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Abstract

In this thesis, we consider the study of some hyperbolic problems (equations and system of
equations) with the presence of a viscoelastic term under some assumptions on initial data
and boundary conditions, conditions on damping and source terms. The focuss of the study

is on the existence and asymptotic behavior of solutions .

Key Words: Infinite memory, Thermoelastic transmission problem, Polynomial decay,
Exponential Stability, Semigroup.
subject classification 2000 : 35105, 35B40, 93D20, 93C20.




RESUME

Dans cette these, on considére 1'études théorique de quelques problémes de type hyper-
bolique (équations et systemes des équations) a terme viscoélastique sous quelques hy-
pothéses sur les conditions initiale et au bord, des conditions sur les termes de dissipation,
termes sources. Nous avons étudié I’existence et le comportement asymptotique de 1’énergie

des solutions.

Mots Clés: Mémoire infinie, probléme de transmission thermoélastique, déccroissance
polyndme, stabilité exponentielle, semi groupe.
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Introduction

Motivation

The problem of stabilization and control of partial differential equations play a pivotal role
in the current paradigm of fundamental sciences. Evolution equations, i.e. partial differ-
ential equations with time ¢ as one of the independent variables, arise not only in many
fields of mathematics, but also in other branches of science such as physics, mechanics and
material science. For example, Navier-Stokes and Euler equations of fluid mechanics, non-
linear reaction-diffusion equations of heat transfers and biological sciences, nonlinear Klein-
Gorden equations and nonlinear Schrodinger equations of quantum mechanics and Cahn-
Hilliard equations of material science, to name just a few are special examples of nonlinear
evolution equations. Complexity of nonlinear evolution equations and challenges in their
theoretical study have attracted a lot of interest from many mathematicians and scientists in
nonlinear sciences. see [44], [32], [34], [52], [35], [36], [39] and [37].

The model here considered are well known ones and refer to materials with memory as they
are termed in the wide literature which is concerned about their physical, mechanical be-
havior and the many interesting analytical problems. The physical characteristic property
of such materials is that their behavior depends on time not only through the present time
but also through their past history.

The problem of stabilization consists in determining the asymptotic behavior of the energy
by E(t), to study its limits in order to determine if this limit is null or not and if this limit

is null, to give an estimate of the decay rate of the energy to zero, they are several type of

vii



General Introduction viii

stabilization:

1. Strong stabilization: E(t) — 0,as t — oo.

2. Uniform stabilization: E(t) < C exp(—dt),Vt >0, (C,6 >0).

3. Polynomial stabilization: E(t) < Ct=°,¥t >0, (C,é6 > 0).

4. Logarithmic stabilization: E(t) < C(In(t))~%,Vt >0, (C,5 >0).

In recent years, an increasing interest has been developed to study the dynamical behav-
ior of several thermoelastic problems so as to describe the thermo-mechanical interactions
in elastic materials. In the beginning people mainly considered the dynamical problems of

classical thermoelastic systems, the 1 — D linear model of which is given as follows:

utt_uxx_bexzo, XE(O,L),t>O
(1)
0 + Oxx + buy; =0, XG(O,L),t>0

Where u(x,t) denotes the displacement of the rod at time f, and 6(x, t) is the temperature
difference with respect to a fixed reference temperature. In 1960s Dafermos in [6] discussed
the existence of solution of the classical thermoelastic system and showed the asymptotic
stability of the system under certain condition. Rivera further proved that the solution of
this kind of thermoelastic system decays exponentially.

The classical thermoelasticity is mainly modeled based on the Fourier’s law, in wish the
speed of thermal propagation is infinite. This violates practical conditions, since the whole
materials will not fell instantly at a sudden disturbance in some point (see[43]). In order
to eliminate this paradox, Lord and Shulman in [42], employed the modified Fourier’s law,
proposed by Cattaneo (named Cattaneo’s law), and developed what now is known as ex-
tended thermoelasticity. Based on this non classical thermoelastic theory, many nice results
on large time behavior of the thermoelastic systems.

In 1990s, three thermoelastic theories, known as type I, type II and type III, respectively,
were proposed by Green and Naghdi[14]. They developed their theories by introducing the

thermal displacement 7 satisfying the following equation.

()= [ Y00, 9)ds + 7(,0) )
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The type I theory is consistent with the classical thermoelasticity, the type II is also named
thermoelasticity without dissipation, that is the energy is conservative, these two theories

type I and type Il are restricted cases of the type III given as follows.

pu'" — (auy —10)x =0,
3)
CT” + lu; - (ﬁex _|— ka)x — O.

When k = 0, the above system becomes (1), the so-called type I thermoelasticity (classical

one), and when b = 0, the following thermoelastic system is obtained named type II

pu'" — (auy —10)x =0,
(4)

CT” + lu; - kax — 0.

Based on these three types of thermoelasticity, there has been an extensive literature on
the decay rate for thermoelastic systems in recent years. We refer for instance, ([56]) for
the exponential decay and polynomial decay of multi-dimensional thermoelasticity of type
III by observability estimates; [57] for the exponential decay for thermoelasticity of type
IT with porous damping based on frequency domain analysis; ([30]-[59]) for the stability
analysis of thermoelastic Timoshenko-type systems of type III by energy multiplier method;
[30] for the spectral properties of thermoelasticity of type II and for the stability analysis
of transmission problem between thermoelasticity and pure elasticity at the interfaces; and
[58] for analyticity of solution of thermoelasticities.

From the above results on asymptotic behavior of the systems, we find that for the linear
1 — D thermoelastic models of type I and type III, the thermal effects are all always strong
enough to stabilize the system exponentially, while the one of type Il is a conservative system
in which there is no dissipation. Thus an interesting issue is roused that whether or not the
system can achieve exponential decay rate when mixing two of them (type I, type II, type
III) together, that is, in one part of the domain we have a type of thermoelasticity, but in the
other part of the domain, we have another type of thermoelasticity coupling with certain

transmission condition at the interface. The dynamical behavior of this kind of transmission
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problem is difficult to analyze, since coupling exist not only between the therm and elasticity
but also at the interface. Liu and Quintanilla in [60], considered the asymptotic behavior of
the mixed type II and type III thermoelastic system. They proved that the system is lack
of exponential decay rate bat achieves polynomial decay under certain condition. However
the sharpness of the polynomial decay rate for this kind of system is still unknown, wish is

very tough issue due to the complex couplings.

Conserved and dissipated quantities

The notion of dissipative of number, energy, mass, momentum is a fundamental principle
that can be used to derive many partial differential equations.

Any function, especially one with several independent variables, carries a huge amount of
information. The questions we want to answer about partial differential equations are often
simple however. Complete knowledge of the details of an equation’s solution are frequently
unavailable, and would be overkill in any event. Itis therefore useful to study coarse grained
quantities that arise in partial differential equations in order to circumvent a complete anal-
ysis of these problems. Notice this philosophy has a long history in science, physicists and
chemists like to talk about a system’s energy or entropy, which can be understood without
any intimate knowledge of the microscopic details.

For some solution of a partial differential equations u(x, f), we can define a coarse-grained

quantity as a functional, which is a mapping from u to the real numbers for example,

/Qudx, /Qufcdx, /Quixdx,

are all examples of functionals. It often happens that functionals represent quantities of
physical interest mass, energy, momentum, etc. but such an interpretation is not essential
for these objects to be useful.

Suppose E is some functional of u(x, t) of the form

Elu] = /Qf(u,ux,...)dx.
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So that E depends on ¢, but not on the variable x which has been integrated out. There are
two common properties which depend on the time evolution of E. If E' = 0, then E is called
conserved. If E’ < 0, then E is called dissipated.

Suppose u solves the wave equation and boundary conditions
u”" — Uy =0, u(0,t) =0 =u(L,t).

Then the energy functional (essentially the sum of kinetic and potential energy)

E(H) = L " 24
() =5 | Wy,

is conserved indeed,
L L
E'(t) = /0 ' 4 ueuldx = [ucu']} —|—/O 't 4+ u'uydx =0

where integration by parts and the boundary condition was used for the second equality.
The fact that E remains the same for all ¢ has profound qualitative implications. Any solution
which has wave oscillations initially (so that the energy is positive) must continue to have
oscillations for all time - they never die out, for example. Conversely if the initial conditions
are quiescent, so that E = 0, then this must happen forever. Notice we learn these things
without ever finding a solution of the equation.

As another example, suppose u solves the diffusion equation
U — 1y =0, u(0,t) =0=u(L,t).
Then the energy functional
L
E(t) = 1 / udx,
2 Jo

is dissipated, since
L L L
E'(t) = / uyuldx = —/ u'ty dx = —/ u2 dx <0
0 0 0

where again integration by parts and the boundary condition was used.
We can interpret E as follows. The arc length of x—cross sections of u can be approximated

for small u, as

L L 1
/ 14 u2dx = / 14 ~uldx.
0 0 2
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Since E’ < 0, the approximate arc length must also diminish over time. This means the graph
of u(x,.) gradually becomes smoother, and oscillations die away. This statement will be

made perfectly quantitative by solving the equation outright using separation of variables.

Overview of the dissertation and Target problems

The thesis divided in to four chapters beginning by a general introduction.

The First Chapter

This chapter summarizes some concepts, definitions and results which are mostly relevant
to the undergraduate curriculum and are thus assumed as basically known, or have specific
roots in rather distant areas and have rather auxiliary character with respect to the purpose
of this study. In the next four chapters, we develop our main results for nonlinear evolution

problems of hyperbolic type.

The second Chapter

In this chapter, we describes a polynomial decay rate of solution for a transmission problem
with 1 — D mixed type I and type II thermoelastic system with infinite memory acting in the
tirst part. The main contributions here are to show that the infinite memory lets our problem
still dissipative, and that the system is not exponentially stable, in spite of the kernel in the
memory term is sub-exponential. Also we establish that the t~! is the sharp decay rate. We

extend the results in [21]. This is subject of publication in J. Applied Sciences, Vol.2 .

The third Chapter

This chapter we consider a class of degenerate viscoelastic wave equation with density in

Kirchhoff-type. Under appropriate conditions on the initial datums, we prove a very general
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decay rate of solution using the Lyapunov functions. In order to compensate the lack of
Poincare’s inequality in IR” we use spaces weighted by density function.This is subject of

publication in Int. J. Appl. Comput. Math (2018) (Springer).

The fourth Chapter

This chapter , we study a viscoelastic wave equations of the Kirchhoff type

u” — ¢(x) (M(||qu||%)Axu — /Otg(t - s)Axu(s)ds) = auln |u|

defined in any spaces dimension. It is well known that from a class of nonlinearities the
logarithmic nonlinearity is distinguished by several interesting physical properties. We use
weighted spaces to establish the long-time behavior of solution of (3.1). Furthermore, under
convenient hypotheses on ¢ and the initial data, the local-in-time existence of solution is

established.This is subject of publictain in J.Appl.Math.Inf.Sci.10,No.61-10(2016).



Chapter 1

Technical tools

The aim of this chapter is to recall the essential notions and results used throughout this
work. First, we recall some definitions and results on Sobolev spaces and the spaces L7 (0, T, X)
and give the statement of some important theorems in the analysis of problems to be studied

and eventually some notations used throughout this study.

1.1 Function Analysis

Normed spaces, Banach spaces and their properties

Let V be linear space.

Definition 1.1.1. A non-negative, degree-1 homogeneous, sub-additive functional ||.||y : V — R
is called a norm if it vanishes only at 0, often we will write briefly ||.|| instead of ||.||v if the following

properties are satisfying respectively

(
o] =0
lav]| = |a][]
[+l < [Ju]l + [|o

\ |lv]| =0 — v =0.

foranyv € Vanda € R.
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A linear space equipped with a norm is called a normed linear space. If the last (i.e.||v]|, = 0 —

v = 0) is missing, we call such a functional a semi-norm.

Definition 1.1.2. A Banach space is a complete normed linear space V. Its dual space V' is the linear

space of all continuous linear functional u : V.— RR.

Example of Banach spaces

1. L®[a, B].
This is the space of all measurable (complex valued) functions u on [«, 8] which are
essentially bounded, i.e., for every u € L*®[a, ] there exists a > 0 such that |u(t)| < a
almost everywhere. Define ||u|| to be the infinitum of such a. (Here also we identify

two functions which are equal almost everywhere).
2. V' equipped with the norm ||.||y+ defined by
[ullyr = suplu(x)] forall [lx]| <1,

is also a Banach space.

If V is a Banach space such that, for any
veEV,V —R:u— |ut+v|®—|u—o|?

is linear, then V is called a Hilbert space. In this case, we define the inner product (also

called scalar product) by
1 1
(1,0) = llu+ o] =l — o]
Definition 1.1.3. Since u is linear we see that
u:v—v’
is a linear isometric of V onto a closed subspace of V', we denote this by

vV — V.
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Let V be a Banach space and u € V'. Denote by

x — ¢u(V),

when u covers V', we obtain a family of applications to V € R.

Definition 1.1.4. The weak topology on V, denoted by o(V, V"), is the weakest topology on V for
which every (¢u) ey is continuous. We will define the third topology on V', the weak star topology,
denoted by c(V', V). Forall x € V, denote by

(Px . V/ H R
u — ¢x(u) =<u,x>yy
when x cover V, we obtain a family (¢x)xey , of applications to V' in R.

