[f (@t a(t) = f (£ 0)] +[f (& 0)]
+101 (g (t,x (1)) — g(t,0)[ + g(t, 0)[) + My |37, 2 (1)]
< Ki |z ()] + Q1+ 10] (K |2 (6)] + Q2) + M,y 3%, |20 (¢)]-

On the other hand, for any ¢ € [1,T] we get

|z )] = |k (t, 2 (1), 20 (1))
<|h(t,z(t),2: (t) — L (t,0,0)]+[h(t0,0)]
< Kslz ()] + Ky |z (£)] + |2 (¢,0,0)]

Qs
1- Ky

K
< t
< e ()] +

3.2. Existence and uniqueness results for nonlinear hybrid implicit Caputo-Hadamard
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Therefore

(O] < Ko (0] + Qo+ 6] (e o (0] + Qo)+ 24, 735, (2 lo 0]+ 155 )

Thus

(1= (K1 + K2 |0))) |= (¢)]

M, Qs (log T)° ( M, Ky )
1—K)T(a+1)  \(1—Ky) (1~ (K, + K, 0]))
x (T35, {(1 = (K + K3 |0])) |= (1)]}) -

< Q1+ 10| Q2 +

By Lemma [1.17] there is a constant K = K («) such that

(1 — (K1 + K2 |0])) |= (1))
MgQg (IOgT)a
(1-Ky)T'(a+1)
M,K;3K (log T)*
* ( (1—Kq) (1= (K + K200]) T (Oé+1))
MyQ;3 (log T')
X<Q1+|€|Q2+< K)F(a—i—l))
( (1-Ky) (11— (K + K 0]) T (a+1) + My K3 K (bgT)a)
(1-Ky)(1— (K14 K210]) T (e +1)
MgQg (lOgT)a )
1-K)T'(a+1))"

< Q1+ 10| Q2+

IN

X

<Q1 +10] Q2 +

Hence

Nl < (1-Ky)(1—=(Ky+ K |0) T (a+ 1)+ MK K (logT)a
””-( 0K (L (Ky + K, 0) T (a+ 1) )
M,Qs (logT)" )

-kl (at+1))

X (Ql +10] Q2 +

This completes the proof. m

3.2. Existence and uniqueness results for nonlinear hybrid implicit Caputo-Hadamard
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Existence of solutions for certain classes of

nonlinear fractional differential equations via

Kuratowski measure of noncompactness

In this chapter, we are interested with the existence of solutions for certain classes of frac-
tional differential equations via Kuratowski measure of noncompactness. In section [4.1] we
study the existence of solutions for a nonlinear fractional differential equations involving
Riemann-Liouville fractional derivative subject to integral boundary conditions in Banach
spaces. In section [4.2] we establish sufficient conditions for the existence of solutions for a
nonlinear fractional differential equations involving Hadamard fractional derivative with two
nonlinear terms in Banach spaces. The used approach is based on Monch’s fixed point the-
orem combined with the technique of Kuratowski measure of noncompactness. An example

demonstrating the effectiveness of the theoretical results is given at the end of each section.

4.1 Existence results for integral boundary value prob-
lems of fractional differential equations in Banach

spaces

In this section, we study the existence of solutions for the boundary value problem of a
fractional differential equation with integral boundary conditions of the form

{ FLDg (t) — f (tx (1) = FEDETg (o (1) 1 € (0,1), 1)

£(0)=0, (1) = [y g(s,2(s))ds,

where #4Dg, is the standard Riemann-Liouville fractional derivative of order 1 < a < 2,
fig + J x X — X are given functions satisfying some assumptions that will be specified
later, and X be a Banach space with the norm ||.||. In the case X = R, Xu and Sun in [101]

26
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investigated the existence and uniqueness of a positive solution of (4.1)) by using the method
of the upper and lower solutions and the Schauder and Banach fixed point theorems. Then,

the existence results obtained here extend the main results in [101].

4.1.1 Existence results
First, we start by defining what we mean by a solution of the problem (4.1J).

Definition 4.1 Let J = [0,1], A function z € C'(J, X) is said to be a solution of problem
if x satisfies the equatlon RLD0+x (t) — f(t,z(t)) = BED§ g (t,x (¢)) on J and the
conditions z (0) = 0, z ( fo ) ds.

For the existence of solutions for the problem (4.1)), we need the following auxiliary lemma.

Lemma 4.1 The function x solves the problem if and only if it is a solution of the
integral equation
1 t
— [Glts) fsatends+ [ glsats)ds te
0 0
where G is the Green function given by

[t(l_s)]ail_(t_s)ail 0<s<t<1
G(ts) = et E

T'(a)
[t(A—s)]""
Sl 0<t<s<
Proof. From Lemma , applying the Riemann-Liouville fractional integral 1§, on both

sides of (4.1]), we have
l‘(t) _ clta—l _ Czta—Q +RL T _;,_f (t I( )) — RLIO+ (RL]a 1 RLDa lg (t :13( )))
= "oy (gt (1) — cst®?)

That is,
z(t) = ct* ! 4 ot ? — L /t (t —s)*" f(s,x(s))ds
I'(a) Jo
+ /tg(s x(s))ds — _B a1,
0 ’ a—1
By the boundary conditions z (0) = fo )) ds, one has ¢y = 0 and
1 ! a1 C3
o = W/ (1= ) f (5,0 (s)) s+~
Therefore
1
£ (t) = ﬁ/o 1971 (1 5)°7) f (5,2 (5)) ds
1

_W/o (t— 5)° f(s,x(s))ds—l—/og(s,a:(s))ds
:/0 G(t,s)f(s,x(s))ds—i—/o g(s,x(s))ds.

4.1. Existence results for integral boundary value problems of fractional differential
equations in Banach spaces
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This process is reversible. The proof is complete. m

In the following, we prove existence results for the boundary value problem by using
a Monch fixed point theorem.

The following assumptions will be used in our main results.

(H1) The functions f,g:J x X — X satisfy the Carathéodory conditions.

(H2) There exist py,p, € L' (J,RT) N C (J,R") such that

If(t,x)| < ps(t)]z|, for t € J and each z € X,
lg(t, )] < py(t)|z], for t € J and each z € X.

(H3) For each t € J and each bounded set B C X, we have

lim o (f (Jio X B) < ps () pu (B), here Jy = [t — h,t] A1 T,

h—0+

im i, (9 (Jep X B)) < pg(t) p (B), here Jyp = [t — ht] N J.

h—0+ o
Theorem 4.1 Assume that the assumptions (H1)-(H3) hold. If
2
I'(a+1)
then the boundary value problem has at least one solution.

12£llo + 12gll o <1, (4.2)

Proof. We transform the problem (4.1) into a fixed point problem by defining an operator
¢:C(J,X)—=C(J,X) as
@) (1) = s [ 7 A9 (o2 (5)ds
I'(a) Jo ’
1 t . t
- t—98)"" f(s,x(s d8+/gs,xs ds.
i | =9 reanas+ o)

Clearly, the fixed points of operator ® are solutions of the problem (4.1). Let R > 0 and
consider the set
Q={zeC()X): |zl <R}

Clearly, the subset €2 is closed, bounded, and convex. We will show that & satisfies the

assumptions of Theorem [I.6] The proof will be given in three steps.
Step 1. ® maps € into itself.
For each x € Q, by (H2) and (4.2)) we have for each t € J

1(@2) (1)) < —— / 1971 (1= )" || (s, (3)) | ds

I (a)
1 t a—1 !
. W/ (t—s) |]f(s,x(s))||ds+/0 lg (s, (s))]] ds
< B (g il + Il )
<R

4.1. Existence results for integral boundary value problems of fractional differential
equations in Banach spaces
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Step 2. ¢ () is bounded and equicontinuous.

By Step 1, we have @ (Q) = {®x : z € Q} C . Thus, for each x € Q, we have || ®z|| < R
which means that ® (€2) is bounded. For the equicontinuity of ® (2). Let t1,ts € J, t; < 1o
and x € Q. Then

[(®) (t2) — (P) (t1)]]

tafl _ tafl

< B [y Gl o

L e A L O

b [ W e ds+ [l ol
< [ @) el

(1= 90" = (1= 97 py 9 e ()] s

)

< llpsll
“I'(a+1)

(t2 =)oy (s) Il ()] ds + / "y (5) 2 (s) | ds

t1 t1

(557 =177 85 —17) + lIpgll o R (2 — 1) -

As t; — to, the right-hand side of the above inequality tends to zero.
Step 3. @ is continuous.
Let {x,} be sequence such that z,, — x in C' (J, X). Then, for each t € J

(@) (¢) ~ (@2) (1)

gﬁ/ L= 9T S (s () = f s, ()] ds
1 a—1

bt [ =S (a9~ F s () s

/. g (5,2, (5)) — g (5,2 (5))] ds.

Since f and g are Carathéodory functions, the Lebesgue dominated convergence theorem
implies that
|(Qzy,) () — (@) (t)]| = 0 as n — oo.

This shows that (®x,) converges pointwise to @z on J. Moreover, the sequence (Pz,,) is
equicontinuous by a similar proof of Step 2. Therefore (®x,,) converges uniformly to $x and

hence @ is continuous.
Now let V' be a subset of §2 such that V' C conv ((#V) U {0}). V is bounded and equicon-

tinuous, and therefore the function v — v (t) = ug (V' (¢)) is continuous on .J. By assumption

4.1. Existence results for integral boundary value problems of fractional differential
equations in Banach spaces
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(H3), Lemma and the properties of the measure pu; we have for each t € J

v(t) < e ((RV) (1) U{0}) < g ((BV) (1))

< FLOz)/O ot (1-— S)Q—lpf (s) . (V () ds
+ ﬁ/o (t — S)Q—lpf (s) . (V (8)) ds +/0 Dy (5) e (V (5)) ds

2
< |lv[l TatD) P71l o + 1Pgll s | -

This means that

2
l— |7 <0.
ol (1 [ ol + Il ) <
By (4.2), it follows that ||v||_ = 0, that is v (t) = 0 for each ¢ € J, and then V' (¢) is relatively

compact in X. In view of the Ascoli-Arzela theorem, V is relatively compact in 2. Applying
now Theorem [1.6] we conclude that ® has a fixed point, which is a solution of the problem

D). =

4.1.2 An example

As an application of our results, we consider the following boundary value problem of a

fractional differential equation

3 1
{ RLDR, () — ﬁp(ﬂlx (t) =" D¢, sraprm (1), t € (0,1), (4.3)
x (0) = 07 T (1) = fO 5+ex1p(s2)x (S) ds.

