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Résumé

Les équations di�érentielles fractionnaires d� ordre supérieur sont l� une
des applications les plus importantes du calcul fractionnel, car ce type d�
équation est la méthode la plus réaliste pour étudier les phénomènes exposés
à un nombre �ni (ou in�ni) des changements à court terme. L� objectif de
cette thèse est d� enrichir ce domaine d� étude en identi�ant les conditions
adéquates et les conditions permettant de non-existence de solutions globales
pour de telles équations. Premièrement, nous fournissons des dé�nitions et
des termes a�n de fournir des dé�nitions et des concepts en arabe, puis nous
étendrons notre étude aux espaces de Heisenberg. En�n, nous aborderons
certains des résultats pour un type spéci�que d� équations di�érentielles
fractionnaires, exactement les équation ultra-parabolique non linéaire non
locale, avec le choix d� une fonction de test appropriée.

Les mots clés :

Equation di�érentielle fractionnaire, espace de sobolev, Equation d�ordre
supérieur, Conditions non locales,
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Abstract

Higher - order fractional di�erential equations are one of the most im-
portant applications of fractional computing because this type of equation
is the most realistic method for studying phenomena exposed to a �nite (or
in�nite) number of short - term changes. term. The objective of this thesis
is to enrich this �eld of study by identifying the adequate conditions and
the conditions allowing non - existence of global solutions for such equations.
First, we provide de�nitions and terms to provide de�nitions and concepts
in Arabic, and then extend our study to the Heisenberg spaces. Finally, we
will discuss some of the results for a speci�c type of fractional di�erential
equations, exactly the nonlinear nonlinear ultra-parabolic equation, with the
choice of an appropriate test function.

Keywords :

Fractional di�erential equation, sobolev space, Higher order equation, Non-
local conditions,
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	̄ Qå��J 	jÖÏ @ (FDS){
ut −∆u = vp,
vt −∆v = uq,

. u ≡ v ≡ 0 ø



@ , é 	̄ A�JË @ ÉmÌ'@ ñë

ú

	̄ 1 @Yg 	àðYm.�'
ð (FDS) ÐA 	¢ 	JË @ 	àñ 	®Ë 
ñÖÏ @ �PYK
 , ( [30] Q 	¢	�



@ ) øQ 	k



@ �éJ
kA 	K 	áÓ

: �éJ
ËA�JË @
�éK
Q 	¢	JË @ ���®m�'
 ð ,ÉÓA �� ú
G. Am.

�'
 @
 Ég Xñk. ð ÐY« úÍ@
 ø
 X

ñK
 AÜØ

1Point critique
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: 1.1.2
�éK
Q 	¢	�

A 	�Q 	̄ ð q > 1 ð p > 1 	àA¿ @ 	X @


N ≤ max


α2

q
+ α1 −

(
1− 1

pq

)
α2

β2qp′
+ α1

β1q′
,

α1

p
+ α2 −

(
1− 1

pq

)
α1

β1pq′
+ α2

β2p′


. é 	̄ A�K Q�


	« CÓA �� A 	®J
ª 	� AJ
K. Am.�'
 @
 Cg (FDS) ÐA 	¢ 	JË @ ÉJ.
�®K
 B , 	Y
KY 	J«

ú
Îm
×ð ÉÓA �� Ég Xñk. ñË

�éÓ 	PCË@  ðQå��Ë @ A �	��



@ �éK
Q 	¢	JË @ Qê 	¢

��� , ½Ë 	X úÎ« �èðC«

: �éJ
ËA�JË @
�éË


A�ÒÊË

(STFE)

{
cDα

0|tu+ (−∆)
β
2 u = h|u|p,

u (. , 0) = u0 ≥ 0,

�éË @YË@ð u0
�éJ
Ëð



B@ �HA 	KAJ
J. Ë @ ¼ñÊ� úÎ« YÒ�Jª�K  ðQå��Ë @ è 	Yëð (t, x) ∈ R+xRN �IJ
k

. �éK
A
	®ºK. Q�
J.» |x| Ég.