Theorem 1.1.1. Let V be Banach space. Then, V is reflexive, if and only if,
By ={xeV:|x|| <1},
is compact with the weak topology o(V, V).

Corollary 1.1.1. Every weakly y* convergent sequence in V' must be bounded if V is a Banach space.

In particular, every weakly convergent sequence in a reflexive Banach V must be bounded.
Remark 1.1.1. The weak convergence does not imply strong convergence in general

Definition 1.1.5. Let V be a Banach space and let (i, ),cN be a sequence in V. Then (u,,) converges
strongly to w in 'V if and only if

lim ||uy, —ul|ly =0
n—-o0

and this is denoted by u, — u, or

Iim u, =u
n—oo
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Example 1.1.1. We shall now show by an example that weak convergence does not imply strong
convergence in general. Consider the sequence sin(ntt) in L?(0,1) (real). This sequence converges
weakly to zero. Since, by the Riesz theorem, any linear functional is given by the scalar product with

a function we have to show that
t
/ f(t)sin(nmt)dt — 0, for each f € L?(0,1).
0
But By Bessel’s inequality

3 [ fwsingrtart < [ (7Pt

S0 fotf(t) sin(nrtt)dt — 0as n — oo. But sin(nrtt) is not strongly convergent, since

1
| sin(nrtt) — sin(mmt)||> = / | sin(nrtt) — sin(mrt)|*dt
0

= 2 for n#m.

Functional spaces

Definition 1.1.6. Let Q) be a domain in R" and let m be a non-negative integer. We define by
C™(Q)) the linear space of continuous functions on Q) whose partial derivatives D*u,|a| < m, exist

and continuous, where
o*u(x)
0x719x52...0xy"

a = (aq, 0, ..., 0,) is called a multi-index of dimension n and |a| = Y ;' 1 a;.

D*u =

Definition 1.1.7. The support of a continuous function u defined on R" is the closure of the set of

point where u(x) is nonzero:

suppu = {x € R" : u(x) # 0}

The closed and bounded sets in R" are precisely the compact sets, so if suppu is bounded, we say u
has a compact support and denote the set of such functions by C°(R"). Similarly, C°(Q) denotes the

set of continuous functions on () whose supports are compact subsets of ().
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The L7 (Q)) spaces

Definition 1.1.8. Let 1 < p < oo, and let Q) be an open domain in R" , n € IN. Define the standard

Lebesgue space LP(Q)); by:
LP(Q) ={u:Q— R, uismeasurableand, / lu(x)|Pdx < oo}.
0

With the norm

[y

Jully = luoirar)”,

if p = oo, we have
L*(Q) = {u: Q — R,uismeasurableand, 3IC e Ry, |u(x)| <C a.einQ}.

With the norm
||l = inf{C;|u| < C a.einQ} (1.1)

Theorem 1.1.2. It is well known that LF (Q)) equipped with the norm ||.||, is a Banach space for all
1<p<co

Remark 1.1.2. In particular, when p = 2, L*(Q) equipped with the inner product

<f.8 >0 [ f@)gx
is a Hilbert space.
Theorem 1.1.3. For 1 < p < oo, LP(Q) is a reflexive space.
Theorem 1.1.4. if u € LP(Q),1 < p < oo, then there exist a sequence (f,) C C§°(Q) which
converges to f with respect to the norm ||.||,. This implies that C5°(QY) is dence in LP (Q}).
Sobolev spaces

Modern theory of differential equations is based on spaces of functions whose derivatives

exist in a generalized sense and enjoy a suitable integrability.
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Proposition 1.1.1. Let Q) be an open domain in R", then the distribution T € D'(Q) is in L (Q)if

there exists a function u € LP(Q)) such that

<T,p>= /Qu(x)q;(x)dx,vcp e D(Q),

where 1 < p < oo, and it's well-known that u is unique.

Definition 1.1.9. Let m € N and p € [0,00] . The W™F(Q)) is the space of all u € LP(Q)), defined

as
W"™P(Q) = {ueLP(Q) where,D*u € LF(Q)) Va € N"}.
Theorem 1.1.5. W™ (Q)) is a Banach space with its usual norm

r
il = ( )y D“uzp(m) d<p<ew VueW"(Q).

la|<m

Notation 1.1.1. Denote by W,"" (Q) the closure of D(Q) in W™ (Q)).

Space H"(Q)):

Definition 1.1.10. When p = 2, we write W™?(Q) = H™(Q)
and WS”’Z(Q) = H{'(Q) endowed with the norm

|a[<m

1
2
lullmey = ( Y <|D“u>izm))
which renders H™(QY) a real Hilbert space with their usual scalar product

< U0 >pm()= Y. /QD"‘uD“vdx.

|a|<m

Theorem 1.1.6.  1- H™(Q) endowed with inner product < .,. > pm(q) is a Hilbert space.

2- Ifm < m', H"(Q)) — H™ (Q), with continuous embedding.
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Lemma 1.1.1. Since D(Q) is dense in Hj'(Q)), we identify a dual H~™(Q)) of HJ'(Q)) in a weak

subspace on ) and we have
D(Q) — H{'(Q) = L*(Q) = H "(Q) < D'(Q)

Theorem 1.1.7. (Gronwell lemma in integral form)
Let T > 0, and let 1 be a function such thaty € L[0,T],¢ > 0, almost everywhere and \ be a
function such that ¢ € L'[0,T], ¢ > 0, almost everywhere and ¢p € L'[0, T], Cy,Co > 0. Suppose

that
t

p(t) <C1+ Cz/o o(t)p(t)ds, for ae t€]0,T|,
then
$(t) < Crexp (Cz/o gb(t)zp(t)ds) ,for ae t€]0,T]

1.2 Green’s Formula

Let Q) be a bounded domain of R” with a smooth boundary, then Vu € H!(Q), Vo € H2(Q),

we have

/ uAvdx = —/ Vqudx+/ uVonds (1.2)
o) Q Ele)

Where 7 is the outer unit normal to d().

Remark 1.2.1. Ifu € Hé (Q), the Green’s Formula is reduced to

/ ulvdx = —/ VuVodx
Q Q
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1.3 Useful technical lemmas
Lemma 1.3.1. Foranyv,g € C' ([0, T], H(R")) Let & € C'(R") we have
- /]R” a(t) /Otg(t —5)Av(s)0 (t)dsdx
= Sora(t) (g0 A%0) (1
_%% [zx(t) /Otg(s)/w ‘Al/zv(t)lzdxdsl
- %zx(t) <g'1/zv) (t) + %zx(t)g(t) /]R” ‘Al/zv(t)‘zdxds

_ %,,/(t) (g0 A"20) (1) + %zx’(t) /Otg(s)ds /R |4120(t) ‘2dxds.

Proof.
t /
/]Rna(t)/o Q(t—s)Av(s)v'(t)dsdx
= a(t) /Otg(t —s) /]Rn A2/ 2p(5) dxds
= ua(t) /Otg(t—S) /]Rn Al/zvl(t) [Al/zv(s) —Al/zv(t)} dxds
+ a(t) /Otg(t_s) /Rn Al/zv’l/zv(t)dxds,
Consequently

/Rn a(t) tg(f —s)Av(s)v' (t)dsdx
- _%“(t) /otg(t B S% /IR ‘AI/ZU(S) — AV2(t) ‘2 dxds

cat) [ gls) (il ]Rn‘Al/zv(t)‘zdx> s
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Which implies

g(t —s)Av(s)v' (t)dsdx

5
R
O\‘_.-'_

-1 [a(t) /Otg(t—s)/n AV2o(s) —Al/%(t)fdxds]
+ g [0 86 [, |10 ]
() [[gl—s) [ |4V%0(5) ~ 4700 dxds
_%(X(t)g(t) / ‘Al/zv(t)‘zdxds.

&
() [ gle=s) [ |4V%0(5) ~ A7) s
_%“/(t) /Osg(s)ds s Al/Zv(t)‘zdxds.

1.4 Some algebraic and integral inequalities

We give here some important integral inequalities. These inequalities play an important role

in applied mathematics and are also very useful in the next chapters.

1 1
Theorem 1.4.1. Let a and b be strictly positive realities p and q such as, v + P =1land1 <p<

00,1 < g < oo we have :

p q
abﬁa——i-b—
p q

Proof. The function f defined by:
xP

f(x):?—x

reached its minimum point x = 1 indeed :
Y =xF"1 et y'=(p-1xr2>0

from where

Flab' 1) > £(1)
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which gives
1—g\P
M_abl_q Z 1_1:_1
p p q
so that
llp (17 ) 17 1
—b" P —ab T+~ >0
p q
By dividing the two members by b(1~7? we obtain :
a _ ab1=0)—p+pa il >0
p q
which yields
a? b1
——ab+—2>0
p q
so that
p q
ab < il + b—
q
O

Remark 1.4.1. A simple case of Young’s inequality is the inequality for p = q = 2

a®  b?
p<® T
)

which also gives Young's inequality for all § > 0

1
< 522 2
ab < éa +—45b

Theorem 1.4.2. Let f € LY(R") and g € LF(R") with1 < p < oo.
Then for a.e x € R" the function f(x — y)g(y) is integrable on R" and we define

(fx8) = |, fx=y)s(y)dy.

In addition
(fxg) € LP(R") and [|f = gllp < [[fll1lIg]lp-

The following is an extension of Theorem 1.4.2.
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Theorem 1.4.3. (Young) Assume f € LP(R") and g € L1(R") with1 < p < o0,1 < g < oo and

1,1 _1_1
st -1=1+ Therefore

(f+g) € L'(R")
and

1f+8llr < 11 f1lpl18]lg-

Theorem 1.4.4. Assume that f € LP(Q) and g € L1(Q) with1 < p < 00,1 < g < o0 and

%+% =1, Then fg € L1(Q) and

£l < 11 £1lplIgllg-

when p = q = 2, we get the Cauchy-Schwartz inequality

Corollary 1.4.1. (Holder’s inequality general form) Let fi, f2,...fx be k functions such that, f;
LPi(Q),i=1:k1< p; < oo and

1 1 1 1
—=—+—+.+=<L1
P P1 P2 Pk

Then, the product fy, fa, ... fr € LP(Q) and || fi fa-r-ficllp < |l fillpu 1 f2 [ poooe | fell e

Lemma 1.4.1. (Minkowski inequality) let f,g € LF(Q) For 1 < p < oo, we have

1f +gllp < I f1lp +lgllp-

1.5 Semi-group approach

Definition 1.5.1. Let {T;};>¢ be a one-parameter family of linear operators on a Banach space X

into itself satisfying the following conditions:
(1) T;Ts = Ttys, To = I, I denoting the identity operator on X (Semi -group property).
(2) s — thnt1 Tix = Ti,x < 0and each x € X (strong continuity).

—lo

(3) there exists a real number B > 0 such that ||T;|| < eP* for t > 0.
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We call such a family {T;} a semi group of linear operators of normal type on the Banach space X, or

simply a semi-group.
Theorem 1.5.1. Linear operator A is dissipative if and only if
|(AT = A)|lx > Al|X]|x,Vx € D(A),A > 0.

Theorem 1.5.2. Linear operator A : D(A) C X — X generates a strongly continuous semi group

of contractions (T (t))>o on X if and only if A is m-dissipative, i.e, it satisfies:
1- R(Av,v) <0 Vo e D(A).
2- A > 0, (AI — A) is surjective.

Theorem 1.5.3. Let S(t) = et be a Co-semi group of contractions on Hilbert space. Then S(t) is
exponentially stable if and only if

p(A) D {if:{ € R} =iR

and

Hm [|(ig] — A) 7 g0y < oo

|¢l—00
Lemma 1.5.1. A Cy semi group e’\! of contraction on Hilbert space satisfies

-1
le®Uoll < CET [Uollp(a) Vo € D(A)
for some constant C > 0, if and only if the following conditions hold:
p(A) D {if: { € R} =iR

and

Hm ¢! GZT— A) I g0 < oo

¢l o0



Chapter 2

Transmission problem with 1-D mixed type

in thermoelasticity and infinite memory

2.1 Introduction and position of problem

In this chapter, we consider a transmission problem with 1 — D mixed type I and type II

thermoelastic system and memory term for ¢t > 0 in the following:

/

p1u’ —aq (uxx — fiooy(t — S)Uyx(S )ds) + B16x =0, x € (—L,0),
1wy —10xx + Brul, =0, € (—-L,0),
p20" — ap0xx + P2gx =0, € (0,L),
Cowh — kwy yx + P20} =0, e (0,L),

(2.1)

aquy(0,1) — apv.(0,¢) = B16(0,t) 4+ B2g(0,t),

Where u, v are the displacement of the system at time f in (—L,0) and (0, L) in (—L,0) and

(0,L) and 6, g are respectively the temperature difference with respect to a fixed reference

13
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temperature, wy, w; are the so-called thermal displacement, which satisfies

m@ﬂ:fmﬁm+m@m

and
m@ﬂ:fﬂﬁm+w@m

The parameters a1, ay, p1, 02, B1, B2, c1-¢2, k, I and L < oo are assumed to be positive constants.