Let
X=10"= {x = (Z1, T2y oy Ty o) Z lz,| < oo} :
n=1

equipped with the norm

[
Izl =D lzal -
n=1

Set
T = (21,22 s Ty o)y = (f1, o, Jrs o)y 9= (91,925 s Gy )
and
fu(t,x,) = ;xn, teJ,
3+ exp(t)
Gn (t,x,) = mxn, te

For each z,, and t € J, we have

[ (20| < (4.4)

= 3Tep@

4.1. Existence results for integral boundary value problems of fractional differential
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and

|9n (£, 20)| < 5T oxp () | - (4.5)
Hence conditions (H1) and (H2) are satisfied with p; (t) = —3+e)1(p(t) and p, (t) = —5+6X1p(t2). By

4.4]) and (4.5)), for any bounded set B C I', we have
: y :

1
< fi h
i (f (t,B)) < Zppe (t)uk (B) for each t € J,

1 (g (t, B)) < 5+ oxp (2)

pr (B) for each t € J.
Hence (H3) is satisfied. The condition

2

A — ~ 054 <1
F iy sl + Il ,

is satisfied with |ps|l. = 1, [Ipgll. = § and @ = 3. Consequently, Theorem [4.1|implies that
the problem (4.3) has a solution define on J.

4.2 Existence of solutions for Hadamard fractional dif-
ferential equations with two nonlinear terms in Ba-

nach spaces

In this section, we prove the existence of solutions for nonlinear fractional differential equation

involving Hadamard fractional derivative with integral boundary conditions of the type

{HQﬁx@—f@w@DZHQﬁb@wwhteﬂﬂ% (46)

2(1) =0, x(e) = [{g(s,2(s) L.
where D¢ . denotes the Hadamard fractional derivatives of order 1 < a <2, f,g: [1,¢] x
X — X are given functions satisfying some assumptions that will be specified later, and X

be a Banach space with the norm |[.||.

4.2.1 Existence results

First, we start by defining what we mean by a solution of the problem ({4.6)).

Definition 4.2 Let J = [1,¢], A function z € C'(J, X) is said to be a solution of problem
(4.6) if = satisfies the equation D¢ z (t) — f(t,x (1)) = "D g (t,x (t)) on J and the
conditions z (1) =0, z (e) = [ g (s,z (s)) &.

For the existence of solutions for the problem (4.6)), we need the following auxiliary lemma.

4.2. Existence of solutions for Hadamard fractional differential equations with two
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Lemma 4.2 The function x solves problem @ if and only if is a solution of the integral

equation
x<t>=/1 G(t,s>f<s,m<s>>%+/l g(s.2(s) %, te

where G is the Green function given by

[(log t) (log g)}ailf(log g)OHl

I<s<t<e,
G(t7 S) = [(1 t)(f(az)]a—l
ogt)(log <
el 1<t <s<e

Proof. From Lemma ,applying the Hadamard fractional integral #J¢ . on both sides of
equation (4.6, we have

w(t) — 1 (logt)* ™ =y (log t)* > +7 3¢ f (t,x (t) = "3y, (P50 D9 g (2 (1))
= "3, (gt 2 (t) — c3 (logt)*7?)

that is,

o=ty ) (o5 Slren T2

s a-—1

Therefore

S

_ﬁ/j (logé)a_lf(sal‘(s))%+/1t9(3’x(8))%

)
¢ ds t ds
— [ G e T [aa(6)
1 S 1 s
The converse follows by direct computation which completes the proof. m
In the following we prove existence results for the boundary value problem (4.6)) by using
a Monch fixed point theorem.
The following assumptions will be used in our main results.
(H1) The functions f,¢: J x X — X satisfy the Carathéodory conditions.
(H2) There exist py, p, € L* (J,RT) N C (J,RT) such that

A

\f(t2)| < pr(t)|lz|, for t € J and each z € X,
lg(t, )] < py(t)|z], for t € J and each z € X.
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(H3) For each t € J and each bounded set B C X, we have

h—07+

hlg& pr (g (Jen X B)) < py(t) px (B), here Jpp, = [t — h,t] N

Um gy, (f (Jep x B)) < ps(t) e (B), here Jpp, = [t — h,t] N J,
J

Theorem 4.2 Assume that the assumptions (H1)-(H3) hold. If

2

C(a+1) <1 4.7
N Ipsllo + llpgll, <1, (4.7)

then the boundary value problem (@) has at least one solution.

Proof. We transform the problem (4.6)) into a fixed point problem by defining an operator
O:C(J,X)—=C(J,X) as

e\ a1 ds

(d2) (1) = ﬁ/j (log )™ (logg> f(s,x(s)) —

S

—ﬁ/ (mgé)a1f<s,x<s>>§+/1tg<s,x<s>>§

Clearly, the fixed points of operator ¢ are solutions of problem (4.6)). Let R > 0 and consider
the set
O—{oeC(JX): |l <R},

Clearly, the subset €2 is closed, bounded, and convex. We will show that & satisfies the
assumptions of Theorem [I.6] The proof will be given in three steps.

Step 1: ® maps () into itself.
For each x € Q, by (H2) and (4.7) we have for each t € J

@) (0] < s [ ozt (108 2) " 1F (s 6

ﬁ/j (1og§)a_1||f(s,x H—+/ g (s, ( H—

ol /6 a—1 exe—tds psll / t\* ' ds
< 2 logt log — — S log -~ =
- I'(a) /i (log ) (Ogs> S+F(Oé> 1 = s

2
<Rl ——m7m8M— -+

< R.

Step 2: ¢ () is bounded and equicontinuous.
By Step 1, we have @ (Q) = {®x : z € Q} C . Thus, for each x € Q, we have || Pz|| < R
which means that ® (£2) is bounded.
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For the equicontinuity of ® (2). Let ¢, ty € J, t; <t and x € Q. Then

1(®) (t2) — (Px) (1)]]

< (ol St [ i) s o o 2
T B (1 (™2 i (IO

b (1 t—) 17 Gz %+ [ gt &

t1

tog =) by (9) 12 9)

e ((lgt_> - (1g2)> pr ) e (9

N ﬁ /: (log %)alpf (5) [l ()] % + /t2 Py (5) [l ()] %

t1

)&
S

< ﬂlzglf:i ((log ta)* " — (log t1)* ™" + (log t2)* — (log tl)a)

+ [|pgllo R ((logta) — (logty)) .

As t; — to, the right-hand side of the above inequality tends to zero.
Step 3: @ is continuous.
Let {x,} be sequence such that z,, — x in C' (J, X). Then, for each t € J

[(®) (1) = (D) (1)

1 ¢ a1 e\ a1 ds
< ey [ Gos0™ (108 2)" 1 (s () = £ (5. (DI S
1 t AN ds
i [ (o) WG o) = e D
+ [l (s) = g s ()1 F-

Since f and g are Carathéodory functions, the Lebesgue dominated convergence theorem
implies that
|(Pz,,) (1) — (Pz) ()], — 0 as n — oo.

Now let V' be a subset of 2 such that V' C conw ((#V) U {0}). V is bounded and equicon-

tinuous, and therefore the function v — v (t) = g (V' (¢)) is continuous on J. By assumption
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(H3), Lemma and the properties of the measure pu; we have for each t € J

v(t) < ((QV) (1) U{0}) < g ((BV) (1))

< | o0 ( mg)whv@umvw»%
rres [ (1 O om0 o) s [rem v ®

< Il ( Slarl+ Hpguoo) |

This means that

ol (1= |y Il + Il ] ) <0

By (4.7), it follows that ||v||_ = 0, that is v (t) = 0 for each ¢ € J, and then V' (¢) is relatively
compact in X. In view of the Ascoli-Arzela theorem, V' is relatively compact in 2. Applying

now Theorem [1.6] we conclude that ® has fixed point, which is a solution of the problem

@) m

4.2.2 An example

To validate the existence results., we consider the following boundary value problem of a

fractional differential equation

3 x 1 COS
19D} 2(t) - ot <|le|1> T2, ol sw(t), t€ (Le),
p(1) =0, 2(e) = [} Frlhsi (s) &,

1 5+exp(52)

(4.8)

Here o = % Let

X=10'= {x = (21, T2, ooy Ty o) Z |z,| < oo} :

n=1

equipped with the norm

[eS)
Izl =D lzal -
n=1

Set
= (21, T s Ty )y [ =(f1, f2 s frn o) s 9= (91,92, s Gy ---)
and
fo(t,x,) = ! T, t € J,
exp (t2—1)+3
Gn (t, 0) = % ted
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For each z,, and t € J, we have

1
n t? n S n| s 4
(b < o (4.9)
and )
()| < ————— || 410
o0 (10| < 5o o (4.10)
Hence conditions (H1) and (H2) are satisfied with
1 1
t) = d t) = —————.
ps (1) exp (t? —1)+3 and p, () 5 + exp (?)

By (4.9) and (4.10), for any bounded set B C I, we have

1
exp (2 — 1)+ gk

pr (B) for each t € J.

e (f (t,B)) < (B) for each t € J,

i (g (t, B)) < 5+ oxp (@)

Hence (H3) is satisfied. The condition

2

e — ~0.51 <1
iy ol + sl ,

is satisfied with
Ipsll = 3 and llpyll = 5=
= — 1 = —
pf 0o 4 a pg 0o 5 +e
Consequently, Theorem [4.2] implies that problem (4.8)) has a solution defined on J.
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A study of certain classes of fractional

differential inclusions

In this chapter, we are dealing with the existence of solutions for certain classes of fractional
differential inclusions involving convex and nonconvex multivalued maps, In section [5.1} we
prove the existence of solutions for a nonlinear sequential Caputo and Caputo-Hadamard frac-
tional differential inclusions with three-point boundary conditions. In section [5.2] we debate
the existence of solutions for a nonlinear Hilfer fractional differential inclusion with nonlocal
Erdélyi-Kober fractional integral boundary conditions. The results obtained are based on
some fixed point theorems of multivalued analysis. Some pertinent examples demonstrating

the effectiveness of the theoretical results are presented at the end of each section.