@ 	áÓ h

: Aî 	DÓ l .�

'A�J 	JË @ 	�ªK. XQå� 	� Õç�'

: 1.2.2
�éK
Q 	¢	�

A 	JK
YË
	Y
KY 	J« , (FDS)

�éË


A�ÒÊË (T < +∞) AJ
Êm×

	­J
ª 	� Ég (u, v) 	áºJ
Ë
: �éJ
ËA�JË @ �H@QK
Y

�®�JË @
lim
|x|→+∞

inf u0(x) ≤ CT−
α1+pα2
pq−1 ,

lim
|x|→+∞

inf v0(x) ≤ C ′T−
α2+qα1
pq−1 ,

. �éJ.k. ñÓ �IK. @ñ�K C ′ ð C �IJ
k
:ù
 ë

�éJ
 	K A�JË @
�éJ
��

KQË @

�éj. J

�� 	JË @ð

: 5.2.2
�éK
Q 	¢	�

, é 	̄ A�K Q�

	«ð CÓA �� AJ.k. ñÓ A 	®J
ª 	� Cg ÉJ.

�®�K (FDS)
�éË


A�ÖÏ @ 	à



@ 	�Q 	® 	K

�IJ
m�'. K ð H 	àA�JK. A�K Yg. ñK

	Y
KY 	J«

lim
|x|→∞

inf u0(x)|x|
α1+pα2
pq−1 ≤ H,
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lim
|x|→∞

inf v0(x)|x|
α2+qα1
pq−1 ≤ K,

�éK
 @YK. , �èYK
Y«  AÖ 	ß


@ 	áÓ É
KA�ÖÏ ÈñÊg Xñk. ð ÐY« �é�@PYK. Õ �æî 	E �IËA�JË @ É� 	®Ë@ ú


	̄

(77)
�éËXAªÖÏ @ l .�


'A�J 	K 	�ªK. 	�QªK.
cDα1

0|t1 (u) +c Dα2

0|t2 (u) + (−∆H)α/2 (|u|m) = |u|p,

: �IJ
k (η, t1, t2) É¿ Ég.


@ 	áÓ ½Ë 	Xð

(η, t1, t2) ∈ Q = HNxR+xR+, N ∈ N

 ðQå��Ë @ ð , H úÎ« �CK. B Q�K 
ñÖÏ 	QÓQK
 ∆H ð ,h. Q�.Ó 	PAë
�èQÓ 	P úÍ@
 	QÓQ�K H 	áK




@

�éJ

K @Y�JK. B
 @
u (η, t1, 0) = u1 (η, t1) , u (η, 0, t2) = u2 (η, t2)

. 0 < α1 < α2 < 1 ð m ∈ N ð , ù

�®J

�®k XY« 1 < p A 	Jë

ú

	̄ É�JÒ�J�K l .�


'A�J 	JË @ð
	áºJ
Ë : 2.2.3

�éK
Q 	¢	JË @

1 < m < p < pc = m+
mα− (m− 1)( α

α1
+ α

α2
)

2N + 2− α + ( α
α1

+ α
α2

)
,

ð∫
Q

u2D
α1

t1|Tϕdw > 0,

∫
Q

u1D
α2

t2|Tϕdw > 0.

. é 	̄ A�K Q�

	« 	­J
ª 	� ÉÓA �� Ég AîE
YË ��
Ë (77)

�éËXAªÖÏ @ 	Y
KY 	J«
. (79) �HBXAªÓ ÐA 	¢ 	JË øQ 	k



@ l .�


'A�J 	K 	�QªK. Ðñ�® 	K Õç�'

{
cDα1

0|t1 (u) +c Dα2

0|t2 (u) + (−∆H)α/2 (|u|m) = |v|p
cDβ1

0|t1 (v) +c Dβ2
0|t2 (v) + (−∆H)β/2 (|v|n) = |u|q

: �IJ
k
(η, t1, t2) ∈ Q = HNxR+xR+, N ∈ N

�éJ

K @Y�JK. B
 @  ðQå��Ë @ð
u (η, t1, 0) = u1 (η, t1) , u (η, 0, t2) = u2 (η, t2)

v (η, t1, 0) = v1 (η, t1) , v (η, 0, t2) = v2 (η, t2)
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�éJ.k. ñÓ
�éJ