The system (2.1) satisfies the Dirichlet boundary conditions:

u(—L,t) =v(L,t) =0, t>0,

(2.2)
wl(—L,t) :ZU2(L,t) =0, t>0,
And the following initial conditions:
u(.,0) = u’(x),u'(.,0) = ul(x), w1 (., 0) = wd(x),0(.,0) = 6°(x), 2.3)
v(.,0) = 0°(x),7'(.,0) = v'(x), wa(.,0) = wY(x),q(.,0) = g°(x). .

We treat the infinite memory as Dafermos [8], adding a new variable 7 to the system which

corresponds to the relative displacement history. Let us define the auxiliary variable
n=n"(x,s) =u(x,t) —u(x,t—s), (x,5)€(~L,0)xR".

By differentiation, we have

d , 4y d B n
FTi (x,s) = 2o (x,s)+%u(x,t), (x,s) € (—L,0) x R™.

We can take as initial condition (f = 0)
7°(x,s) = ul(x) —u(x,—s), (x,5) € (~L,0)xR".
Thus, the original memory term can be rewritten as follows

fjoo u(t = s)uxx(s)ds = fooo 1(S)uxx(t — s)ds
= (Jo m(B)dt) urx = [57 p(s)17kx (5)ds.
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The problem (2.1) is transformed into the system

( o1’ —m (ﬂOuxx + o #(s) ks (s )d3> +B16x =0, x € (-L,0),
crwy] — 10xx + Brul, =0, x € (—L,0),
020" — a0y + B2gx =0, x € (0,L),
Cowy — kws xx + P20y =0, x € (0,L),
%nt(x,s) + dnt(x s) — ;t (x,t) =0, x € (—L,0),

(2.4)
(0,£) = v(0,1),
0(0,t) = q(0,1),
w1 (0,t) = ( t),
0:(0,£) = kwz (0, 1),
alux(O, t) — azvx(O t) = B16(0,t) + B2g(0, ),
| 7°(x,8) = u’(x,0) — u’(x, —s),5 > 0,

Where pig =1 — [ p(t)dt

The stability of various transmission problems on thermoelasticity have been considered
[10], [12], [30], [18], [19] and [20]. Without infinite memory, it is proved in [21] that the energy
of system (2.1) cannot achieve exponential decay rate. This paper is devoted to show that
our system can achieve polynomial decay rate. That is, our main result here is to show that
for these types of materials the dissipation produced by the viscoelastic part is not strong
enough to produce an exponential decay of the solution despite that the infinite memory

satisfies assumptions (2.7) and (2.8).

2.2 Previous Results on Its Stability

The transmission problem to hyperbolic equations was studied by Dautray and Lions [9],

where the existence and regularity of solutions for the linear problem have been proved. In
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[18], the authors considered the transmission problem of viscoelastic waves
p1u’" — aquyy =0, x € (0,Ly),
020" — a0y + fo —8)vxx(s)ds =0, x € (Lg, L),

Satisfying boundary conditions and initial conditions. The authors studied the wave propa-

(2.5)

gations over materials consisting of elastic and viscoelastic components. They showed that
the viscoelastic part produce exponential decay of the solution. In [16], the authors investi-
gated a 1D semi-linear transmission problem in classical thermoelasticity and showed that
a combination of the first, second and third energies of the solution decays exponentially
to zero. Marzocchi et al [17] studied a multidimensional linear thermoelastic transmission
problem. An existence and regularity result has been proved. When the solution is supposed
to be spherically symmetric, the authors established an exponential decay result similar to
[16]. Next, Rivera and all [19], considered a transmission problem in thermoelasticity with
memory. As time goes to infinity, they showed the exponential decay of the solution in case
of radially symmetric situations. We must mention the pioneer work by Rivera and all in
[12], where a semilinear transmission problem for a coupling of an elastic and a thermoe-
lastic material is considered. The heat conduction is modeled by Cattaneo’s law removing
the physical paradox of infinite propagation speed of signals. The damped, totally hyper-
bolic system is shown to be exponentially stable. In 2009, Mesaoudi and all [30] proposed
and studied a 1D linear thermoelastic transmission problem, where the heat conduction is
described by the theories of Green and Naghdi. By using the energy method, they proved
that the thermal effect is strong enough to produce an exponential stability of the solution.
The earliest result in this direction was established in [21], where the dynamical behavior of

the system is described by

o114 — a1 xx + P161x =0, x € (—1,0),

17 — bbby + 11y, =0, x€(=1,0), .
P21y — AgUpxx + P22y =0, x € (0,1),

0T — kTux + B2ty , =0, x € (0,1).

The system consists of two kinds of thermoelastic components, one is of type I, another one

is of type II. Under certain transmission conditions, these two components are coupled at
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the interface. The authors proved that the system is lack of exponential decay rate and they
obtain the sharp polynomial decay rate.
First we recall and make use the following assumptions on the functions u:

We assume that the function y : R — R™ is of class C! satisfying:
1— /Oooy(t)dt =up>0, VteRT, (2.7)
And that there exists a constants k; > 0 such that
W (t) +ku(t) <0 VteRY. (2.8)

We denote by A the unbounded operator in an appropriate Hilbert state space
Let

Vk(0,L) = {h € H*(0,L); h(L) = 0},
Vk(=L,0) = {h € H*(~L,0); k(L) = 0},

H = VY(—L,0) x L*(—L,0) x L*(—L,0) x V1(0,L) x L2(0,L) x V1(0,L) x L2(0,L).

equipped, for (u,u',8,v,0',ws,q), (i, ul,d,9,0!, @y, 4) € H, with an inner product
<(uu10001 wy,q), (i, ul,8,3,01, @ q)>
H
= / ay youx +/ ds ux + p1u u1 + c199]d
+ /0 aQUxﬁ_x + pzvlvl + kwy w3 x + cquq_x} dx.

With domain

u,0 € H*(—L,0),u' € H'(-L,0),

v € H?(0,L),v',q € H'(0,L),w, € H*(0,L),
D(A) = (u,ul,0,0,0',wp,q) € H : 0(—L) = q(L) = 0,10,(0) = kw, ,(0) (2.9)
a1poux(0) — B10(0) = a20+(0) — B24(0)

u(0) =0(0),6(0) = ¢(0),
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And
u ul
at | o (o (ot + f57 ()i (s)ds ) — Baby )
0 (= Bruck + 16
Al o | = ol (2.10)
v! oy ! (ﬂzvxx — ﬁz%)
(%) q
7 i~ Bavd + kuaer

ForU = (u, ul,0,0,0!, w,, q)T, the problem (2.4) can be reformulated in the abstract from
U = Au, (2.11)

Where U (0) = (1, u?,0°, 0%, 0!, w9, g°)T € H is given.
We will use necessary and sufficient conditions for Cp-semigroups being exponentially sta-

ble in a Hilbert space. This result was obtained by Gearhart [13] and Huang [11]

2.3 Lack of Exponential Stability

Following the techniques in [4], it is easy to check that (#, ||.||%) is a Hilbert space. In this
section we prove the lack of exponential decay using Theorem 1.5.3, that is we show that

there exists a sequence of values h;;, such that
(il — A) "l 230y — o°. (2.12)

It is equivalent to prove that there exist a sequence of data F,, € H and a sequence of real

numbers hy,, € R, with ||F, ||y < 1such that
| (ihI — A) " Enll3 = ||Uml3; — . (2.13)

Theorem 2.3.1. Assume that the kernel is of the form u(s) = e™",s € R*, with h > 1. The semi

group S(t) on H is not exponentially stable.
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Proof. As in [3], we will find a sequence of bounded functions

Fm - (fl,m/fz,mzfS,m/f4,mrf5,mzf6,m/f7,mrf8,m)T S H/h S IR/

for which the corresponding solutions of the resolvent equations is not bounded. This will
prove that the resolvent operator is not uniformly bounded. We consider the spectral equa-
tion

ihiy, — AUy, = Fy,.
And show that the corresponding solution U, is not bounded when F;, is bounded in H.

Rewriting the spectral equation in term of its components, we get
(ihy —ul = Ffim
ihpyu' — (a1 (uouxx + Iy V(S)Uix(S)dS> - 519x> = P1f2m
iherd — (= Pruk + 105 ) = c1fom
ihv — ol = fam
ihpov! — (azvxx — ,qux> = 02f5m
ihwy —q = fem
iheaq — (= Bavh + kwaae ) = Cafym
i = 115 = fom-

We prove that there exists a sequence of real numbers h,, so that (2.14) verified. Let us

(2.14)

consider fi,, = fam = fem = fsm = 0. We eliminate the terms ul,vl. We can choose

fom = fam = fsm = frm = Am and we obtain u! = ihu, v! = ihv and g = ihw,. Then, the
system (2.14) takes the form
( —IPu — .01_1 <a1 (P‘O”xx + fooo y(s)iyix(s)ds) - ,319x> = Am
iho — c;! ( — Bl + zexx) = A
—h?v — p, ! <azvxx — ﬁzihwz,x) = A (2.15)
—h2wy — Cz_l ( — [Bzv}c + kw2,xx> = Am

| ihn" —ihu +75¢ =0

We look for solutions of the form

U=y, 0 =bAy, 0 = cAy, Wy = dAy, ' = eAy,, 0! = FAm, 1t (x,8) = v(8) A
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With a,b,c,d,e, f € C and y(s) depend on h and will be determined explicitly in what fol-

lows. From (2.15), we get a,b,c,d, e and f satisfy

—ha —pi? (ﬂlhm (W +Jy H(SW(S)UZS) - ﬁlch) =1,
ihc — cl_l( — Bie + lhmc> =1,

—h2b— p5?! <a2hmb - ﬁzihd) =1,

ihd — ;' (= Baf +Khnd ) =1,

(Vs + ihy —iha = 0.

(

From (2.16)5 we get
v(s) = a—ae ™.

Then, from (2.17) we have

[ reneds = [ ue)a—ae s

= a/ y(s)ds—a/ 1(s)ae~ " ds
0 0

oo

= a(l—pp) — a/o 1u(s)e " ds.

Now, we would like to find the parameters constants. To this end, we choose
c1ith = hyl, coth = khy,,

And using the equations (2.16); and (2.16)4, we obtain

. a
i’
_ @
f - ﬁz'
We choose —h?py = ashy,. By equations (2.16)1 and (2.16)3, we have
¢ = s (1 oy as [3 n(s)7(s)ds — iy Mhurc),
d= F2

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)
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Since cal = c1k, recalling from (2.20), (2.21) that

u +ol = e, + fAm

(o8] C2
= —Au+ =\,
B g

We get

I3+ 10413 = [(5) + () ]

Therefore we have
nyggoHUmH% > nggr;OHIulH%Jrllvlllﬁ]
L €12 c2\2 2
- nl%[(ﬁ1> +<[32> ]hm
— +OO

Which completes the proof. O

2.4 Polynomial Stability

Our main result reads as follows.

Theorem 2.4.1. Assume that (2.7) and (2.8) hold. Then t ! is the sharp decay rate. Therefore there

exists positive constant C such that the solution of our system satisfies

B < &

5 vVt € RT. (2.22)

Proof. We will follow the idea for the proof of the corresponding results in [21]. We would
show that

lim ¢~ (i¢I — A) 7| < o0 (2.23)

{—o00

We prove that there exist a sequence

Vn - (ui’l/ u}z/ 911/ On, v}z/ wz,?’l/ qi’l) S D(A)r
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with || V||% = 1, and a sequence {, € R with {,, — oo such that
1im Gy (iG]~ A)Vally = 0
or

Cn(ilptty —ul) —0, in HY(—L,0), (2.24)
A G Y /mes)n;,xx(s)ds)—ﬁlen,x)) 0, in L[*(~L,0),(225)

Cn<iCn9n—c1_1<—ﬁlu;/erlGn,xx)) 0, in L2(—L,0),(2.26)

Cu(ilpvn —0k) =0, in HYO,L), (2.27)

Cn (i@nv}l — ;! (azvn,xx - /32qn,x)) 0, in L2(0,L), (2.28)

Cn(iCnwoy —qn)  — 0, in HYO,L), (2.29)

O (i@nqn—c;l<—ﬁzv,11,x+sz,n,xx>> —0, in L[2(0,L), (2.30)

ihg' —uj, +nt=0 (2.31)

Note that
Re<€1’l(i€n - A)VI’Z/ Vn>7—[ - gn”\/i 971,36”%2 — 0.