5.1 Nonlinear sequential Caputo and Caputo-
Hadamard fractional differential inclusions with

three-point boundary conditions

In this section, we study the existence of solutions for nonlinear sequential Caputo and

Caputo-Hadamard fractional differential inclusions with three-point boundary conditions as

°pp. 502 x(t)] € Ft,z(t), t € (a,b), a>1, (5.1)
z(a) =0, z(b) =Xz (n), a<n<b, '

where 0%, and cpp , are the Caputo-Hadamard and Caputo fractional derivatives of orders
a and [ respectively, 0 < o, < 1 and F : [a,b] x R — P (R) is a multivalued map from
[a,b] x R to the family of P (R) C R.

5.1.1 Existence results for multivalued problem

Let J = [a,b]. To obtain our desired results, we need the following auxiliary lemma.

67
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[e3

1) og b
Lemma 5.1 Let A = <)\(loga) — (log ¢)

Flail) Flail) ) # 0. For any q € C (J,R), the unique solution

of the boundary value problem

{ DL G085 (0] =a (1), 1€ (a.D), 52)
z(a) =0, z(b)=Ax(n), a<n<b,
s given by

v (t) = 135, (1) (1) + % (32, ("“12a) 0) = M35, ("12a) ()

i
e (P arm | (osd) " ([omoraom)$
—m / " (10g ne < / (5= 0V q(0) da) %) | (5.3)

Proof. Taking the Riemann-Liouville fractional integral of order 5 to the first equation of
(15.2)), we get

GO (t)= "Il (t) + o (5.4)

Again taking the Hadamard fractional integral of order o to the above equation, we obtain

log (7)]"

t) = Hja <RL15 ) t [—a

.Z'() a+ a+9q ()+F(Ck—|—1>

Substituting ¢t = @ in (5.5)) and applying the first boundary condition of (5.2)), it follows that
¢ =0. For t =bin (5.5) we get

_ H~a (RL [log(%)]a
z(b) = Ja+< 15+q) 0+ T

Co + Cq. (55)

and for t = 7, we have

P = "3 (1) ) + e,

Using the second boundary condition of (5.2), we have

H~o (RL78 [log (s)]a __ \H~a (RLB [log (E)TX
Ja-‘r < Ia+Q> (b)+ F(Oé—i—l) CD_)\ Ja—f— < Ia+(.7> (77)+)\F(a+1) Co- (56)
By solving (5.6)), we find that
1
o = e (P30, ("0la) (0) = N (P 1a) ()
<)\[log(a)] _ [ree(2)] )
T'(a+1) I'(a+1)

]' ~Q ~o
= A (HJaJr (RL15+Q> (b) - /\HJaJr <RLI(?+Q> (77)) .
Replacing the values of ¢y and ¢; into (5.5), we get (5.3). The converse follows by direct

computation which completes the proof. m

5.1. Nonlinear sequential Caputo and Caputo-Hadamard fractional differential
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Definition 5.1 A function x € AC (J,R) is said to be a solution of the problem (5.1]) if
there exists a function v € L' (J,R) with v (t) € F (t,z) for all t € J satisfying the boundary
conditions

z(a)=0, z(b)=Ax(n), a<n<b,

and
v(t) = "3z (PLle) 0+ F((lﬁil)) < (M3 () ) - A1 (M) ()
= m/j (logé N < :(s—a)’glv(a)da) %
b

(log £)

Dot 1; A (F wra . (o)) ([ e-orvean)
] () ([e-0om) D)

The upper semi-continuous case

Our first result, dealing with the convex valued F, is based on Leray-Schauder nonlinear

alternative for multivalued maps.

Theorem 5.1 Set

_ (b—a)” (log )" (log 2)"
"TTB+D)D (1) <1+F(04+1)\A](1+|>\|)>’ (5:7)

and assume that
(A1) F: J X R = Pu. (R) is a L'-Carathéodory multivalued map,
(A2) there exist a continuous nondecreasing function @ : [0,00) — (0,00) and a function

P e C(J,R") such that

IF (& 2)llp =sup{lyl y € F(t,2)} < P () Q([lz]l)

for each (t,z) € J x R,
(A3) there exists a constant M > 0 such that

M
APl @ (M)

> 1. (5.8)

Then the boundary value problem has at least one solution on J.

Proof. Firstly, we transform the problem ({5.1)) into a fixed point problem. Consider the

5.1. Nonlinear sequential Caputo and Caputo-Hadamard fractional differential
inclusions with three-point boundary conditions
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multivalued map N : C' (J,;R) — P (C (J,R)) defined by

(heC(R),
war Ja Qg ) ([ (s = 0)" o (o) do)
hit) = *Sfﬁ))z (F(a)lmm Ji (log 2)*" 1(fa (8_0>5 "o (o )da)— ’
w7 (Qog )™ ([ (s = o) 0 () do) £,

\ 7

(5.9)
for v € Sg,. Clearly the fixed points of N are solutions of the problem . Now we
proceed to show that the operator N satisfies all condition of Theorem This is done in
several steps.

Step 1. N (x) is convex for each = € C' (J,R).
Indeed, if h; and hy belong to N (z), then there exist vq,vs € Sz, such that for each
t € J, we have

A CON
- r?;)g-fi)/\ (r(a)lr B) / <10g g) (/ (s —0)" v (o) da) %

Let 0 < 6 < 1. Then, for each t € J, we have

[0hy + (1 —0) ho) (2)

_ W / t <log é)a_l ( / (5= o) 001 (0) + (1 — 0) s (0)] da) %
o £ (Lot o)

wmr | ()T ([ b+ 0 - ouear) ).

Since F has convex values, so Sz, is convex and [fv; (o) + (1 —60)ve (0)] € Sr,. Thus,
Ohy + (1 —6) hy € N (z).

Step 2. N (x) maps bounded sets into bounded sets in C' (J, R).

For a positive constant r, let 2 = {z € C' (J,R) : ||z||,, < 7} be a bounded set in C (J,R).

5.1. Nonlinear sequential Caputo and Caputo-Hadamard fractional differential
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Then for each h € N (z), x € Q, there exists v € S, such that

h(t) = m/: (logé)a_l (/ (s — 0 v (o) da> %
*rgﬁa;\CXMEU%lf@gng(lns‘@&”“ﬁmo%i
—m/j (10 g)"_l </ (s — 0)" 1 (o) da) %) |

+\A|m / " (1oe
<t . (o
71900 s (F S [ () (o)
g tsl) ([ o) T)

Also, note that

[l) ([emora) s e

where we have used the fact that (s —a)’ < (b—a)’ for 0 < 8 < 1. Using the above

arguments, we have

1Pl Q) 6~ ) (log2)” (| (og?)"
E R RS CES) (“TGTWE“”W)

Thus
[hllee S ALP]l @ (7).

Step 3. N (x) maps bounded sets into equicontinuous sets of C' (J,R).
Let = be any element in 2 and A € N (z). Then there exists a function v € Sz, such that

5.1. Nonlinear sequential Caputo and Caputo-Hadamard fractional differential
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for each t € J, we have

0= g, () ([e-tow)
* rm% A (F ST / & b) ([ 6o eea)
_m /an (1o g)a_l </ (s — 0 v (o) da) %) |

Let tl,tg € J, tl < t2. Then

|h(t2) = h(t1)]

+ m /: (log %)a_l (/ (s— o) o (o) da) %
R ([ () ([ 6o i) 2
i b (1gb) ([ o po@lao) d—)
IPLQ) 0 [ /" (<1ogt_1)“‘1 - (lgt_>> “o [ () d_]

=T T@E+)I @
+(1ogt2) — (log )" |P]|. Q(r) (b — a)” (log 2)"

T {a+1)[A] TG+ TP
IPll.Q(r) (b= a)’ by
= FrB+1)ra+1) ( (lgﬁ) )
2Y (g bt (b —a)? (log 2)°
4 oz )" = (og )" Pl Q) (b—a) (g )" |

['(a+1) A rB+nr(a+1)

The right hand side of the above inequality tends to zero independently of x € ) as t; — 5.
As a consequence of Steps 1-3 together with Arzela-Ascoli theorem, we conclude that N :
C(J,R) — P (C(J,R)) is completely continuous.

Since N is completely continuous, it is enough to show that it has a closed graph in view
of Lemma [1.22] which will imply that /N is u.s.c. This is done in the following step.

Step 4. N has a closed graph.

Let x, — x4, h, € N (z,,) and h,, — h,. Then we need to show that h, € N (z,). Observe

5.1. Nonlinear sequential Caputo and Caputo-Hadamard fractional differential
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that h,, € N (x,) implies that there exists v,, € Sz, such that for each t € J,

0= | (o) ([ o L
' Fifg‘fi)A (F(a)lr </3>/a (lgb) ( / (5= o) (o) da) °

_m /an (10 g)“‘l (/ (s — o), (0) da) %) |

Therefore, we must show that there exists v, € Sz, such that, for each t € J,

b0 = e | (lgt) ([ i) ®
* P(<lag+3> A (r arr ], (s b) ([o-ortuw)
b 653 ([ e) ).
Consider the continuous linear operator © : L' (J, X) — C (J, X) defined by
00 ><>—+<ﬁ>/a (log ) ([ W)?
o] ([
/ log (/ (s — o)’ v(a)da) %)

Observe that
[An — huell

o t (100 t) ([ =0 o) -vonar) =

T </ (1) ([ e=orentor-unionar) ¢
—A/j (10 g)a_l (/ (5= o) (un () — s (a))da) % =0

asn — 00. So it follows from Lemma|l.23] that ©0Sx, is a closed graph operator. Moreover,

we have

hn €0 (S]:7I7L) .
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Since x,, — x,, Lemma implies that

ha () = m /at (log é) - (/as (s—0) v (o) da) %
(log ;)

T(a +a1>a A (F IR b) ([e-orvoan)
e ) () ([e-onow)T),

for some v, € Srg,.
Step 5. We show there exists an open set Y C C'(J,R) with = € uN (z) for any p € (0,1)

and all z € oU.
Let u € (0,1) and € uN (z). Then there exists v € L' (J,R) with v € Sz, such that,

for t € J, we have

z (1) = #F(@/: (mé)a_l (/ <s—o—_)5—1v<o—)da> %
T <go+g— igA <r<a>1r g | (o) ([ o= tviman) T

_m /a?7 (1o g)“_l (/ (s — o)’ v (o) da) %) |

Using the method of computation employed in Step 2, for each ¢t € J, we get

[z ()] < A [Pl @ (llz]l)

_|_

which can alternatively be written as

] 1

A [Pl @ (llzlloe) —
In view of (A3), there exists M such that ||z|| # M. Let us set

U={xreC(IR): |z||l. < M}.