Then

V@i 0ux—0, in L*(—L,0). (2.32)

By Poincaré’s inequality, we get

Vi 6, —0, in L2(—L,0). (2.33)
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Thanks to the Gagliardo-Nirenberg inequality, we have

VG Oullie <CVINVG el IV Oallz+CollVGr Oalli (234)

Thus,

V3 6,(0) = 0. (2.35)

From (2.24), we have B1(i(,) 'u}, . is bounded in L?(—L,0). By (2.26) we have the bound-
edness of (i{,;) 10, xx in L>(—L,0).
Using again the Gagliardo-Nirenberg inequality, we have

I(VVE) tuelie < a1 bl IVGs Ousliz +all (/VG) el

which gives

( \/c—n)len,x(—L)%o, ( \/5)19%(0)%0. (2.36)

Multiplying (2.25) by p(x)uy » in L? — norm for p(x) € C'[—L,0], we get

=G ttn, (Xt 12(-10) _91_1”1<V°””"‘"’p(x)u”’x>L2(—L,o)

—ortan{ [ ) ls)ds, p ()10 )

L2(—L,0)

+01 " B1 (O, p(X)thnx) 12(_1,0) — 0. (2.37)

Integration by parts gives

- Cﬁ(”nr P(x>”n,x>L2(—L,o)

= 5T (=Ll (~L)P = GO OF + 3 (oK) ),

-1
P1 “1V0<u”'”’p(x)u"’x>L2(L,o)

1 _ _ —
= 5 ta1pop(0)[un,x(0)|* + o1 "arpop(—L)|ttn(—=L)* + p; 1‘11P‘0<Px(x)”n,xr”n,X>L2(L,O)
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And
—pl_la1</0 ;LI(S)T’],tl,xx(S)dS, P(x)un,x>L2(_L,0) = —Pflalp(o)/o ‘u(s)ﬂ;ﬁ,x(ols)dsu”,x(o)
P ap(-L) [ sl (L, st e(~L)
-1 ° t
torta(pe) [ b a(s)ds )
Since

Pflﬁlwn,xfP(x)un,x>L2(—L,0) — 0,

then by the above integrations, for p(x) = x € C![—L, 0], (2.37) takes the form

= Gl (= L)+ 23 ()

L2(~L0)
— pl_lﬁll“l/lolun,x(—L) |2 + ,01_1511]”0<un,x1 un,x>
—py o /O 1(8)n,x (=L, s)dstun,x(—L)

corta( [ nE)mh ) ) iy O (2.38)

L2(~L,0)

and hence, u, x(—L) and {,u,(—L) are bounded.

Similarly, taking p(x) = x + L € C![—L,0], (2.37) takes the form

= CRlun () + 23 (s )

L2(—L,0)
- pl_lalyOWn,x(O) |2 + P1_1611]/10<un,x; un,x>
—pp'm /O 1 (5)17,(0, 8)ds1ty, (0)

oyt /0 y(s)iy,’;,x(s)ds,un,x>L2(_LO) -0, (2.39)

L2(~L,0)

Then, we get boundedness of {,1,(0) and u,,(0).
Multiplying (2.26) by u, , and taking the integration, we get

. -1 -1
ZCYZ<97’11 un'x>L2(L,0) +cq ,31<u1,n,xz Mn,x>L2( Lo) -0 <9n,xx/ un,x>L2(L/0) — 0.

Ly

By (2.33), after dividing by i/{,, we have, where we have used {,, > 0

i€n<9n/un,x>L2(L/0) -0
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Integrating by parts, we get

/)™ (B (= L)1tn (1) = 8Ot (0) ) + 1 b (i) Mtimes)

+ BV Tn <u1,n,x1 un,x>L2(_L’O) —0 (2.40)
By (2.36) and the boundedness of uy x(—L) and u,(0), we have

V)™ (B (~ L)t (L) = B 2(0)1tx(0) ) — 0

Moreover, from (2.25), we obtain that (i,) ', xx is bounded in L?(—L,0). Thus

(\/Z n,xr (lgn) Upxx) = 0

Hence by (2.40), we get
V@i unx—0, in  L*-L,0). (2.41)
Thanks to the Poincaré inequality, we have

/T u,—0, in  L*(—L,0) (2.42)

By (2.41), (2.42) and Galiardo-Nirenberg inequality, we get

Vi u,(0) = 0. (2.43)
From (2.25) and (2.32), using {,, > 0, we have
iCaty — o] M (youn xx +/ )1k (8 )ds) — 0, in L*(—L,0), (2.44)

Multiplying the above by u,, we get
i€n<u1,n,un> -1 )—91 al<<,”0unxx+/ S) 1k xx (s )dS),un> — 0.

L2(—L,0)
Integrating by parts, we get

_<u1'”’ ul'n>L2(—L,O)
_Pl_lalP‘O”n,X(O)”n(O) + Pflalyoun,X(_L)”n(_L) - Pl_lalP‘0<”n,xr”n,x>
oy tar [ () (0,9)dsu,(0) = py oy [ ()b (~L,s)dsin, (~L)

+P1_1‘11</0 1 (s) i, (s)ds, u”’x>L2(L0) -0

L2(—L,0)
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Since uy,x(0), n,x(—L) are bounded, by (2.41) and u,(—L) — 0, u,(0) — 0, we have
U, Gty — 0, in L*(—L,0). (2.45)
Multiplying (2.25) by (x + L)uy,,x, we get the real part as follows

23%[ - <€%”an (x + L)un,x>

L2(—L0)
ot (potemee [ (s (5)ds), (et L) ]
= —€r21|un (0) |2 + C%<un, un>L2(—L,0) — Pl_lalPIO‘un,x(O) |2 + Pflﬂlﬂo<un,x, Mn,x>L2(_L’0)
—ortan | ()0, 5)dstan(0) - pi s [ pu(shihuls)s i) | 0.
Hence, by (2.41) and (2.45), we get
Cntin(0),1,,,(0) = 0 (2.46)
Now, multiplying (2.25) by xu, x, we get the real part as follows
_ /72,1
2R | — (Chui, xun,x>L2(Llo) (2.47)

—P1_1”1< <y0un,xx + /0°° V(S)W;Z,xx(s)ds>’xu”'x>L2(_L,o)]

= Gl (~D)P + 82 (ot un) = py gl (—=L) 2+ o1 arpo hne )

L2(—L,0) L2(—L,0)

o [® to B 1 « t
Py al/o ()1 (=L, 8)dsupx(—L) + p; a1</0 ‘u(S)W’X(S)dS'un’x>L2(—L,0) — 0.
Then
Cntin(—L), upx(—L) — 0. (2.48)



2. Transmission problem with 1-D mixed type in thermoelasticity and infinite memory 27

Taking again (2.25), multiplying by u,, we have

\/C_n<i€nullf " ””>Lz(—L,0) + Pl_l\/aﬁl@”’x’ un>L2(—L10)

_pl_l \/Zﬂlﬂo <un,xx/ un>

L2(—L,0)

—py! €n611< /OOOV(S)WZ,M(S)ds,un> — 0. (2.49)

L2(~L,0)

By (2.41) and (2.46), we have

_pfl \/g—nall’l0<“n,xx/ un>

L2(—L,0)

= _P1_1‘11P‘0 Cntin,x(0)1, (0) + P1_1a17/‘0 Cntin,x(—L)un(—L)

+p;1a1V0 \/g—n<“n,x/ un,x> —0

L2(~L,0)

And

o VG ([ nls)ds 1)

L2(—L,0)

— oy aapoV/Z [ (s)h(0,5)ds1,(0)
+p01 aLuO\/g—n/ 77nx L/S)dsu”(_L)

+p; a1ﬂ0\/C—n</ 17M( )ds, un,x>L2(_LO) — 0. (2.50)

Thus, by(2.50) and (2.32), we go to

VVGuth =0, in L*(~L,0). 2.51)
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Multiplying (2.25) by (x + L)uy ,, we have

<i\/§—n§nu},, (x+ L)un,x> )

i (o )

L2(—L,0)

_Pl_l \/g_na1FO<un,xx/ (x + L)un,x>

L2(~L,0)
—p; ! €n611</0 u(s)ns i (s)ds, (x + L)un,x>L2(L/0) — 0. (2.52)

Integrating by parts and using (2.32) and the boundedness of 1, in L?(—L,0), we get

—Valn OF + Vau(u) = a0yl (0)
+P;151V0\/Z<“n,xrun,x> 12(-10)

_pl al\/a/ 77nx O S)dsunx(o)

— i1/ / ([ () ) N (2.53)

L2(~L,0)

Thus by (2.41) and (2.51), we go to

VTt (0), 1/ v/ Tuttnx (0) = 0 (2.54)

Multiplication of (2.44) by u,, x yields

/1 1
Cn <u”’ un'x>L2(—L,0) f1 a1y0<un,xx, M"’X>L2(—L,o)

1 °° t
01 a1</0 ]’[(S)ﬂn,xx(s)dsfMH,X>L2(_L’0) — 0. (255)

Due to (2.46)and (2.48), we get

-1
— 01 alﬂO<”n,xx/ un,x>

1

= 5 (=py a1p0)[un < (0)* + py 'arpo) [tne(~ L) [

01" | B0, 9) st (0) + 7y [ () (L)t (L)

cortm( [ nE)mh (s ) o0 (2.56)

_pl_1a1</0 V(S)W;,xx(s)dsrun,x>

L2(~L,0) L2(~L,0)
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Thus, it follows from (2.55) that
(iCnul, 1y ) — 0.

Taking the product of (2.44) with 6, yields

iG 1,000 )

-1
12(-L0) — P4 al,u0<un,xx/ 9n>L2

(—=L,0)

o « t - 2/
07 a1</0 pt(s);yn’xx(s)ds,9n>L2(_L/O) —0 in L°(-L,0).

Due to (2.32),(2.35) and (2.46), we have

-1
— P ‘11,”0<Un,xxz 9n>L2(L,O)

= —Pflamoun,x(ﬂ)@n(f)) + Pflalﬂoun,x(_L)en(_L)
~1
+ 0 al]/l0<un,x/ Gn'x>L2(—L,O) — 0

And

+py ' /0 p(s)p (=L, 5)ds6,(—L)
+ p1—1a1< /0 y(s);y,ﬂ/x(s)ds, 9”’x>L2(L0) — 0.
Then from (2.58), we obtain

n <u’l1 6n>L2(—L,O) -0

Multiplying (2.26) by u}, we have

<iC”9”’u'11>L2(—Lo

By (2.57), (2.61), we have

L2(~L,0)

<9n,xxr u111>L2(—L,0) — 0.

Integrating by parts

0, (0)u5(0) = O (—L)uh(—L) = (O, 0,

) — cl—1 <0n,xx,u}l>L2(—L,O) + cl_lﬁ1<u111’x, u,11> — 0.

(2.57)

(2.58)

(2.59)

(2.60)

(2.61)

(2.62)

(2.63)

(2.64)
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Due to (2.36)and (2.54), we get

6n1x<0)u}l (0) - Qn/x(_L)u}l(_L) % O. (2.65)
From (2.64) we have
1
<6n'x,un’x>L2(—L,0) 0. (2.66)
Multiplying (2.26) by (x + L), x and integrating, we get
. o a1l
R (iCan, (x + L)en,x>L2(L,0) e (1O — Brish ), (x + L)@n,x>L2(L,0)] =0
By (2.32) and (2.33), we obtain
<1§n9n, (x+ L)é)n,x>L2(_L’0) 0. (2.67)
Thus by (2.67) and (2.32), we have
—¢; 10,x(0)0,,x(0) + 2R[c; ' B1 1y, 1, (x + L)Byx)] — O. (2.68)
Then, by (2.66), we get
0,x(0) =0 (2.69)
Hence, by (2.56),(2.46),(2.35)and (2.69), we have
Un,x(0),1,(0),0,(0),0,(0) — 0. (2.70)
Taking the product of (2.30) with (x — L)wy ,, », yields
. -1 1
R |:1€i’l<q1’l/ (X - L)w2,n,x>L2(0,L) + Cy ,B2<vn,x/ (X - L)w2,n,x>L2(O’L)
— &5 k(Wm0 (3 L>w2’””‘>Lz(o,L)] 0. 2.71)
Using the transmission conditions in (2.1), we get
(G, qn) + 3 'k(Wo 0, W ) — 2R [05 1,32<vn,x/ (x — L)%,x>L2 (O’L)] — 0. (2.72)
Taking the product of (2.28) with (x — L)v, x, we obtain
iCn<U,11, (x — L)Un,x>L2(O,L) - p2_1a2<vn,xx/ (x — L)vn,x>L2(0’L) (2.73)

+ P2_152<Cln,x, (x — L)Un,x>L2(O/L) — 0. (2.74)
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Integrating (3.2) by parts we have

1 1> -1
v,,0 + a2<v , On, >
< N 12(0,L) P2 AT [ 1200,

12007 Ba{ g, (x - L)qn,x>L2(0’L)] — 0.
Thus by (2.72) and (2.75), we obtain
a2<vn,x,vn,x>L2(0,L) + <pzv,11,0£>L2(0’L) + k<w2,n,x/w2,n,x>L2(o,L)
e}y 2O
Then
Unxs U}sz,n,x/ gn — 0, in LZ(O, L).

Thus (2.77) together with (2.33), (2.45) and (2.77), we give
V”l = (ui’ll u}z/ 911/ On, U%, W21, Qn)T — 01

Which contradicts ||V}, || = 1. Therefore, (2.23) holds.

(2.75)

(2.76)

(2.77)

(2.78)



Chapter 3

Decay of solution for Degenerate Wave

Equation of Kirchhot Type in viscoelasticity

3.1 Position of problem and related results

In this chapter, we consider the following degenerate problem
/ t
o(x) (Iw'[P=2") = M(|| Vx| B)divfa(x) V2] + /O u(t — s)divfa(x)Vrw(s)]ds = 0, (3.1)

Where x € R",t > 0,p,n > 2, and M is a positive C! function satisfying for s > 0,my >
0,my > 0,7 > 1, M(s) = my+ mys7 and the scalar function u(s) (so-called relaxation kernel)
is assumed to satisfy (Al).

Equation (3.1) is a prototype for PDE of hyperbolic in Kirchhoff type with degenerate

memory when it is equipped by the following initial data.
w(0,x) =wp € H(R"), @' (0,x)=wy € LH(R"), (3.2)
Where the weighted spaces H is given in Definition (3.2.1) and the density function satisfies

0:R" - R,, pecCY(R") (3.3)

with € (0,1) and p € L*(R") N L®(R"), where s = -1

1,1 :
o2’y T = 1, Ry is the space

of all nonnegative real numbers.

32
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The self-adjoint non-positive operator of the form
Aw = div(a(x)Vw(t))

represent the class of degenerate term considered in Equation (3.1), where a € C!(IR") may
vanish in a subset () of IR".

In this framework, (see [4], [24], [25], [26], [33], [37]), it is well known that, for any ini-
tial data wg € H(R"),w; € LH(R"), the problem (3.1)-(3.2) has a unique solution w €
C([0,T), H(R")),w" € C([0,T), Ly (IR")) for T small enough, under hypothesis (A0) — (A3).
The energy of w at time ¢ is defined by

_(p ) / 1 o t 2 1 m ,)/+1)
() = P 0 Iy g 5 (mo = [ #(6)ds) [Vl + 5 (00 V) 4 52 | 9wl
(3.4)

And the following energy functional law holds:
E'(t) = %(;4’ o Vow)(f) — %,u(t)Hwa(t)H%,a forall t> 0. (35)

Which means that, our energy is uniformly bounded and decreasing along the trajectories.

The following notation will be used throughout this paper

(4o Vxw)(t) = [ 1t = 1) [Vawlt) - Vo), d, 36

For w(t) € H(R"),t > 0.

This kind of systems appears in the models of nonlinear Kirchhoff-type. It is a generalization
of a model introduced by Kirchhoff [29] in the case n = 1 this type of problem describes a
small amplitude vibration of an elastic string.

The original equation is:

phu + Tup = <P0 + —/ lux(x,t)] ds> Uyy + f, (3.7)

Where 0 < x < Land t > 0,u(x, t) is the lateral displacement at the space coordinate x and
the time ¢, p the mass density, h the cross-section area, L the length, P, the initial axial tension,
T the resistance modulus, E the Young modulus and f the external force (for example the

action of gravity).
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In the non-degenerate case where 2 = 1, problem (3.1) was studied in [37], where the au-
thor allowed a wider class of relaxation functions and obtained a very general decay results.
The motivation of our work is due to some results regarding viscoelastic wave equations of

Kirchhoff type in a bounded domain. The wave equation of the form
t
W — M|V aut]|2) As +/ W(t = 8)Deu(s)ds + h(') = f(u), xe€Ot>0  (38)
0

is a model to describe the motion of deformable solids as hereditary effect is incorporated.
Equation (3.8) was studied by [36] and they proved the existence of weak solution for large
datum. Later, for small datum and under some restrictions, global solutions and exponential
decay to zero is shown in [34].

The work with weighted spaces was studied by many authors (see in this direction [44],
[32], [35] and [39]). For the decay rate in R"”, M = 1, we quote essentially the results of [22],
[4], [26], [27], [28], [33], [38].

The problem (3.1),(3.2) for the case ¢ = 2,p(x) = 1,M = 1,a = 1, in a bounded domain
Q C R (n > 1) with a smooth boundary dQ) and g is a positive non-increasing function
was considered in [33], where they established an explicit and general decay rate result for

relaxation functions satisfying:
W(t) < —H(u(t)),t >0, H(0)=0 (39)

For a positive function H € C!(R") and H is linear or strictly increasing and strictly convex
C? function on (0,7],7 < 1. This improves the conditions considered recently by Alabau-

Boussouira and Cannarsa [22] on the relaxation functions

w(t) < —x(u(t), x(0)=x'(0)=0 (3.10)

Where y is a non-negative function, strictly increasing and strictly convex on (0, ko}, ko > 0.
The main purpose of this work is to obtain a very general decay results for the degenerate

problem to improve earlier results by the first author [37].
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3.2 Preliminaries, Assumptions and functions spaces

Definition 3.2.1 ([26], [35]). We define the function spaces of our problem and its norm as follows.
H(R") = {f e L2/ (2 (RM) . V. f € (LZ(]R”))”.} (3.11)

Note that H(IR™) can be embedded continuously in L2 (R™). The space L%(]R”) we define to be the

closure of Cy°(R™) functions with respect to the inner product

(frh)Lf,(]Rn) :/ pfhdx.

n

For1 < g < oo, if f is a measurable function on R", we define

1/q
gy = ([, el ) (3.12)

The space Lg(]R”) is a separable Hilbert space.
First we recall and make use the following assumptions on the functions a and y as follows.

(A0) Let a € C!(IR") be a positive function such that a(x) > A? > 0 and
V, = {w e [A(R") : / a(x)|Vw|2dx < o) (3.13)
RTL
is a Hilbert space endowed with the norm
2 2
w||y = a|Vw|~dx
wlf, = [, alVal

(A1) To guarantee the hyperbolic of the system, we assume that the function

u: Ry — Ry is of class C! satisfying

mo—pu=1>0, wu(0)=py>0,
Where 71 = [ p(t)dt.
(A2) There exists a positive function H € C!(R*) such that

W (t)+Hu(t)) <0,t >0, H(0)=0 (3.14)

And H is linear or strictly increasing and strictly convex C2-function on (0,7],7 < 1.
Note that

1
IVawlla < il
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for any w € V;. Really, we have
IVxwl = [ | IVawpdx
:/IRMIE ;|Vx 2dx
< %/}Rna(x)wxwﬁdx
= o llwl,

Where up on we get the desired estimate. For the reader we shall develop here the next

important technical Lemma.

Lemma 3.2.1. Forany w € C* (0, T, H(R")) we have

(yovxw)( )

N =
&lm_‘

Lo / (t — s)divfa(x) Vyw(s)]w! (£)dsdx =

dt {/tﬂ(s)/n a(x) |Vyw(t )|2dxds}
(4 0 Vaw) (t) + %y(t) /Rn”(x> ¥ w(t) P dx.

B 1d

2
1
2
Proof. We have

/]R” /Ot u(t —s)divla(x)Vyw(s)]w' (t)dsdx

=— /Oty(t —s) /]R” a(x)Vyw(s)Vyw' (t)dxds

= [ ut=9) [ Tl (5)a(x) [Vwos) - Two(r)] s
_ /0 pt=s) | V' ()a(x)Vw(t)dxds.

Consequently

/Rn/ (t = s)div[a(x)Vyw(s)]w' (t)dsdx

_ d 2
= 5/0 u(t—s d_/ x) |Viw(s) — Vyw(t)|” dxds

_%/oty(s) <E /Rna(x)\vxw(m dx) ds



3. Decay of solution for Degenerate Wave Equation of Kirchhof Type in viscoelasticity 37

Which implies
[ [ 1t = sydielax) V(o) (s
t
4 {/0 u(t—s) /IR” a(x) |[Viw(s) — wa(t)|2dxds}

~ g |0 [, o) (TP ]

3 [ =9 [ ) Vaawls) - Vaaw(t) P dxas
+3u(t) [ () [Vao(t)Pdx.

RTL

Remark 3.2.1. [33] By (A1) we have that u is a positive function and mo — i > 0.

Then [, u(t)dt > 0and [;° u(t)dt < mg. Therefore lim;_eo pi(t) = 0. Because y(t) is a positive
function on Ry, u(0) > 0 and lim;—,e0 pi(t) = 0, we conclude that there is a t; > 0, large enough,
so that u(t) is a decreasing function on [t1,00) and u(t1) > 0. Hence, p'(t) < 0 on [t1,00). Since

u(t) = 0ast — oo, we get that y'(t) — 0as t — co. We set

For a C'-function D such that D(0) = 0, Hy is strictly increasing and strictly convex C-function

on (0, r]. If there is a need we enlarge t; > 0 so that u(t1) > 0 and
max {i(s), —p'(s)} < min{r, H(r), Hy(r)} (3.15)
Forany s € [t1,0). Note that

[ ) H (@) ds = [ u(s)Hy (' (s)) s+ [ 7 pls)Ho (—p(5) ds
< [ o) (w6 ds [ o) Halr)is
)

B Ho (—10/(s)) ds + Ho(r) [ p(s)ds

51
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Since y is a positive function on (0, t1] and H is a positive continuous function on R, we have that

there exist positive constants a1 and By such that

a1 < H(u(t)) < By for any te€|0,t]

Let
mp = mi t), M;= t).
1 té?&ﬁ}”() 1 tggé]#()
Then mq > 0 and My > 0 and
X1 1
—H(u(t)) < —a; = ——2M; < ——Ly(t
(4(1)) < ~a1 = — by <~ ALp
forany t € [0,t;]. We set
X
k:=—.
My

Then k > 0 and
—H (u(t)) < —kp(t) for any te[0,t].
Hence,
W (t) < —H (u(t)) < —ku(t) for any tel0,t]. (3.16)

Let Hj be the convex conjugate of Hy in the sense of Young (see [1], then
H; (s) = s(Hp) ~M(s) — Hol(H) '(s)], s € (0, Hj (1))
And satisfies the following Young's inequality
AB < Hj(A) +Hy(B), A€ (0,Hy(r)),B € (0,r]. (3.17)

We are now ready to state and prove our main results.

3.3 Lyapunov techniques and main results

We will start with the following useful Lemma.
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Lemma 3.3.1. Let p satisfies (3.3), then for any w € H(IR") there exists &« > 0 such that

;1
HwHLg(]Rn) < b Hp”zsl (R") HvwaB(R”) (3.18)

2n(q—1)

with 51 = m,

2<qg.

Proof. Let w € H(R") be arbitrarily chosen and fixed. Since H(IR") is embedded continu-

2
ously in L2 (R"), there exists a positive constant « such that

1
I’l < iz nye. .
Il 2 gy < €7 IVl 2y (3.19)

Now we apply Holder’s inequality for

_ 2n(g-1) _ 2n
Sl_nq—2n+2q and Sz_(n—Z)p

and we get

017y gy = [, Pl

1 p(n—-2)

< 1 1/ nznzd>
_(Rnp x) (]Rn|w| X

= s ny || W P " .
el

Now we apply (3.19) and we get
1@l oy < llolios oy | Vel 2 ey
Which completes the proof. O

To construct a Lyapunov functional L, equivalent to E, we introduce the following func-

tionals

) = [ eyl P2, (320)

0ot == [ el [ (= $) (w(t) — w(s))dsdx. (3.21)
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Lemma 3.3.2. Under the assumptions (A0) - (A2), the functional { satisfies, along the solution of
(3.1),(3.2), the following inequality

Lo —1) (o V)

/ / 2+2'7 2
1P1()<HWIILp]Rn sz” wlfy, ™" + (o = Dlwlly, + 7~

For any o > 0.
Proof. We differentiate (3.20) and using (3.1), we get
vi() = [ el Pax+ [ p(xw (o)) dx
— 1/ g+ 0 (M uvanz) div o) V] = [t = 5)iv o) Vo) ds ) d

= 1191y o +/Ww (1m0 + m|| Vxe0][37) div [a(x) Vs20] —/Oty(t—s)div [a(x)Vew(s)] ds ) dx

= 1 g + (0 + 1| V500]7) [ cociv fa(x) V0] d
—/ w/ u(t —s)div [a(x)Vyw(s)] dsdx
= 101y gy = (0 mul|Vawl”) [ a0)| Vol

—/nw/ u(t —s)div [a(x)Vyw(s)] dsdx
= 119}y e (mo+m1||vx||§7) lwl?,
+/ wa/oty t—s)a(x)Vyw(s)dsdx
= 119}y e (mo+m1||vxw||2 ) lkll,

+/ wa/Oty(t ) (Viw(s) — Vyw(t)) dsdx
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We get

%U<Wmmn(m+meWMw%

+ [lwll3, / S)d5+/ wa/ (t—s)a(x) (Vyw(s) — Vyw(t)) dsdx
(m+mememﬂm—mm&
+/nvxw/ (t = s)a(x) (Vaw(s) — Vw(t)) dsdx

= |2’} _m1||vxw”27||w||va A

LP(R™)

+/"vxw/ (t —s)a(x) (Vrw(s) — Vyw(t)) dsdx

< @I}y gy + mall V] 7||w||%/ﬂ —1fwll3,
+/ wa/ (t —s)a(x) (Vyw(s) — Vyw(t)) dsdx
242
< a1 g+ AMHW”IW%

+/ wa/ (t —s)a(x) (Vyw(s) — Vyw(t)) dsdx,

i.e.