Note that the operator N : U/ — P (C (J,R)) is upper semi-continuous and completely
continuous. From the choice of U, there is no x € OU such that x € pN (x) for some
p € (0,1). Consequently, by the nonlinear alternative of Leray-Schauder type we deduce
that N has a fixed point 2 € U which is a solution of the boundary value problem . This

completes the proof. m

The Lipschitz case

Now we prove the existence of solutions for the boundary value problem ([5.1)) with nonconvex-
valued right hand side by applying a fixed point theorem for multivalued map due to Covitz
and Nadler [L8
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Theorem 5.2 Assume that the following condition hold
(A4) F : IJXR — Pe, (R) is such that F (., ) : J — Pepy (R) is measurable for each x € R,
(A5) Hy (F (t,x),F (t,T)) < m(t)|x —T| for almost all t € J and x,T € R with m €
C (J,RT) and d (0, F (t,0)) < m (t) for almost allt € J.
Then the boundary value problem has at least one solution on J if

Arfmll <1,

where Ayis given by (5.7).
Proof. Observe that the set Sz, is nonempty for each x € C'(J,R) by assumption (A4),

so F has a measurable selection (see [25, Theorem III1.6]). Now we show that the operator
N :C(J,R) = P(C(J,R)) defined in satisfies the assumptions of Theorem [1.§ To
show that N () is closed for each € C (J,R). Let {u,}, -, € N (z) be such that u, — u
(n — o00) in C (J,R). Then u € C (J,R) and there exists vn_E S . such that, for each t € J,

un (1) = W / t (log é) " ( / S (s — a_)lﬂl v, () da) %
S <r<a>1r 5 [ (o2) ([ o= i) S

_m /a" (1og)"" (/ (s — o)L up (o) da> %) |

As F has compact values, we pass onto a subsequence to obtain that {v,} converges to v in
L' (J,R). Thus v € S, and for each ¢t € J, we have

w0 )= s [ (oed) T ([6-or o) &
R (r ), (=5) ([e-orvem) s

_m /an (1o g)al (/ (s— o) Lo (o) do) %) |

Hence u € N (z).
Next we show that there exists 0 < 7 < 1, (1 = Ay |m/|| ) such that

Hy(N(z),N(Z)) < 7|l — 7|, foreach z,7e C(JR).

Let x,7 € C' (J,R) and hy € N (x). Then there exists v; (t) € F (t,z (t)) such that, for each
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teJ,

=g [ () ([0 i)
(

e
- 53 log -
L - )1r / ’ (log g)a_l ( / (5= o) u (0) da> %
B n

1
I'(a A\T ()T (B)
a—1

#/j (102 7) (/ (s - 0)" 0y (a)da) %)

By (A5), we have

NE)
2
)

r(5)

Hq (F (t,2 (), F (2 () <m(t) |z (t) -7 ()]
Therefore, there exists w € F (£, Z (t)) such that
o1 () —w[ <m(t) [« () =T (E)], t € J.
Define U : J — P (R) by
Ut)={weR:|vi (t) —w| <m(t)|z(t) -7 ()]}

Since the multivalued operator U (t) N F (¢, 7 (t)) is measurable (see [25, Proposition I11.4]),
there exists a function ve which is a measurable selection for U. So vy (t) € F (t,Z (t)) and
or each t € J, we have |vy (t) — vo (t)| < m () |z (t) — T (¢)].

For each t € J, let us define

0= p s [ () ([ i)
(log 1)

e (F arm L, (= b) ([ uear)
_m /an (10 g)a_l (/ (s — o) vy (0) da) %) |
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In consequence, we get

[ (t) = ha (1))

<rarrm ] (o) ([0 e —wioa)

TG @T® </ (s2) ([ o) - ioiar)
e[ (o) ([ oo o) - @l as) )

<l llz = 7l (W [ (mgg)“” ([ o)

T <(olv0—gfl)>7A| (F ar |, (e b) ([o-oran)$

bt [ o ([ o))

by (5.10), we have

Imll ll& =2, (b —a)” (log 2)° (log 2)°
hy (t) — he (t)] < = = “ 1+ ¢ 1+ A -
ha 1) = ha ()] < T(B+1)T (a+1) P(oz+1)|A|< A
Hence
[P = hallo < Avllml [le =2 -
Analogously, interchanging the roles of x and T, we obtain
Hq (N (z), N (7)) < Ay [m| [lo — 7| -

Since N is a contraction, it follows from Theorem [I.8 that N has a fixed point z which is a
solution of (5.1). This completes the proof. m

5.1.2 Examples

In this part, we present two examples to validate the existence results.

Example 5.1 Consider the sequential fractional boundary value problem

1 1
{ D, (01w ()] € F(t.a). te (1), _
z (1) =0, x(?):%m(%),
wherea =1,b=2, a = }1, B:%, :%, n= % and F : [1,2] x R = P (R) is a multivalued

map given by
1 x? 1 ||
(t3+4exp(t)6(x2+1) 2/t +3|z| +1]

a:—>]-"(t,x):{

5.1. Nonlinear sequential Caputo and Caputo-Hadamard fractional differential
inclusions with three-point boundary conditions



Chapter 5. A study of certain classes of fractional differential inclusions 78

With these date we find A = —0.89662 # 0. Clearly the multivalued map F satisfies condition
(A1) and that

IF (&, %)l =sup {lyl -y € F (1, 2)} <

1
vt P)Q(lzlle)

which yields ||P|| = 1 and Q (||z]|.) = 1. Therefore, the condition (A2) is fulfilled. By the
condition (A3), it found that M > 0.64265. Hence all assumptions of Theorem hold. So
there exists at least one solution of the problem (5.11)) on [1,2].

Example 5.2 Consider the sequential fractional boundary value problem

{ CD% [Hi)l—f—x( )}

Ftx), te(l,2),
z(1)=0, z2(2) =5z (3).

(5.12)

Hereazl,bz2,a:§,5:%,)\:1—10,17:%and]—":[1,2}><R—>73(]R) is a multivalued

map given by

2sin (z) 1
ta) =0, oy
r— F(t,x) {0, (t2+7)+12]
With these date we find A = —0.80691 # 0. Clearly Hy (F (t,2),F (t,Z)) < m(t)|z — 7|,
where m (t) = t2+7 Also d (0, F (t,0)) = 5 < m(t) for almost all ¢ € [1,2]. In addition, we

get ||m||, = 1 which leads to A; [|m|| ~ 0.53 < 1. As the hypothesis of Theorem is
satisfied, therefore we conclude that the multivalued problem ([5.12)) has at least one solution
n [1,2].

5.2 Hilfer fractional differential inclusions with
Erdélyi-Kober fractional integral boundary condi-
tion

In this section, we discuss the existence of solutions for a nonlinear Hilfer fractional differential

inclusion with Erdélyi-Kober fractional integral boundary conditions as follows

DY (t) € F(t,z (1), t € (0,T), T >0,
7 (0) =0, (1) = X6 “FIES 2 (5.

where #D§?’ is the Hilfer fractional derivative of order a € (1,2) and type g € [0, 1], ZX Igf,y
is the Erdelyi-Kober fractional integral of order §; > 0 with; > Oandn; € R, F : [0,T|xR —
P (R) is a set-valued map from [0, 7] x R to the family of P (R) C R, §; € R and §; € (0,7,
i=1,2,...,m

(5.13)

Remark 5.1

5.2. Hilfer fractional differential inclusions with Erdélyi-Kober fractional integral
boundary condition



Chapter 5. A study of certain classes of fractional differential inclusions 79

i) In problem . If we replace Erdelyi-Kober fractional integral £% Igf;l with Riemann-
Liouville fractional integral #L1  then inclusion problem has been studied by
Wongcharoen et al., in [99].

ii) If 5 =0 1in , then our problem reduces to Riemann-Liouville inclusion
problem considered by Ahmad and Ntouyas in [6].
iii) If # =1 in (5.13), then our problem reduces to Caputo inclusion problem.

5.2.1 Existence results for multivalued problem

Let J = [0,T]. To obtain our desired results, we need the following auxiliary lemma.