242y l||

W) < 017y gy + Awu| 12,

+/ wa/ (t —s)a(x) (Vyw(s) — Vyw(t)) dsdx.
Let o > 0 be arbitrarily chosen. Now we apply Young’s inequality with ¢ and we get

242
U0 < 017y gy + 03T = 1wl +0 [ a()] Vs

+g/4ngﬂu»

2+2’)’ + (

N|—

2
(Viw(s) — wa(t))ds) dx

= [’} =D ||wl3,

L'D ]R") A2r)/ || H

* 1 oo (=) 0t)

N|—

2
(Viw(s) — wa(t))ds) dx.
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Now we apply Inequality the Cauchy-Schwartz we obtain

2+2
wi(t)SHW'HZf >+ﬁ” wlly, " + (o= 1) [[w]3,

+ %/ ; </otﬂ(s>d5> /OtW—S)a(x)Iwa(s) — Vw(t) Pdsdx

242
< |’ ||Lp R?) +@|| wl[|y, + (o = 1) [Jwlf5,
+—/ ds/ / (t —s)a(x)|Viw(s) — Vyw(t)|[*dsdx
242
= [’ HLp (R") +@H wlly! "+ (o= 1) [l

1
+E(m0—l) (noVyw),

Remark 3.3.1. By the proof of Lemma 3.3.2 it follows

/n wa/ (t —s)a(x)(Vyw(s) — Vyw(t))dsdx < (7||w’|\%/a + %7 (mo—1) (4o Vyw)

for every o > 0.

Lemma 3.3.3. Under the assumptions (A0) - (A2), the functional , satisfies, along the solution of
(3.1),(3.2), the following inequality

t my — 1
(0 < (o ma Vol = [ (s)ats) (ol i3, + 5 (o Vi) )

(e [ ne)s ) 10y g+ (0 Vi) [ s

xQ5C(0)
Y.
Ay

14
2

ol mey (1] 0 Vaw)

For any o > 0 and for some o > 0. Here
1
I
(op)?q

= max / |1 (s)|ds, C(o) =

te[O
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Proof. By the definition of ¢ () we get
va() == [ o) (1P2) [ e =) () — w(s)) dsx
[ el P2l [ 4 (- 5) (lt) — w(s)) dsdx
— [ o pax [ usyas

Rl’l

= — /Rn (M <||wa||%> div [a(x)Vw] — /Otpt(t —s)div [a(x)Vyw(s)] ds)

/ p(x) '[P~ 2w’/ (t—s) (w(t) — (5))d5dx_“w/||L§(1Rn) /Oty(s)ds
= [ M(IVwl) divla(x) V] [t ~5) () - w(s)) dsdx
+/W (/Oty(t—s)div[ (X)V2w(s )]ds) (/Oty(t—s) (w(t)—w(s))ds) dx
— [ )P / (t = 5) (w(t) — w(s)) dsdx — /[ /Otms)ds
= M (||Viw|5) a(x)Vyw (t —s) (Vyw(t) — Vyw(s))dsdx
Jo M (17 01B) )V [
_/]Rn /Oty(t—s) (x)Vyw(s )ds) (/Oty( — )(wa(t)—vxw(s))ds) dx
— [ @l [ = 5) (ole) = () dsdx = | [ ()
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we get

mo + my || V|3 ) wa/ (t—s) (Vyw(t) — Vyw(s)) dsdx

_|_

<

o

A

( ty t—s) )2 (Vaw(t) — wa(S))dS)zdx

ol / (1= 5) (0(t) — w(s)) dsdx — [0/ g gy [ (5}

cwo()alx) [ plt =) (Vaaw(t) ~ Fos)) dsdx [ (s)ds

o+ | Vol = [ p(s)ds ) [ a(e)Vatote) [ ple =) (Tuw(t) = Frto(s)) dsd
( [ 1t =5) (@) (V) ~ Two(s)) ds)zdx

t
Pl [ (= 9) (olt) — w(s) dsdx — [0y g [ 1)

_|_
\/\

Rn

ﬁ\

ie

ph(t) < (mo || Vw37 — fot ds) Jrn a(x)Vw(t fo (t—s) (Viw(t) — Vyw(s)) dsdx

N|—

t 2
+ fro (Jo 1t =) (a())2 (Vatw(t) — Vawo(s)) ds ) " dx

_ f]R |w/‘P -2 /ft ]/l/ t_ S) (w(t) — w(s)) dsdx — Hw,Hﬁg(]R”) fot‘u( )d
(3.22)
Let o > 0 be arbitrarily chosen. Then using (3.3.1) we get that

950 < (mo+m|Vawl3" = [y u(s)ds) (]}, + 4 (mo—1) (1o Vaw))

NI—=

2
+ Jro (fo (x))% (Viw(t) — wa(s))ds) dx

_”w/HL;’(IR") fot u(s)ds — f]R” p(x)\w/|p—2w/ f(; W (t—s) (w(t) —w(s))dsdx.
(3.23)
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N

We apply Lemma 2.4 for 6 = 3, y and (a(x))? (Vyw(t) — Viw(s)) and we obtain

/an (/Ot u(t—s) (a(x))% (Vyw(t) — Vyiw(s)) ds)z dx

< /IRn (/Oty(S)dS> (/Otpt(t—s)a(x) (Vaw(t) — wa(s))zds) i
( / /Otu(t—s ) (Vxw(t wa(s))zdsclx) /O tpt(s)ds

t
= (po Vyw) () ; u(s

Hence and (3.23) we get

95() < (mo+mi|[Vxwlls? = fyu(s)ds) (olwl?, + & (mo—1) (o Vaw) ()

+ (o Vw) (£) [ u(s)ds — ||w’|| fot 1u(s)ds (3.24)

— Jn PG| |P720 [ ' (t—5) (w(t) — w(s)) dsdx.
Now we consider
~ [P [ e ) o) ~ wls)) dsax.
Applying Holder’s inequality and Young’s inequality with o we get
—/ p(x) |w’|P‘2w’/t '(t —s) (w(t) — w(s)) dsdx
< [ o [ = 9)lt) — w(s)ldsdx
:/Rn (p(x))7 '[P~ (p(x) / W (t —s)||w(t) — w(s)|dsdx
1
q

([ el rax )" ([ ot | [ 1= s)lte) = wis) s
<o ([ et Par) +c) ([ oo

t
— olw'|P "(t - - f
= 10/} gy + @ [ 1 (=)l 0(8) = w0()lds 1

IN

N
dx)

"(t = s)|[w(t) —w(s)|ds

N
dx)
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Hence and (3.24) we get

vh(t) < (mo-tma]| Vawls” — [ u(s)ds) (olwlly, + & (mo — 1) (o Viw) (1))
+ (o Vaw) (1) fo pls)ds — [[@/[1y g Jo 1(5)ds (3.25)

0l Iy oy + (O] Jo (¢ = s)|lw(t) = w(s )11y

Now we consider
t
I [ = 9)lo(t) = w(s)dsI1

Applying Lemma 3.3.1, we obtain

I 10 = 9l ) = w)asl g

t
< “HPHle(]R")H/O |1 (t = 9)[[Vxw(t) — Viw(s)lds| [ g,

2
= allollza (rey ( /. dx)

2
:D(H‘OHLSl(]Rn ( (—i</ |pt (t—s) ||wa() wa(s)|ds> dx)

e
< aplellony (/ (f t—s|<a<x>>%|vxw<t>—vxw(s>|ds)2dx>2
(e (£

14
2

/Ot 11 (t—s)||Viw(t) — Vyiw(s)|ds

NI

NI

(1= )lds) ([ 110 = 9ol Tuo(t) — Tsu(s) s )

< el ( f,
1
< 2Q2 2
<9 S el (o o) [ = 5)9s(t) = V()P
sz?

14
= FHPHLSl(IRn) ((Ip'] o Vyw) (1))
2
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Hence and (3.25), we get

5(6) < (o |90l = [ ts)ds) (e, + 4 om0 —1) (o V) (1))

t t
(o V) () [ p(sds @1y ) [ us)ds
01y gy + € Dol ey (] To) ()
LP R™) Ag Pl (R") H x
O
Remark 3.3.2. By the proof of Lemma 3.3.3 it follows that
2
t , “Q , %
I 0 =) Gote) = (e dsly g < el (12 Vo) (0)F. (326
We define the Lyapunov function as
L(t) = G1E(t) + 1 (t) + Cotpa(2) (3.27)

for ¢1, > large enough. We need the next Lemma, which means that the Lyapunov function

and energy function are equivalent, that is for ¢, > large enough, we have
B1L(t) < E(t) < BaL(t) (3.28)
Holds for some positive constants 1 and .
Lemma 3.3.4. For ¢y, G large enough, we have
L(t) ~ E(t). (3.29)
Proof. By (3.27) we have

L(t) = QED)] < |1(8)] + Ealya(t)
< [ o2

w6 [l [ e =) ole) - wis) s ax

dx
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Using Holder’s and Young’s inequalities, Lemma 3.3.1 and the proof of Lemma 3.3.3, we

have
P2 7 ) 1/p - (p=1)/p
J Jotte P2 dx < ([ ewroirar) ([ peolpix)
< (el + E2 ([ peolepix)
p n p "
1
= 0l g o+ P 10 1y e
o 1
< ol ey | V520 oy + 0y e
And
t
L o2 [t =s) (o(t) — w(s)) ds| dx
R” 0
th% p
< 001y g+ C@) S5 Pl sy (10 Vxw) (1))
2
Therefore

IL(t) = GLE(H)] < —||p||m ’) | Va1 gy +7|| ©'l1 7 )

aQ

+@<ﬂwmen+c<>AP

MhmwﬂWoVﬂ0@ﬁ>

= _HPHLSl R" ||va||L2 R™)

NI

+acwﬂ§QmmmwﬂwOVwam>
2

For some positive constant B. If there is a need we enlarge ¢; so that {; > B. Therefore

_BE(t) < L(t) — &E(t) < BE(1)

(1 —B) E(t) < L(t) < (&1 + B) E(t),
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Our main result reads as follows.

Theorem 3.3.1. Lef (ug,uq) € H(R") X LZ(IR”) and suppose that (A0) — (A2) hold. Then there
exist positive constants By, B1, B2, B3 such that the energy of solution given by (3.1),(3.2) satisfies,

E(t) < Bsh Y (Bt + Bo), forall t>0,

where

1
h(t) = /t H (3.30)

Proof. Note that

L'(#) = GiE"(t) + 91 () + G (8).

By Lemma 3.3.2 and Lemma 3.3.3 it follows that we can choose ¢; > 1 and ¢, > 1 large

enough and ¢ > 0 small enough so That

L'(t) < No(uo Vyiw) + clmlHwaHV%l —cE(t), forall t>0, (3.31)
4 —1
for some positive constants ¢ and ¢, where Ny = Czc%. Now we set F(t) = L(t) +

cE(t). Because L(t) ~ E(t), we have that F(t) ~ E(t). Then by (3.31), if there is a need we

enlarge ¢, we get

F'(t) = L'(t) +cE'(t)

< —cE(t +Cf]R”ft (x)|Vyw(t) — Vyw(s)|’dsdx, forall t>t.
(3.32)

By (3.5) and Remark 3.2.1, we have for any ¢ > t;
t
/ /1 (t —s)a(x)|Viw(t) — Vew(s) |*dsdx

t
< /]Rn/l (t —s)a(x)|Viw(t) — Vyw(s)|[*dsdx

< —cE'(t).
We define

/ Hy(— ) (1o Vyw)(t)ds. (3.33)
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Since f0+°° Ho(—p(s))pu(s)ds < +oo, if there is a need we enlarge t1, from (3.5) we have

J(#) = i Ho(— fw %) | Vsw(t) — Vaaw(t — s)|Pdxds
< th HO f]R" ( )| Viw(t)|? + a(x)|Viw(t —s)|?) dxds
< cEO) J! o
< 1

We define the following functional.

f 1

¥(t) =~ [ i (s) [ u()a(x) [ Vaaw(t) — Vet - 5) s
h Hy ' (—p/(s)) "

Using Remark 3.2.1 and (A1), we get that there exists a positive constant ko such that

<ky for any s>t.

Hence, for any t > t;, we have

¥(t) < —ko f #(5) foa(2)|Viw(t) — Viw(t — 5)|?dxds

< —=2ko [} 1'(s) fu (a(x)|Vxw (1) + a(x)|Viw(t — 5)|?) dxds
< —cE(0) fttl ' (s)ds
< cE(0)u(t)

< min{r, H(r), Hy(r) }.

Using the properties of Hy (strictly convex in (0, 7], Hy(0) = 0), then for x € (0,7],0 € [0,1],

we have

Ho(6x) < 6Ho(x).
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Using Remark 3.2.1, (3.34), (3.34) and Jensen’s inequality, we go to

wwzﬁifﬁummf«w%mﬁ7£7@y@mwavam—vﬂw—wWMs
0
/ HylJ - ))]m /]Rn u(s)a(x)|Viw(t) — Vyw(t — s)|*dxds

> Hy <](t) /t ](t)Hol(—y’(S))m /]Rn u(s)a(x)|Vyw(t) — Vyw(t —S)\zdxds>

> Hy (// %) |Vyaw(t) vxw(t—s)ydeds),

Which implies

t

/ /]R u(s)a(x)|Viw(t) — Viw(t — s)|*dxds < Hy ' (¥ (t)).

t; JR?

We have
F'(t) < —cE(t)+cHy'(¥(t)), forall t>t.
Now we define the functional
(2 E()
Fi(t) = Hy BOW F(t)4+cE(t), Bo<r0<c.