Lemma 5.2 ([1]) Let

m 9 50 I (771 o—1 >
A=T"1— Z # 0, wherev=a+ (2 —«), (5.14)
i=1 I (77@ +2=l 46+ >

and for any q € C (J,R), then the solution of nonlocal boundary value problem

DOJra:() q(t),t€ (0,T7), T >0,

z(0)=0, z(T ):igi BK 1 1 (5,) (5.15)

18 obtained as

x(t)= "I,

(Z OFFISS, IS (6) — RLI€+q<T>>- (5.16)

Definition 5.2 A function x € C (J,R) is considered as a solution of (5.13)), if there is an
integrable function v € L'(J,R) with v (t) € F (t,z) for all ¢ € J satisfying the nonlocal
boundary conditions

x(0) = Z@ BRI 2(57),

and

tbfl m N
2 (t) = Ml () + (Z 0PN IS, I 0 (6) — I <T>>
i=1
1 ¢ 1
:—F(a)/o (t—s)""v(s)ds
tb_l

L (SSopier [ o ([ o)
_ﬁ/f (T —5)* v (s) ds) ,

+

5.2. Hilfer fractional differential inclusions with Erdélyi-Kober fractional integral
boundary condition
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The upper semi-continuous case

The first outcome deals with the convex valued F relying on Leray-Schauder nonlinear al-

ternative for set-valued maps.
Theorem 5.3 Let

1 Tot+a—1 o1 m 5?F (Th + % + 1)
o= (T~ T h > 14 !

and assume that:

(Asl) F:J xR = Py, (R) is a L'-Carathéodory set-valued map,
(As2) There is a nondecreasing function ¥ € C'(R*,R") and a continuous function P :

J — R* such that
|F (t,2)llp =sup{lp| : p€ F(t,2)} < P)I(||z]l), V(t,z) € J xR

(As3) There is a constant £ > 0 such that

L
ellPllcv (L)
Then the problem (5.13)) has at least one solution on J.

Proof. Initially, to switch the problem (j5.13)) into a fixed point problem, we consider the
operator N : C'(J,R) — P (C (J,R)) as

> 1. (5.18)

(hecC(J, ]R) )
7 Jo (8= v (s)ds
N (z) = i €1+m) 8 svitmitvi—
(z) h(t) = —|—tA (Z 0,x F(& S Gy (fo v(a) da) ds
T
fo v (s )ds)

\

(5.19)
for v € Sg,. Obviously, the solution of is as a fixed point of the operator N. The
proof steps will be presented as follows:

Step 1. The set-valued map N (x) is convex for any = € C' (J,R).

Let hy, hy € N (x). Then, there exist vy, vy € Sr, such that

by (1) = ﬁ /O (t— )" v (s)ds

«

ot (0 5; il§itm) o yimityi—1 s 3
+ ;2 / : : </ 5 — o) U'Odd)ds
A <Z L&) (o) Jo (6] =57) \Jo ( ) i (o)
1

_W/OT(T_S)Q—%]-(S)CZS), j=1.2 Ve J

5.2. Hilfer fractional differential inclusions with Erdélyi-Kober fractional integral
boundary condition
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Let A € [0,1]. Then for any ¢ € J, we have

[Ahy + (1 — X) hol (1)

I o1
:m/o (t = )2 Pon (5) + (1 = ) vs (s)] ds

n tr (ie %fzg:(&zm; /O " i;j"_z;; ( /0 (5 — ) oy (0) + (1= A) 0a (0) da> ds

I a1
_m/o (T — )" " [y (s) + (1 = X) vy (s)] ds) .

Since F has convex values, Sr, is convex and [Av; (t) + (1 — A) va (t)] € Szp. Thus, Ahy +
(1—=X)hy € N (x).

Step 2. N is bounded on bounded sets of C' (J,R).

For a constant r > 0, let Q = {x € C(J,R) : ||z]|, < r} be a bounded set in C (J,R).
Then for each h € N (z) and x € Q, there exists v € Sz, such that

h(t) = FL)/O (t— )" v (s) ds

(c

o m %(5 vi(&itni) /57; §YiFni+vi—1 </s . )
+ — 0; _ s—0)" v(o)do | ds
A (Z TET@ b G\ 770

_ﬁ /OT (T — 5)* Vo (s) ds) |

Under the hypothesis (As2) and for any t € J, we attain

h (1)
#/ (t— 5" o (s)] ds

a)

71 m ’71 'Yz(fz'f‘m) S’yi+m+’yz'71 s a1
210 @ G () o o) a

+W/OT<T—3> \v<>rds)

IPLat () (o T2 T2 (S5 o (mi+ 2 +1)
- Tty AT\

IN
)1

Thus
12l < 0| Plloc ¥ (r) -
Step 3. N sends bounded sets of C (J,R) into equicontinuous sets.

5.2. Hilfer fractional differential inclusions with Erdélyi-Kober fractional integral
boundary condition
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Let z € Q and h € N (x). Then there is a function v € Sr, such that

1

h(t) = m/o (t—s)* " v(s)ds

o1 m ,y.(s'—%'(ﬁri-m) 8i gvitmityi—1 s .
+ H, = / : (/ s—o)" vada)ds
X (Z TET@ b G- \p 770

—ﬁ /OT (T - 5)* " (s) ds) .

Let t1,t5 € J, t; < ty. Then

|At2) = h(t1)]

]. t a—1 a—1
Sm/ﬂ [(t2 = )" = (tr = 5)" ] v (s)]ds
1 2 a—1
" / (t2 = 5)* " o (s)] ds

(tg—l —t[{_l) m ,yi(gf%(ﬁﬁm) /61- gYitmityi—1 (/s ol )
- 7 0; L A s—o v(o)|do | ds
o\ &M Ter@ S, w6 e

=1

+ﬁ /OT (T —5)* "o (s) d5>

Pl ) (o o (B =8 (o ST (ot 2 1)
S Tlavy (G- — Zlf)zIF(,

As t; — to, we obtain
Hence N () is equicontinuous. From the above-mentioned steps (2 — 3) along with theorem

of Arzela-Ascoli, we infer that N is completely continuous.
Step 4. We prove that the graph of NV is closed.
Let =, — x4, h, € N(z,) and h, tends to h,. We show that h, € N (z.). Since

h, € N (x,), there exists v, € Sr, such that

o (£) = ﬁ /O (t— 5)° Vu, (5) ds

o1 m 7-6”1'(&““) 0; gYitmityi—1 s .
+ g, — / , (/ s—o)" vnada)ds
X (Z TET@ Jy G \p 77 )

T a—
—ﬁfo (T —s) 1vn(s)ds>,t€ J.

5.2. Hilfer fractional differential inclusions with Erdélyi-Kober fractional integral
boundary condition
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Therefore, we have to prove that there exists v, € Sz, such that, for each t € J,

h () = ﬁ /0 (t— 5)* v, (5) ds

tbfl m 7@5 Yi(&itmi) d; S’Yi+77i+’7i*1 s a1
Y (Ze FeTe G (], oo e ) a

—ﬁ/j (T — 5)* v, (s) ds) .

Define the continuous linear operator © : L' (J,z) — C (J,x) as follows

v— 0O (v

)()ﬁ(g/ot(t)S)alv(s)ds

v—1 m S7(&i+m Si gvitmityi—1 s .

o (ggi%i)r(a)/o ey () o) s
T -5

— s Jy (T - _lv(s)ds),tGJ.
Notice that
o — Bl
1 a—1
- / (t— )" (0 (5) — s (5)) ds
O{

725 vi(&i+n:) d; S'yi'i'ni"!‘%'—l s ai
( 2. a>/o 07 —sv) /0<s—0> " (v (0) — v (0)) dor ) ds

f U (8) — vi (8)) dsds)

— 0,

‘ o0

when n — co. So in view of Lemma (1.23) that © oS, is a closed graph operator. Moreover,
we have

h, € C] ('S}—,l‘n) .
Since ,, — ., Lemma ((1.23)) gives

1 -
m/o (t—3s)"" v (s)ds

tbfl m 726 vi (§i+mi) 0; S'yi+ni+’yi71 s a1
Y (ZG FeTe G (], oo e ) a

—ﬁ/j (T —5)* " v, (s) ds) .

for some v, € Sr ;..
Step 5. We show there exists an openset iU C C' (J,R) with x & uN (z) foreach 0 < p < 1
and V x € OU.

h. (t) =

5.2. Hilfer fractional differential inclusions with Erdélyi-Kober fractional integral
boundary condition
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Let € (0,1) and = € uN (x). Then there exists v € Sg, such that

t
lz (£)] = L/ (t— )" w (s) ds
0
Mtn 1 m ,}/15 ¥i (&i+m5) gvitnityi—1 s .
(Z /0 GOy /0(3—0) Yo (o) do ) ds

_ﬁ/f (T — 5° 0 (s) ds)‘
< 0|Pllo ¥ (l2ll) -

Thus, we have
[z ()] < e |Pll 7 (lI7ll) » VE € J,

consequently, we obtain

ol
P9 (l2].0) =

Under the hypothesis (As3), there is a £ > 0 such that ||z||_ # £. We build the set U as
follows

U={zeC(LR): |z <L}

From the steps 1-4, the operator N : U — P (C (J,R)) is upper semi-continuous, and com-
pletely continuous. From the choice of U, there is no x € OU such that x € uN (x) for some
p € (0,1). So, by Leray-Schauder theorem for set-valued maps, we infer that problem ({5.13])
has at least one solution z € /.

The Lipschitz case

For further existence investigation of problem (j5.13). In this part, we deal with another
existence criterion under new hypotheses. In what follows, we will demonstrate that our

desired existence of solutions in the case of nonconvex-valued right-hand side follows by
Covitz and Nadler theorem [L8l

Theorem 5.4 Suppose the following hypotheses are valid
(As4) F : JxR — P, (R) is such that F (., x) : J = Py (R) is measurable for any x € R,
(As5) Ha(F (t,z),F (t,7)) < w(t) |z —Z| for (a.e.) allt € J and z,T € R with w €
C(J,RT) and d (0, F (t,0)) < w (t) for (a.e.) allt € J.
Then, has at least one solution on J if

ollwl, <1

where o is defined in (5.17).