Since F(t) ~ E(t), we have that F;(t) ~ E(t). Also, using that E’(t) < 0 for any t > 0 and
H{ >0, HJ > on (0, 7], we get

e
swﬂ)<mf9+ﬂﬂ Eo) ) Ha' (¥

Let Hj be given as in Remark 3.2.1. Hence, using Young's inequality (3.17) with
A=H) (ﬁo%>, B = Hy ! (¥(t)), we obtain

F(t) < —cE(t)HO( ogéé;) + cHy ( ( (t) ) + ¥ (t) + cE'(
< —cE(t)H} (ﬁo%) + cBo %H (/3 E(—(’;))) — E'(t) + cE'(t).

)+ cE'(t).



3. Decay of solution for Degenerate Wave Equation of Kirchhof Type in viscoelasticity 52

We can choose By, ¢, and ¢’ such that
R < ~*fior s (b))
E(t)

S 7 >
kHZ(E(O)) for any t>1t,

where Hj(t) = tH|(Bot). Using the strict convexity of Hy on (0, 7], we conclude that H} and

H, are strict positive on (0, 1]. Therefore

k()

R(t) =1 E0)

For some positive constant k1, hence
R'(t) < —TkoHy(R(t)) for any t>#

and for some positive constant k. Then a simple integration and a suitable choice of T yield

R(t) <h ' (Bit+B2), P1,B2 € (0,+00),t >t

Here h(t) = ftl H, ' (s)ds. From (3.34), for a positive constant 3, we have

E(t) S ,B3h71(131t+,32)/ [31;[32 S (O/ —|—OO),t 2 tl'
The fact that / is strictly decreasing function on (0, 1] and due to properties of Hp, we have

limh(t) = +oo.

t—0

Then

E(t) < Bsh 1(Bit +Bp) forall t>0.



Chapter I

Wave equation with Logarithmic

nonlinearities in Kirchhoff type

4.1 Introduction

In this chapter, we consider the wave equation with logarithmic nonlinearity (4.1),
t
u” — ¢(x) (M(Hvqu%)Axu — / g(t— s)Axu(s)ds) = auln |ulf (4.1)
0

wherex € R",t > 0,n > 2,k,a > 0and M is a positive C! function satisfying fors > 0,mgy >
0,my > 0,7 > 1, M(s) = my+ mys7 and the scalar function g(s) (so-called relaxation kernel)
is assumed to satisfy (Al).

It is well known that from a class of nonlinearities, the logarithmic nonlinearity is distin-
guished by several interesting physical properties. Eqation (4.1) is equipped by the follow-

ing initial data.
u(0,x) = up(x) € H(R"),u’ (0,x) = uy(x) € L%(IR”), 4.2)

Where the weighted spaces H is given in Definition 3.2.1 and the density function
P(x) > 0,Vx € R", (¢p(x)) ' = p(x) satisfies

o:R" = R%, p(x)e€ CO(R") (4.3)

53
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with 4 € (0,1) and p € L°(R") N L*(IR"), where s = 211—127—Z+2q'
This kind of systems appears in the models of nonlinear Kirchhoff-type. It is a generaliza-
tion of a model introduced by Kirchhoff [29] in the case n = 1 this type of problem describes

a small amplitude vibration of an elastic string. The original equation (see 3.7)

For the decay rate in IR"”, we quote essentially the results of [22], [26], [27], [28], [33]. In
[27], authors showed that, for compactly supported initial data and for an exponentially de-
caying relaxation function, the decay of the energy of solution of a linear Cauchy problem
(4.1), (4.2) with p(x) =1, M = 1,a = 0 is polynomial. The finite-speed propagation is used
to compensate for the lack of Poincare’s inequality. In the case M = 1,a = 0, in [26], author
looked into a linear Cauchy viscoelastic problem with density. His study included the expo-
nential and polynomial rates, where he used the spaces weighted by density to compensate
for the lack of Poincare’s inequality. The same problem treated in [26], was considered in
[28], where they consider a Cauchy problem for a viscoelastic wave equation. Under suitable
conditions on the initial data and the relaxation function, they prove a polynomial decay re-
sult of solutions. Conditions used, on the relaxation function g and its derivative g’ are
different from the usual ones.

The problem (4.1),(4.2) without source, for the case p(x) = 1,M = 1, in a bounded
domain Q) C R”,(n > 1) with a smooth boundary dQ) and ¢ is a positive nonincreasing
function was considered in [33], where they established an explicit and general decay rate

result for relaxation functions satisfying;:
g'(t) < —H(g(t),t >0, H(0)=0 (4.4)

for a positive function H € C!(R") and H is linear or strictly increasing and strictly convex
C? function on (0,7],1 > r. This improves the conditions considered in [22] on the relaxation

functions

§'(t) < —x(g(t), x(0)=x'(0)=0 (4.5)

where ) is a non-negative function, strictly increasing and strictly convex on (0, ko], ko > 0.
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The goal of the present paper is to establish the existence of solution to the problem (4.1)-
(4.2). We obtain also, a fast decay results.

4.2 Material, Assumptions and technical lemmas

For simplicity reason, we take a = 1
We recall and make use the following hypothesis on the function g as: (A3) According to

results in [33], we have
1. We can deduce that there exists t; > 0 large enough such that:

(a) Vt > t1: We have lim g(s) = 0, which implies that lim —g’(s) cannot be posi-

s——+00 s—>—+00
tive, so

. o —
SEIPOO ¢'(s) =0. Then g(#1) > 0 and

max{g(s), —¢'(s)} < min{r, H(r), Ho(r)}, (46)

where Hy(t) = H(D(t)) provided that D is a positive C! function, with D(0) = 0,

for which Hj is strictly increasing and strictly convex C? function on (0, 7] and

+o0 )
| 86 Ho(=g (s))ds < +oo.
(b) Vt € [0,t1]: As g is non increasing, ¢(0) > 0 and g(t1) > 0 then g(t) > 0 and

8(0) > g(t) = g(t1) > 0.

Therefore, since H is a positive continuous function, then

a < H(g(H) <b
For some positive constants a and b. Consequently

¢'(t) < —H(g(t)) < —kg(t), k>0
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Which gives
g'(t) < —kg(t),k>0 (4.7)
2. Let Hj be the convex conjugate of Hy in the sense of Young (see[1], then
Hy(s) = s(Hp) ™ (s) — Hol(Hp) (5], s € (0, Hp(r)
And satisfies the following Young’s inequality
AB < Hj(A) +Hy(B), A€ (0,Hy(r)),B € (0,r]. (4.8)

The space H (IR") (see 3.11) as the closure of Ci°(R") functions with respect to the norm

ull3y ey = /IR IV P,

The following technical Lemmas will play an important role in the sequel.

Lemma 4.2.1. [23] (Lemma 1.1) For any two functions g, v € C}(R) and 6 € [0, 1] we have

t
by [ £t =)lole) —o(s)Pds
0
— Je(fo(n)P

and
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Lemma 4.2.2. Let u € H(IR") be any function and c1,cy > 0 be any numbers. Then

|u| 2
2 [ p(@)ufin dx+n(1+c1)lu]
R <||u||§%) £

2

loll7
Va2

s

<o

Definition 4.2.1. By the weak solution of (4.1) over [0, T| we mean a function
u € C([0, T}, H(R™)) nCY([0, T], LE(IR”)) N C%([0, T], H Y(R"))
with u' € L2([0, T], H(R™)), such that u(0) = ug, u'(0) = uy and forallv € H,t € [0, T),
In |u|*vd
/IRnp(x)u n |u|*vdx
= /IR o(x)u"vdx + M(||Vul3) /]R V. uVyvdx
t
_/11?"/0 Q(t —s)Vyu(s)dsVvdx

Multiplying the equation (4.1) by p(x)u’, and integrating by parts over R", we have the

energy of u at time t is given by
E(t) = 1<||u’||22 + (mo — /tg(s)ds) |V |3
2 Ly 0 2

+ (goVyu) — /]Rn p(x)u?In |u]kt:lx>

k 2 ml
+ Il +

2(y+1)

And the following energy functional law holds
/ 1 / 1 2
E'(1) = 5(8' o Vo) (t) — 28()|Vau(t) B, ¥t > 0. @.10)

which means that, our energy is uniformly bounded and decreasing along the trajectories.

The following notation will be used throughout this paper

(o Va(®) = [ gt =) Vault) - Vau(o|r, 1)

Foru € H(R"),t > 0.
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4.3 Global existence in times

According to logarithmic Sobolev inequality and similar to the proof in ([45], [46], [47], [53],

[54]), we have the following result.

Theorem 4.3.1. (Local existence) Let ug(x) € H(R"),uy(x) € L%(IR”) be given. Then under
hypothesis (A1), (A2) and (4.3), the problem (4.1) has a unique local solution

u € C([0, T, H(R")) N C}([0, T], LA(R"))

Now we introduce two functionals

16 = 5 ((mo— [ 8(6)ds) IV + (0 Fw)

- / ) o(x)u®In ]u\kdx>

k. o iy 2(7+1)
+ gl + 5 Vsl @.12)
And
I(t)—(m— ' o()ds) ||V o2 v
= (mo— | 8(s)ds ) [|Vxullz + (g 0 Vi)
my 2(y+1
—/]Rnp(x)uzln\u|kdx—l—WHVWHZ(V ) (4.13)
Then
_1 ki o2
() = 310 + S lulls @.14)

As in ([49]) to establish the corresponding method of potential wells which is related to the

logarithmic nonlinear term, we introduce the stable set as follows
W={ueHR") :I(t) >0,](t) <d}U{0} (4.15)
Remark 4.3.1. We notice that the mountain pass level d given in (4.15) defined by

d = inf{ sup J (pu)} (4.16)
uEH (RM)\ {0} >0
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Also, by introducing the so called "Nehari manifold"
N ={ueHR")\{0}:1(t)=0}

Similar to results in [55], it is readily seen that the potential depth d is also characterized by

d = inf [(t). 417
inf ] (t) (4.17)
This characterization of d shows that

By the fact that (4.10), we will prove the invariance of the set W. That is if for some ty > 0 if
u(to) € W, then u(t) € W, vt > ty, let us beginning by giving the existence Lemma of the
potential depth. (See [47] Lemma 2.4)

Lemma 4.3.1. d is positive constant.

Lemma 4.3.2. Let u € H(R") and p = ezn(l+er), if0 < ||u|| < B, then I(t) > 0; if I(t) =
0, [ull3 # O, then [[ullf, > p

Proof. By (A1), (4.13) and Lemma 4.2.2, we have
t
1(6) = (mo— [ gs)ds) [ Vaul3 + (g o Vin)
1 2(y+1
A e A2

> 1 Vel3— [ p(x)u(1n le+mmm)

kCz
> (1-5 wn)nvﬂﬁ+§mu+qmw@
— I 3

Choosing ¢, such that | > kc2 2 |p[|2,, then

LZ ’
1(0) > k(Gn(1+ e1) —In [Jul;) ]2,
- \2 Ly Ly

Therefore, if 0 < [[ul|?, < B, then I(t) > 0;if I(t) = 0, [|ul|5 # 0, we have B < [[u[|?, then,
P b
[ull?, > B 0
0
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Theorem 4.3.2. (Global Existence) Let ug(x) € H(R"),u1(x) € L3(R") and
0 < E(0) < d,I(0) > 0. Then, under hypothesis (A1), (A2) and conditions (4.3), the problem (4.1)

has a global solution in time.

Proof. From the definition of energy for solution and by (4.10), we have
L2 1 2
Sl +7(t) < Sl +7(0), ¥t € [0, Tonax) (4.19)

Where T4y is the maximal existence time of solution of u. Then by the definition of the

stable set and using Lemma 4.3.2, we have u € W, Vt € [0, Tyyax) l

4.4 Decay estimates

We apply the multiplier techniques to obtain useful estimates and prepare some functionals
associated with the nature of our problem to introduce an appropriate Lyapunov functions.

For this purpose, we introduce the functionals

P1(t) = /np(x)uu’dx (4.20)

Lemma 4.4.1. Under the hypothesis (A1) and (A2), the functional 1y satisfies, along the solution of
(4.1),(4.2)

(1-1)
40

kc 1
| (o + 521013~ 1) + kil (1n July — 31+ | 17l

YA < 1135+ m |Vl 57D 4+ 25— (g 0 Vi)
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Proof. From (4.20), integrate over R", we have

¥1(t) =/ P(X)|M/|2dx+/np(x)uu”dx
= [, (Lo P+ MO~ [t 5)sus, x)ds )
+/ )u? In |u|*dx

2(vy+1
< 11 gy + Vel 37— 1] Va3

]Rn

|u] 2
+k | p(x)u?*(In +1In ||ul|5, Jdx
R < <||u||%%> L%)

* R" vx”/o g(t —s)(Viu(s) — Vyu(t))dsdx.