5.2. Hilfer fractional differential inclusions with Erdélyi-Kober fractional integral
boundary condition
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Proof. By using the hypothesis (As4) and Theorem III.6 in [25], F has a measurable
selection v : J — R, v € L' (J,R) and so F is integrably bounded. Thus, Sz, # @. Now,
we show that N : C'(J,R) — P (C (J,R)) defined in satisfies the hypotheses of fixed
point theorem of Nadler and Covitz. To prove that N (x) is closed for any € C' (J,R). Let
{un}, >0 € N () be such that u,, = u (n = o0) in C'(J,R). Then u € C(J,R) and there is
v, € S}M such that

(1) = 7 1 t s

i(&itmi) 0; sy —1 s
/YZ(S 7 gYiTNi T .
( 0 ' () /o (677 — sm) (/0 (s —o) 1Un(cf)dor) ds
Ck) / (T — 3)071 Un, (s) dg) ’ YVt e J.
0

As F has compact values, so there exists a subsequence v,, converges to v in L' (J,R). Thus

vn (5) ds

v € Sr, and we get

W, (1) = u(t) = ﬁ/o (t— )™ Vv (s) ds

tnfl m Vi 5 vi(&itni) 05 S’yi+m+'yi—1 s .
+ 0;— / , (/ s—o) v(o da) ds
X (Z TET@ oy G = Uy 7701
1

_W/OT (T—s)o‘lv(s)d,S) Ve

Hence u € N (z).
Next, we prove that there is a ¥ € (0,1), (¥ = ¢||w||,) such that

Hy(N (z),N (z)) < V||l — 7|, for each 2,7 € C'(J,R).
Let z,7 € C(J,R) and hy € N (x). Then there exists v (t) € F (¢, x (t)) such that

ha (1) = ﬁ / (t— )" Ly (s) ds
t 1

0
m i(&An:)  p8i Aty —1 s
vi0; ! gty o
A (ZH )/o o=\, (s —0)* vy (0)do ) ds
1

['(&) T (a
_W/OT (T = ) vy (5) ds).

By (Asb), we have

+

Ha (F (t,x), F (t,7) <w(t)|z(t) —T(t)].

So, there exists w (t) € F (t,7) such that

o1 (t) —w| <@ () [z () =T (@)], t € J.

5.2. Hilfer fractional differential inclusions with Erdélyi-Kober fractional integral
boundary condition
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We construct a set-valued map € : J — P (R) as follows

Et)y={weR:|vy{t)—0| <w(®)|z(t)—Z()|}.
We see that v; and 0 = w |x — Z| are measurable, therefore we can conclude that the set-

valued map & (t) N F (t,7) is measurable. Now, we choose the function vy (t) € F (t,T) such
that
o1 (t) — v (t)] < w () |z (t) — T (t)], Vt € J.
We define

o (1) = FL) /O (t— )" Ly (s) ds

(cv
p-1 [ o Vil&GHm)  poi yitityie1 i -
+ (ST / o (/ o oye-ly, Uda)ds
A<;: e h @ \y €77
1

_W/OT (T = 5)* vy (5) ds) Ve .

As a result, we obtain
|h (t) ha (1))
/ (t = 5" Jon (5) — o ()] ds

| A| <Z 6,1 ;(“m; /0 gj"j;_)l ( /0 (5= o) oy (0) — (o)|da) ds
bt [ = )~ 0l

@l llo =l (e, e 1o (@ BT (w541
S T Tern U T A >_ 10
o i=1 F(m—i—%#—fﬁ—l)
Therefore

171 = hallo, < ell@ll [l =Tl
Similarly, interchanging the roles of x and =, we get
Ha (N (2),N (7)) < eolwlllz -7l

Since N is a contraction, in the light of Covitz and Nadler theorem, we infer that N has a
fixed point = which is a solution of (5.13). m

5.2.2 Examples

In this portion, we consider the following fractional differential inclusion
HDYPw (t) =q(t), t€ (0,T), T >0,
z(0)=0, z(T) = Z 0; BRI x(6;) .

i=1

(5.20)

5.2. Hilfer fractional differential inclusions with Erdélyi-Kober fractional integral
boundary condition
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The next examples are special cases of fractional differential inclusion given by (5.20)).

Example 5.3 Consider the fractional differential inclusion given by |D Taking a = %,

B:OaT:Lel:i?e?:%7771:%777223751:%752:%7’71:%772:%a51:%752:%

Then, the problem (5.20) reduce to
s (5.21)

which is fractional differential inclusion involving Riemann-Liouville fractional derivative. In
this case v = 2. Let F : [0,1] x R — P (R) be a mapping such that

1 x? 1 ||
6(t2+4exp(t3)) (22 +1)" 2/t +9|z| + 1]
With these date we find A ~ 0.88343 # 0. Obviously, F satisfies hypothesis (Asl) and

1
2v/t+9

where || P, = & and 9 (||z[|,) = 1. Thus, the assumption (As2) is fulfilled, and by (As3),

we get £ > 0.31633.
Therefore all hypotheses of Theorem (5.1 are valid. Hence the problem (5.21) with F

given by (5.22) has at least one solution on [0, 1].

v Flta) - (5.22)

IF (£, 2)llp = sup{lp| : p € F (t,2)} < =P ()9 (7)),

Example 5.4 Consider the fractional differential inclusion given by {D Taking a = %,
6:17T:17‘91:%782:i7n1:%p7]2:%7§1:%752:%771:%772:%)51:%762:%'
Then, the problem (5.20) reduce to
Dz (1) € F(t,x), t € (0,1),
e F( o, o

which is fractional differential inclusion involving Caputo fractional derivative. In this case
v =2. Let F:[0,1] x R — P (R) be a mapping with

|| Vi+1
+ .
lz| +1 2
With these date we find A ~ 0.92823 # 0. Obviously F satisfies hypothesis (Asl) and

v — F(t,x) = |exp (—z%) +t+5, (5.24)

IF (& 2)llp = sup {lp - p e F(t,2)} <T=P(t)J(|z]l),

where ||P||, =1 and ¥ (||z|| ) = 7. Thus, the assumption (As2) is fulfilled, and by (As3),

we get L > 6.4976.
Therefore all hypotheses of Theorem (/5.1]) are valid. Then, there exists at least one solution

of (5.23) on [0, 1] with F given by (5.24).

5.2. Hilfer fractional differential inclusions with Erdélyi-Kober fractional integral
boundary condition
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Example 5.5 Consider the fractional differential inclusion given by |D Taking a = g,
ﬂ:27 _101 62:%,7’]1:%,772:%,61:%,52:%,’}/1:%,")/2:%,(51:%,(52:%.
Then, the problem (5 reduce to
TD%i (t) € F(t,x), t € (0,1),
e IR (5.25)
$(0) =0, 2 (1) = 3117 (3) + 5172 (3),

which is fractional differential inclusion involving Hilfer fractional derivative. In this case
b=13 Let 7:[0,1] x R — P (R) be given by

sin (z) N 1
“(exp (2)+9) 15
With these date we find A ~ 0.88343 # 0. Clearly H, (F (t,z),F (t,7)) < w(t) |z — 7,
where w (t) = m and d (0, F (t,0)) = = < w(t) for (a.e.) all t € [0,1]. Besides, we
obtain |||, = 15 which implies ¢ [|@||, & 0.19 < 1. Therefore all assumptions of Theorem
are valid. Then, there exists at least one solution of on [0, 1] with F given by
(5.26).

r— F(t,x) = |0 (5.26)

5.2. Hilfer fractional differential inclusions with Erdélyi-Kober fractional integral
boundary condition



Chapter 6

Existence and stability analysis for a class of

y-Hilfer fractional integro-differential equations

In this chapter, we study the existence and uniqueness of solutions for nonlinear fractional
integro-differential equations subject to nonlocal integral boundary conditions in the frame of
a 1-Hilfer fractional derivative. Further, we discuss different kinds of stability of Ulam-Hyers
for mild solutions to the given problem. Using an appropriate fixed point theorems together
with generalized Gronwall inequality the desired outcomes are proven. Examples are given

which illustrate the effectiveness of the theoretical results.

6.1 Existence and stability results for a y-Hilfer frac-
tional integro-differential equations with nonlocal

integral boundary conditions

In this section, we study existence, uniqueness and Ulam stability of the following fractional
integro-differential equation involving -Hilfer fractional derivative with nonlocal integral

boundary conditions

MDYy (1) = f <t,x ), ['h(t, 0,2 (o) da) L te (ab),

m 6.1

x(a) =0, I;"x (b) = 3 610w (5:) O
i=1

where D2 is the -Hilfer fractional derivative of order a € (1,2) and type § € [0, 1], 27

and I are the ¢-fractional integral of orders 2 — v, ; > 0 respectively, v = a+ (2 — a) €

(,2), o <a<b<oo, b, eR i=12..m0<a<d <d<<.. <id,<Hh,

fi]a,b) x RxR— Rand h:[a,b] x [a,b] x R — R are given continuous functions.

89
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6.1.1 Existence results

Let J = [a,b]. To obtain our desired results, we need the following auxiliary lemma.

Lemma 6.1 Let

@) -v@) 6
=T Ty W) @) Ao (6.2)

i=1

and for any q € C (J,R), then the nonlocal boundary value problem

DBy (t) = q(t), t € (a,b),

v (0) =0, 2% (b) = 350,072 (5) 68)
i=1
has a unique solution given by
(¥ (1) =¥ ()" - ab; o
z (1) = T () <Zef Ak — e (b)) + I8 (). (6.4)

Proof. Taking t-fractional integral I%" to the first equation of 1’ and from Lemma m,

we obtain

2 w t) )ka:
Z (D — k‘ + ) hi_k]lc(li—ﬂ)(Q—a) ( ) = a+ q( ) te J (6.5)
=1

We have (1 — ) (2 — a) = 2 — v. Therefore

@O =@ 1 dY
)= PO () B

(¥ (t) - w(a))H J2o

t=a

P R e )| L)

_w ;gf} )(C‘)) v o], + 5 @f%)) B o)| 1),
Put

C1 = Dnil;wﬂf t ‘tza’
and
ey = Iz (t) L ted
Then o1 -
e (t) = W ;gi)(a» I (?(ﬁ(f))) c2 + Ip7q (t).

Because lim (¢ (£) — 1 (a))°"? = oo, in the view of boundary conditions z (a) = 0, we must
have a

CQZO.
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Replacing ¢y by their value in (6.5)), we get

(& (1) =¥ (a))""
I'(v)

Next, we use the second boundary condition to determine the constant ¢;. Applying J;Tp on
both side of equation , we get

x(t) = o+ I (1) (6.6)

C1

1% (1) =
a-+ ( ) F (U + Th)

(W (t) = (@) "+ I (1) (6.7a)

From the condition  (b) = 3. 6,17z (6;) and (6.7a)), we have

i=1

b) =Y 0,17 x(5)

=)y ﬁ (1 (8;) — ¥ ()" 4 Ze I8 (6.8)

i=1

From equation and , we have

Y (6;) — ¥ (a) " 4 Z 0,15 "% q

Thus, we find
(zwm )

Replacing the value of ¢; into , we obtain (6.4 . ]
In what follows, we apply some fixed point theorems to demonstrate the existence and

uniqueness results for problem ((6.1)).
To obtain our findings, We need the following assumptions
(Asl) There is a constants [; > 0, ¢ = 1,2, 3 such that

‘f (taxlayl) - f(tw%'QayQ)’ <h ‘xl - $2| + s |y1 - yQ‘ )
\h(t,o,m1) — h(t,o,m9)| < 3|21 — 29, V(t, 0, 25,y;) € J* x R?, j=1,2.

(As2) There is a function w € C' (J,R") such that

If (t,z,y)| Sw(t), Y(t,z,y) € J x RxR.
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For the sake of convenience, we put

i w(a))aﬂ““’_l R CI0) — 4 (a)" po = W(0) =9 (a)”
— T(a+n+1) @[T ()T (B+a—1v) [(a+1)
m t
Z <1a+m (t,w (t), / ht,o,z(0)) da)
i=1 a t=6;
t
-2y (), [ o @nar)| ). (6.9)
a t=b
Existence and uniqueness results via Banach’s fixed point theorem
Theorem 6.1 Let (Asl) valid. If
(]{71 + ko + kg) (ll + l2l3 (b — Cl)) < 1, (610)

then, has a unique solution on J, where ky, ko, k3 are given by .

Proof. We switch the problem (6.1)) into a fixed point problem, we consider the operator
¢:C(J,R)— C(J,R) as

A= CO=V@O (S i (o [ hito (o do
(@) (1) = (Zez F(ta ). [ nitoa(o)ao)

I (v)

Y (t,x h(t a,x(a))do) t:b)
s (e 0, / (t0.2(0)) do).
Clearly, the solution of (6.1 is as a fixed point of the operator ®.

By (Asl), for any z,y € C (J,R) and t € J, we get
(@) (1) — (@) ()
LW (tfu—] ;/J((j)))“‘l ( ' f A . / 0 (5) (6 (6) — (5]
x f(s,x(s),/:h(s,a,x(a))da) —f(s,y(s),/ﬂsh(s,a,y(a))d(f) ds
e G RO e
x f(s,x<s),/:h(s,a,x(a))da) —f(s,y(s),/ﬂsh(s,a,y(a))cw) ds)
i | YO =
|1 (5000 [ hsoa@dn) <1 (s, [ nsomionds)|as
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S0,

(@) (t) — (Py) (1)

< ; |6; ] |(:ﬁ|<1li>(;)?1{((z))_|_ n;_l_;) (Il +bls(b—a) |z =yl

(v () = ¢ (a)""
S F T B 1o (h +bals (b= a)) lz — vl

(¥ (b) =2 (a)"
+ Ta D) (h+ s (b—a)) llz =yl

< (ky+ ko + k) (I + lols (b—a)) [|2 — yl|

Thus
[(@z) — (Py)llo < (k1 + ke +k3) (i + L2l (b —a)) [[2 =yl

From (6.10), ® is a contraction. As an outcome of Banach’s fixed point theorem, ® has a
unique fixed point which is a unique solution of (6.1) on J. m

Existence results via Schauder’s fixed point theorem

Theorem 6.2 Suppose that the hypotheses (Asl)-(As2) are satisfied. Then, has at

least one solution on J.

Proof. Let Q = {z € C (J,R) : [|z|, < Mo} be a non-empty closed bounded convex subset
of C'(J,R), and M, is chosen such

MOZw*(/{:1+k2+k3),
where kq, ko, k3 are given by . It is a known that continuity of the functions f and h

implies that the operator ® is continuous. It remains to demonstrate that the operator ® is

compact and will be given in the following steps.
Step 1.We show that ® (Q2) C Q.
Let w* = sup {w(t) : t € J}. For x € ), we have

‘((I).’[) (t)| < W (t) B w (a))n_l (i 92 [:_:rm

f(ret0, [0 ionar)

@l (v) t=5;
+ e f<t,x(t),/ath(t,a,x (0) ) >
Lo <t,x(t), / th(t,a,x(a))da)

= — ¢ (@) wt (Y () — ¢ (a)
Z I‘(oz+m+1) TG T T B+a—v)

w* (¥ (b) —w<a>>a
I'(a+1)
U}* (k’l + k’g + ]{’3) s
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and consequently
[ < Mo.

Hence, @ (€2) C © and the set ® (£2) is uniformly bounded.
Step 2. ® sends bounded sets of C'(J,R) into equicontinuous sets.
For t1,t5 € J, t1 < ty and for x € (), we have

(@) (t2) — (Pa) (¢ )\

C @) —w(@) — (o (h) — v (@)
- [@|T (v)

( ri s [ @ e e (s, [ 1))
+m / W () (6 (6) — () | f (s,x<s>, / Sh(s,a,xw»da) ds)
+— / W () (8 (82) = ¥ ()™ = (8 (02) — 4 (5))° ")

f<s,x(s),/a h(s,a,x(a))da)

f (s,x(s),/ﬂsh(s,a,x(a))da)

(% (t2) — 9 (@) = (& (1) — 2 (a))") w*
(@] T (v)

ds

X

1 72 / Oé—l
ds—l—m/T1 V' (5) (¢ (12) = (s))

X ds

- ’91‘ o / a+n;—1
(ZW | v w6 =) as
1 b

era T w0 ) )
+ Tlat1) (¢ (t2) =¥ ()" = (¥ (t) =¥ (a)") .

As t; — to, we obtain
(@) (t2) — (@) (t1)] — 0.

Hence @ (2) is equicontinuous. The Arzela-Ascoli theorem implies that ® is compact. Thus
by Schauder fixed point theorem, we prove that ® has at least one fixed point x € () that is
in fact a solution of (6.1) on J. =

6.1.2 Ulam stability results

In this portion, we discuss the various types of Ulam stability for the v-Hilfer problem (6.1)).

Theorem 6.3 Suppose that the hypothesis (As1) and condition are satisfied. Then,
the first equation of 1s Ulam-Hyers stable.
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Proof. Let ¢ > 0. Let y € C' (J,R) be any solution of the inequality

HDaaf%wy(t) — f <t,y(t),/th(t,a,y(a))da)‘ <e ted

Then, there exists v € C'(J,R) such that

DSy (t) = f (t,y(t),/ ht,o,y (o)) da) +o(t), te (6.11)
and |v(t)| < e, t € J. In view of Lemma [6.1] we get
o) = POy (1w ), [ nowonao) 0@, 612
is solution of equation (6.11]), where
A= (Z o125 (@) [ ho@)ar)|
1o Dwf( y (), / h(t,o,y(a))da) _b> : (6.13)
From equation , we have
_ @O @) e o ;
(o - POZES, —ry (ro, [ nee y())d)‘
< 15 o (1) < Y (Ft)(;fi;‘» . (6.14)
Let x € C (J,R) be solution of the problem
{ Dy () = 1 (ty(0). [ R (toy (@) do). (6.15)
z(a) =y (a), Loy () =Ly (0),

m
where 127z (b) = 291;7; x(8;) and IZ %Yy (b) = 291317—1 y(0;). By Lemma the

equivalent fractional 1ntegral equation of (6.15) is

AOUILEE ()"

t
Fa—a, s (o). [ o o)),
where A, is given by (6.13)).
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Now, by using the assumption (Asl), we obtain

|A:c _Ay|

(¢ () =4 ()" atmim1
= =T (v) < oe+m / Vi v
X f(s,x(s),/sh(s,a,x(a))da) —f(s,y(s),/sh(s,a,y(a))da) ds

1 - I+a

+m/g Y (s) (¥ (b) =4 (s))
X f(s,a:(s),/ h(s,o,x (o ))da) —f(s y(s), / h(s,o,y (o ))da) d8>

(¥ (t) — ()" 10:] (b + Lals) ot
= @I (v) (Z Tt ) / v v
<o) =y Olds +r 2 [ 0 0) - ) )~ ()]s
<W®—¢@f(hﬂm)
B |@| T (v)

(S 0 ) 25 \\) (610

Because x (b) = y (b), we must have = (6;) =y (J;), i = 1,2, ..., m. Therefore, from inequality

(6.16]), we obtain A, = A,. From (6.14]) and (Asl), we get

ly (£) - (t)|

o @O =@ o 2 (o) do

v . 1f(()Ah@,(Dd)
WO =P@) e o (o)) do

<y _ 1f<()[h@7(nd)

+|15vf (t,y(t) ht,oy(o ))da) i (t,x(t),/ h(t,a,x(a))da)

<€('¢(b>— Cl a l1+l213/ w

<R U ()" ly(s) = (5) ds.

Applying Lemma |1.18| with w (¢) = |y (t) — = (¢)|, v (t) = ew(lli)(;f(lc)l))a and z (t) = %, we
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obtain
yO-s0
(¥ (b) — 2 (a))" "l + bls)” a1
<e (ot 1) _1+/a ;Ww (s) (¥ (t) — v () dS]
(0 0) = (@) [ = [+ bls) (4 (b) — v ()"
= T(arl) }+Z; T (ka +1) ]
(¢ (b) =2 ()" o
Fl e (0 + k) (0() = ¥ (@))
By setting W) @)
P (b) — 1 (a))” o
k Fatl) Eo (I + lalz) (¥ (b) — ¢ (a))) .
we obtain
ly (1) — 2 ()] < ke, (6.17)

Therefore, the first equation of (6.1)) is Ulam-Hyers stable. m

Remark 6.1 Define ¢y : RT — R™ by ¢ (¢) = kge. Then, ¢y € C'(RT,RT) and ¢ (0) = 0.
Then inequality (6.17)) can be written as

ly () — 2 ()] < ¢y (€) -
Thus, the first equation of (6.1]) is generalized Ulam-Hyers stable.