We have by using the Logarithmic Sobolev inequality in Lemma 4.2.2 and generalized ver-
sion of Poincare’s inequality in Lemma3.3.1 Using Young’s inequality and Lemma 4.2.1 for

0 = 1/2, we obtain

1) kc
Pi(e) < oI + |V 30+ (2ol — 1) [Vl
+kuuui%1nuuuig
1 t 2
—|—<7||qu||2+40/ </0 g(t—s)|qu(s)—qu(t)|ds) dax
1
— skn(1+cy)ull?,
1) kc
< 135+ ma | Vaul 3 4+ (o + 2 lollF 1) 1Vl

1-1 1
+(4 )(govxu)—i—k<ln||u|| —5n(1+e)) full?y.

Then

+1
(D)

1-1
10 < 012+ m Va2 + C=D g0 v,
2 2 1 2
+ [(a+—||p|| 1)+ klpl (1n ul; — 31-+e0) | 17l
[

The existence of the memory term forces us to make second modification of the associate
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energy functional. Set

¥a(t) = —/np(x)u/ /Otg(t ) (u(t) — u(s))dsdx. 4.21)

Lemma 4.4.2. Under the hypothesis (A1) and (A2), the functional , satisfies, along the solution of
(4.1),(4.2), for any o € (0,mg)

o »  n(l+cp) 2
(0 < [+ k(o52 il - ") v
C
Fem Va2 4 co(1 4 (2 4+ 1)) (g0 Vin)
t
~collle (o )+ (o= [ g(s)ds ) 1oy

Proof. Exploiting equation (4.1), (4.21) to get

llié(t) = _/ P(x)u” /Otg(t —s)(u(t) — u(s))dsdx
/g (t—s)( —u(s))dsdx
8(s)as|u|2,

M(||Vul3)Vu ; gt —s)(Vyu(t) — Vyu(s))dsdx

Il |
@\o\_@\
h =X

|
T 7

p(x)utnful" / (t=s)( —u(s))dsdx
. (/Otg(t _S)qu(S,x)ds) %

Q(t—s)(Vyu(t) — qu(s))ds) dx

=

—
5\°\w

np /g (t —s)(u(t) — u(s))dsdx

8(s)ds |2

|
S~
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By (A1), we have

() = (o~ [ g(o)ds ) »
/n Vo /Otg(t ) (Vatt(t) — Vyu(s))dsdx

2

* e ( /Otg(t_s)(vx“(f)—qu(S))ds) dx

+ cmy ||qu||§(7+1)

_ /IRn p(x)uln |u]k /Otg(f —s)(u(t) — u(s))dsdx
— [ o [ = )(u(t) — u(e)dsd

_ /Otg(s)dSHu’Hi% +c(go Vyu)(t).

By Holder’s and Young’s inequalities and Lemma 3.3.1, we estimate
t
— [ pG’ [ g (= s)(u(t) = u(s))dsdx
R" 0
1/2
< (/ p(x)|u’|2dx) X

(fop)] [/ =)0 = uteas] )
[ =g/ =) ut) — u(s))as

< olu'llfs = collolii=(8" o Vau)(b).

1/2

/12 2
<o} + e

2
LP

And

[ oG [ gt =) (u(e) — u(s))dsdx

= 0||u’||ig +collpllz2(g 0 Vau)(1).
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And by Lemma 3.3.1 and Lemma 4.2.2 and conditions in Lemma 4.3.2, we have
t
—/ p(x) ln|u|ku/ Q(t—s)(u(t) —u(s))dsdx
n 0
ul 2
gk/ p(x)( In | + In JJul|5, Jux
R ( <||u||i%> L%)

/Otg(t — ) (u(t) — u(s))dsdx

1+c
< k(am - "0 2,

2 tg(t—s)(u(t) — ()],

1+c¢
< k(in el — "R 2, 9

Vu [ (¢ =5)(Vu(e) = Vu(s)is |

C2 2
+kg||P”L2
< k(a_ Influlfy - S5 ) ol 2 Vaul3

+ cak ||p|| 2(g 0o Viu).

Using Young’s and Poincare’s inequalities and Lemma 4.2.1 for § = 1/2, we obtain

c n(l+c
() < o k(22 iy - ") | 9,3

1)
+ o | Ve [57Y

+eo(1+ (kﬂ +1)lpll72) (g 0 Vxu) = collpllF2(g" 0 Vixu)

+ (o [ stos) 1o,

Now, let us define

L(t) = C1E(t) + ¢1(t) + Saypa(t) (4.22)

For ¢y, o large enough. We need the next Lemma, which means that there is equivalent

between the Lyapunov and energy functions, that is for ¢, ¢, large enough, we have

PiL(t) < E(t) < BaL(t)
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Holds for two positive constants §; and S».
Lemma 4.4.3. For ¢y, G large enough, we have
L(t) ~ E(t).

Proof. By (4.22) we have

L(t) = GLE(8)] < [91(£)] + Cala(t)]

</

8 ot [ st =o)(ute) = u(s)as

p(x)uu'| dx

dx.

Thanks to Holder and Young’s inequalities, we have by using Lemma 3.3.1

/
/]R” lo(x)uu'| dx

< ([, pnurer) " ([ ptonpar)
<5 (foupluiar) +3 ([ peolPax)

< cllu'llfs + cllolE Va3

And
/ ) (PW%“') (P(xﬁ /Otg(t—s)(u(ﬂ—u(s))ds) dx
< </Rnp(x)|u'\2dx)l/2 x
[op)] [ st syt —utspasf )
< 5l + 5 st =)0t~ utoas]
< 11 + S lpIR-(g 0 V).
Then

L(t) = QLE(H)] < cE(h).
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Therefore, we can choose &7 so that

L(t) ~ E(#). (4.23)

Lemma 4.4.4. Forall t > t; > 0, we have
/tt(govxu)( ds < Hy" / Ho(—g'(s))g'(s) x
1
/n 9()|Vau(t) — Vyu(t — s)|2dxds>.
Where Hy introduced in (4.6).

Proof. By (4.10) and (A3), we have for all t > t;

/n/ (t—5)|Vau(t) — Vyu(s) [Pdsdx
< / ,1 / (t = 5)|Vsu(t) — Vu(s) Pdsdx
—cE

Now, we define
/ Ho(—g'(s))(g 0 Vi) ()ds. (4.24)
Since [, Ho(—g'(s))g(s)ds < oo, from (4.10) we have
1) = [ Hil=g/©) [, 8(6)ITsut) = V(e =) Pxds
< 2 Ho-g ()0 / V(1) + Vs 5) Pt
< C¢E(0 / Ho(—g'(s))g(s)ds < 1. (4.25)

We define again a new functional A(t) related with I(f) as

= [ Ho=g ©)'6) [ 8 Ta(t) =~ V(e —5) s,
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From (A1)-(A3) and , we get

1
- < k.
Hi(—g(s)

For some positive constant ko. Then, for all t > t;

At < —ko/ttg'(s)/w Vau(t) — Vau(t — s) Pdxds
1t
—ko/t g’(s)/]Rn (Vu(t)|? 4 | Vu(t — s)[*dxds

—cE(0) /tlt ¢'(s)ds
cE(0)g(t1)
min{r, H(r), Hy(r)}.

IN A IN

A\

(4.26)

Using the properties of Hy (strictly convex in (0, 7], Hy(0) = 0), then for x € (0,7],6 € [0,1]

Ho(6x) < 6Ho(x).

Using hypothesis in (A3), (4.25), (4.26) and Jensen’s inequality leads to

Which implies

MO = 105 L 10 Rl (' (5))

g(s)|Vu(t) — Vyu(t — s)|*dxds

Hy'(=g'(s))

.
1 t B , 1
> 17, BOlOH (8 Ol s
- g()|Vau(t) — Vyu(t —s)|[>dxds
1

Vv

Ho(l(l—t) /tfut)Ho—l(—g’(s))—Ho_l e

8(s)[Vau(t) — qu(t—s)|2dxds>

(/ /n 5)|Vu(t) qu(t—5)|2dxds>

/tlt / §(8)|Vau(t) — Vau(t —s)Pdxds < Hy '(A(1)).

|\/\
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Our next main result reads as follows.

Theorem 4.4.1. Let (ug,up) € H(R") x L%(IR”) and suppose that (A1)- (A2) hold. Then there

exist positive constants g, a1, ap, k3 such that the energy of solution given by (4.1),(4.2) satisfies,
E(t) < azH; Y(aqt +aa), forall t>0,

Where

Hl(t):/l :

—————ds
t sH{(ags

Proof. From (4.10), results of Lemma 4.4.1 and Lemma 4.4.2, we have

L) = GE()+ (0 + Eayh(t)
(561 — collpl3a82) (' Vit) + Ma(g o Vet

2 1
— Ml |}y — Mal| Va3 + (e + 1y | V] 57

IA

Where

1-1
Mo = (€261 + (62 + Dlpls) + L2

M= (& ([ s o) 1),

kc

Mo = SEg(tn) — [ (o + 52, 1)

1
llplF (In [[u]l3, — 5n(1+c1)) |

2
_ 23 > n(ltoa)
& [U—I—k((fzn—l—lnHuHL% . )]

)>o,

And #; was introduced in (A3). We choose ¢ so small that &; > 2¢,|| pH%zéz. Whence ¢ is

¢ > (/Otl g(s)ds — (7)

and ¢ large enough so that M, > 0, which yields

fixed, we can choose
-1

L'(f) < Mo(g © Vitt) + (82 + 1)my | Vul3 7 — cE' (1),

Vit > t.
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Now we set F(t) = L(t) + cE(t), which is equivalent to E(t).
Then we get for some ¢ > 2(cé, +1)(y+1)
F'(t) =L'(t) + cE'(t)
< —cE(t) + c/n /ttg(t —8)|Vau(t) — Vyu(s)|?dsdx, forall t> t.
Using Lemma(4.4.4), we 0btair11
F'(t) < —cE(t)+cHy'(A(t)), forall t>t.

Now, we will following the steps in ([33]) and using the fact that E’ < 0,0 < H{,0 < H{ on

(0, 7] to define the functional

Fi(t) = H}, (zxo%> F(t) 4+ cE(t), wap<rt,c>0.

Where Fi(t) ~ E(t) and

F) = sogl By (nog) ) FOO)

+ Hy (mogr ) PO+ cE )
< —cE(t)Hy (“056 )
+c H0< E(((t))))HOl( (+)) + cE'(¢).

Let Hj givenin (A3) and using Young’s inequality (4.8) with A = H| ( L%) B = Hy (A1),

s () 5055

cA(t) + cE'(t)

—CE(i’)H(l) (0&0%) + cug E(é 6 ( é )
— E'(t) + cE'(t).

to get

Fi(t)

IN 4+ A

Choosing «g, ¢, ¢, such that for all t > t; we have

F(t) < —k%H{) (zxow)
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Where H,(t) = tH|(agt). Using the strict convexity of Hy on (0, 7], to find that Hj, H, are
strict positives on (0, 1], then

k1Fy(t)

R(H)=rt E(0)

~E(t), T€(0,1) (4.27)
And
R'(t) < —tkoHa(R(t)), ko € (0,+00),t > t;.
Then, a simple integration and a suitable choice of T yield,
R(t) < Hl_l(oclt +az), ap,a € (0,+00),t > t.
Here Hq(t) = ftl H, !(s)ds. From (4.27), for a positive constant a3, we have
E(t) < a3H1_1(0c1t +ap), wag,ap € (0,400), > t.

The fact that Hj is strictly decreasing function on (0, 1] and due to properties of Hp, we have

Iim H1 (t) = +}o0.

t—0
Then
E(t) < agH; '(at +ap), forall t>0.
This completes the proof of Theorem 4.4.1. O

4.5 Concluding comments

The coupled systems of wave equations abound in the world. One reason is that nature is
full of those physical phenomenos. Another reason is that systems are often used to model
a large class of engineering sciences, where propagation and transmission of informations

or material are involved.
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1- It will be also interesting to consider, derived from (4.1), and study the questions of

asymptotic behavior of the related coupled system

( (|u’1|l_2u’1)/ +¢(x)A <u1 + fotgl(s)ul(t — s,x)ds)
= auz In ||,
(|u’2|1—2u’2)/ +¢(x)A <u2 + fot Q(s)u(t — S,x)dS>
= auy In |uy|¥,
(11(0,x),u2(0,x)) = (u10(x), u20(x)) € (H(R"))?,
[ (#1(0,%),u5(0,x)) = (u11(x), u21(x)) € (Ly(R"))?,

where our weak coupling is given by the logarithmic nonlinearities terms for a # 0,1, n > 2
and A is a linear, selfadjoint operator in L?(IR").
2. Let us remark that, it is similar to study the question of existence and decay of solution

of the same problem with the presence of weak-viscoelasticity in the form

( (|ui|172”/1)/ + ¢(x)A (ul +a(t) fotgl(s)ul(t — s,x)ds)
= aup In |uq|¥,
(|u/2|l*2u’2)/ +¢(x)A (uz + ay(t) fot @(s)ua(t — s,x)ds)
= auy In|uy |k,
(u1(0,x),u2(0,x)) = (u10(x), u20(x)) € (H(R"))?,

| (u1(0,x),u5(0, %)) = (u11(x), uz1(x)) € (Ly(R™))?,

where we should need additional conditions on « as follows

t o0
1— zx,-(t)/o ai(t)dt > k; > o,/o (D)t < +o00,a;() > 0,

L ()

where

a(t) = min{aq(t),a(t)} V¥t >0.
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