In the next, we introduce the following function
(As3) the function ¢ € C ([a, b] ,RT) is increasing and there is a constant As > 0 such that

Yot < Ao (1), Ve J.

Theorem 6.4 Assume that the hypotheses (Asl), (As3) and condition are satisfied.
Then, the first equation of 1s Ulam-Hyres-Rassias stable.

Proof. Let any € > 0. Let y € C' (J,R) be any solution of the inequality

0~ 1 (120, [ hitow i) <con. te

Then, proceeding as in the proof of Theorem From Remark for some continuous
function v such that |v ()| < €¢ (1), we get

R e IRy (VIO | h(t,o—,yw»da)‘

SISV o ()] < el o (1)) < e (t), t € J.
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Taking y € C'(J,R) as any solution of (6.15)), and following same steps as in the proof of
Theorem [6.3|we get

y (1)~ (1)
< Ao 0+ 8B [ ) 00— 0 (6 6) — (9, 1€
By applying Corollary [.I9, we obtain
(0 =2 (O] < At (1) Ba((h+ i) (1) — ¥ ())

< €A () Bo (L + lals) (¥ (b) — 4 (a)).

By taking a constant

kg, 1 = As® (1) Ea (i + bals) (1 (b) — 2 (a))7).
We obtain
ly () —x ()] < ko peq (t) . (6.18)
Therefore, the first equation (|6.1)) is Ulam-Hyres-Rassias stable. m

Remark 6.2 By putting € = 1 in the inequality (6.18]), we deduce that first equation of (6.1

is generalized Ulam-Hyres-Rassias stable.

6.1.3 Examples

In this section, we consider some particular cases of the nonlinear fractional integro-
differential equation to apply our results in the study of existence and Ulam stabilities,

specifically, Ulam-Hyers and Ulam-Hyres-Rassias.
Consider the nonlinear fractional integro-differential equation of the form

MDY () = [ (La (), [Ih (Lo e ()do), Le (ab),
(@) =0, 2" (b) = 30,10 2 (5).
i=1

(6.19)

The following examples are particular cases of the fractional integro-differential equation

given by (6.19).

Example 6.1 Consider the fractional integro-differential equation given by (/6.19). Taking
Y(t)=logt,3—0,a=1b=e, a=3

29
f, h are continuous functions defined by

1 1 1 5 3
0125,02:1—0,171:Z,n2:§,51:§,52:2and

f (t,xa),/ath(t,a,x(a))da) _ ;lx (t)+1—10/1taexp (t;_ () de

h(t,o,x(0)) = e (t21— 0T i (o).
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Then, the problem (/6.19)) reduce to the following

o o.0ilogt t
Happt™ z(t) = 7 (1) +11i0f1 mf o) do, € (L), (6.20)
e(1) =0, B () = 0 (3) + 1 2),

which is nonlinear fractional integro-differential equation involving Hadamard fractional

derivative. In this case v = % Set

11
ftoy) =2+ 359 Yoy €R

For x;,y; € R, 1 =1,2 and t € [1,¢], using the hypothesis (Asl), we get

1 1
|f Gz, ) — f (6 w2,92)] < < o — 2| + = [y1 — v,
4 10

and
|h(t,o,x1) — h(t,o,x9)| < ! |z1 — 29
oexp (t? —1)+4
< l |[L‘1 — IE2|
— 5 Y

thus, the assumption (Asl) is satisfied with [; = %, Iy = % and 3 = % We will check that
condition (6.10) is satisfied. Indeed

(k1 + kg + k3) (I + bols (b — a))

11
~ (0.5 +0.79 + 0.75) (Z i %>
~ (.55 < 1.

Then by Theorem [6.1] (6.20) has a unique solution on [1,e]. Further, by Theorem [6.3] we
conclude that the first equation of (6.20)) is Ulam-Hyers stable with

1 27

o) =log(t)?, t €[l e].

Then, ¢ is continuous increasing function such that

Define

3.

. 1
Moy ) = L
00 = gy [ (10n3) s}

1
< m log (t)

Therefore, for A\, = ﬁ and ¢ (t) = log (t)%, hypothesis (As3) is satisfied. Hence, by
3
Theorem [6.4] the first equation of (6.20) is Ulam-Hyres-Rassias stable.
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Example 6.2 Consider the fractional integro-differential equation given by (/6.19). Taking
w(t):t,ﬁ—>0,a:O,bzl,&:§,91:3,92:5,771:%,772:%,51:%,(52:%andf,h
are continuous functions defined by

f(t,x(t),/ath(t,a,x(g))da):ém(t)+é/ol sin(t) __[z(o)l

exp (t2) +9|x (o) + 1

__ sin(?) |z ()]
ht.o2 (o) = @ 19 ) + 1

Then, the problem (6.19)) reduce to the following

§7Ovt 11n
RLDE™ (1) = x )+ = fo ex;tQ +9|m(a ‘Jlrlda te(0,1),

5., (6.21)
z (0) =0, [65; (1) = 3IO4+ ( ) + 5[02+ (5) )

which is nonlinear fractional integro-differential equation involving Riemann-Liouville frac-

tional derivative. In this case v = %. Set

1 1
f(t>x7y) = §x+6y7 V%Z/GR

For x;,y; € R, 1 =1,2 and ¢ € [0, 1], using the hypothesis (Asl), we get

1
‘f (taxlayl) - f(t7 372792)’ < |x1 - $2‘ + = ’yl ‘

and

|h(t,o,x1) — h(t,0,x9)| =

sin (t) ( e )
exp (12) +9 \Jzi|+1  |ao| +1

1 |21 — o]
- exp (t?) +9 <(1 + |z1]) (1 4+ |9132D)

1
< — 10 (Jo1 — 22]),

thus, the assumption (Asl) is satisfied with [; = é, Iy = % and I3 = % We will check that
condition (6.10)) is satisfied. Indeed

(k1 + ko + k3) (I + lal3 (b — a))

11
~ (1.51 +0.14 + 0.88) [ = + —
(1.51 + +0.88) (8 + 60)

~ (.36 < 1.

Then by Theorem the (6.21)) has a unique solution on [0, 1]. Moreover, by Theorem
we conclude that the first equation of (6.21]) is Ulam-Hyers stable with

1 17

4
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Define

o (t)=t1, te0,1].

Then, ¢ is continuous increasing function such that

5. 1 t 105
o) = F(é)/o (- s) thds
1

1 t

< F(%)/O(t—s)‘llds
1 s

< t1

- ()

Therefore, for Ay = ﬁ and ¢ (t) = #1, hypothesis (As3) is satisfied. Hence, by Theorem
4

the first equation of (6.21)) is Ulam-Hyres-Rassias stable.

Example 6.3 Consider the fractional integro-differential equation given by (/6.19). Taking
"Lp()—t 6-)— Cl—O b—l CY—7 91—3 92—5 m = 4,772:%,(51:%,(5225311(1]0,}1,

are continuous functions defined by
¢ 1 1 (" cos(t) |z (o)
t,x (T h(t do | =—-z(t — d
F(ta. [ noanan) =gew g [ o0 0,

_cos(t)  |z(o)]
htoe (o) = D+ @)+ 1

Then, the problem (66.19)) reduce to the following

7 1.
HZ2 1 cos( )|
Déﬁ () = gz (t 30 0 exp(t) +5 |x o) \+1da t€(0,1),

2 (0) =0, I3 (1) 31w (1) + 513 (1),

which is nonlinear fractional integro-differential equation involving Hilfer fractional deriva-

(6.22)

tive. In this case v = 1—85. Set

1 1
[ — x4 —q. VY R.
f(tz,y) %t 3g¥s Yo,y €

For x;,y; € R, 1 =1,2 and t € [0, 1], using the hypothesis (Asl), we get

1 1
|f(t>x1ay1> - f(t73:27y2)| < § ‘33'1 - I'2| + % ’yl - y2’7

and

|h’ <t707 xl) —h (t707 IQ)‘ -

cos (t) < Y )
exp(t)+5 \Jz1| +1  |oo| +1

1 |1 — 29|
S op 15 (<1+ ) (1+ |x2|>>
1
S 6 (‘xl - x2|)7
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thus, the assumption (Asl) is satisfied with [; = %, ly = % and [3 = % We will check that
condition (6.10)) is satisfied. Indeed

(kl + kg =+ /{3) (ll + l2l3 (b — Cl))

~ (307 405+ 0.62) =+ —
- ST 9 180

~ 0.49 < 1.

Then by Theorem , the (6.22) has a unique solution on [0,1]. Further, by Theorem
we conclude that the first equation of (6.22)) is Ulam-Hyers stable with

1 7

¢(t) =t

Then, ¢ is continuous increasing function such that

Define

sl

, tel0,1].

Wew = wm NG
4
1

<

<

Therefore, for A\, = @ and ¢ (t) = ti, hypothesis (As3) is satisfied. Hence, by Theorem
the first equation of (6.22) is Ulam-Hyres-Rassias stable.

6.1. Existence and stability results for a y-Hilfer fractional integro-differential
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Conclusion and perspective

In this thesis, we have studied some qualitative properties such as existence, uniqueness and
stability of solutions for various classes of nonlinear fractional differential equations and in-
clusions involving different types of fractional derivatives like Riemann-Liouville, Caputo,
Caputo-Hadamard, Hilfer and -Hilfer. The results are based on the argument of the fixed
point theorems. Some appropriate fixed point theorems have been used, in particular, Banach
contraction, Schaefer’s fixed point theorem, Schauder’s fixed point theorem, Krasnoselskii’s
fixed point theorem, nonlinear alternative of Kakutani maps, Covitz and Nadler fixed point
theorem and Monch’s fixed point theorem combined with the technique of measures of non-

compactness.
For the perspective, it would be interesting to extend the results of the current thesis by

considering the applied side of fractional differential equations due to their importance in the
study of most natural phenomena and epidemics like transmission dynamics of COVID-19 [94],
98], Cancer [31], Langevin equations [3], pantograph equations [44], Mathieu equations [93],
etc. Also, we will use the some powerful numerical methods such as Laplace transform and
Adomian’s decomposition method, Adams Bashforth method to find approximate solutions

for these applications.
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