�®J

�®k X@Y«



@ q , p A 	Jë

ú

	̄ É�JÒ�J�K �éj. J


�� 	JË @ð . 0 < α, β ≤ 2 , 0 < β1 < β2 < 1 , 0 < α1 < α2 < 1 ð
: �éJ
ËA�JË @

�éK
Q 	¢	JË @
: 2.3.3

�éK
Q 	¢	JË @
	à


@ 	�Q 	® 	Kð , p > n , q > m , p > 1 , q > 1 	áºJ
Ë∫

Q

u2D
α1

t1|Tϕ
µdw > 0 ,

∫
Q

u1D
α2

t2|Tϕ
µdw > 0,∫

Q

v2D
β1
t1|Tϕ

µdw > 0 ,

∫
Q

v1D
β2
t2|Tϕ

µdw > 0,

	àA¿ @ 	X @

max {σ1, . . . , σ9, δ1, . . . , δ9} ≤ 0

. é 	̄ A�K Q�

	« AJ
Êm× A 	®J
ª 	� Cg ÉJ.

�®K
B (79) �HBXAªÖÏ @ ÐA 	¢ 	� 	Y
KY 	J«

�HBXAªÓ ÐA 	¢ 	JË �éÊÓA �� ÈñÊg Xñk. ð ÐYªË l .�

'A�J 	JË @ 	�ªK. 	�Qª	K ©K. @QË @ É� 	®Ë@ ú


	̄

, (114){
Dα1

0|t1(u− u2) + Dα2

0|t2(u− u1) + (−∆)
α
2 (|u|) = k1|u|p1|v|q1 , k1 = const.

Dβ1
0|t1(v − v2) + Dβ2

0|t2(v − v1) + (−∆)
β
2 (|v|) = k2|u|p2|v|q2 , k2 = const.

É¿ Ég.


@ 	áÓ ½Ë 	Xð

(t1, t2, x) ∈ Q = R+x R+x RN

�éJ

K @Y�JK. B
 @  ðQå��Ë @ �IJ
k
u(t1, 0, x) = u1(t1, x) , u(0, t2, x) = u2(t2, x),

v(t1, 0, x) = v1(t1, x) , v(0, t2, x) = v2(t2, x),

A 	Jë
.q2 ≥ 0 , q1 > 1 , p2 > 1 , p1 ≥ 0

.1 ≤ α, β ≤ 2 , 0 < β1, β2 < 1 , 0 < α1, α2 < 1

: l .�

'A�J 	JË @

: 1.2.4
�éK
Q 	¢	JË @

	à


@ �IJ
k u0, v0 ∈ L∞(RN) 	áºJ
Ëð , q2 ≥ 0 , q1 > 1 , p2 > 1 , p1 ≥ 0 	áºJ
Ë

.u0 ≥ 0, v0 ≥ 0

: 	à


@ 	�Q 	® 	K ð
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∫
Q

u2D
α1

t1|Tϕ
µdP > 0,

∫
Q

u1D
α2

t2|Tϕ
µdP > 0,∫

Q

v2D
β1
t1|Tϕ

µdP > 0,

∫
Q

v1D
β2
t2|Tϕ

µdP > 0,

. 	àAëQ�. Ë @ ú

	̄ A �®kB �ém� 	�ñÓ ϕ PAJ. �J 	kB@ �éË @Xð dP = dt1dt2dx

�IJ
k
: 	àA¿ AÒÊ¿ (114) �HBXAªÖÏ @ ÐA 	¢ 	JË 2Q�
j.

	®�K ÈñÊg ¼A 	Jë 	Y
KY 	J«
max {σ1, · · · , σ9, δ1, . . . , δ9} ≤ 0,

: (115)
�éËXAªÒÊË �éÊÓA �� ÈñÊg Xñk. ð ÐYªË l .�


'A�J 	K 	�QªK. A 	��



@ A 	JÔ�̄ð

Dα1

0|t1(u− u2) + Dα2

0|t2(u− u1) + (−∆)
α
2 (|u|m) = h|u|p,

. �éJ

�®J

�®k X@Y«



@ p > m > 1 ð h = ts1t

l
2|x|r �IJ
k

: ú

	̄ É�JÒ�J�K l .�


'A�J 	JË @
: 2.2.4

�éK
Q 	¢	JË @
	à


@ 	�Q 	® 	K∫

Q

u2D
α1

t1|TϕdP > 0 ,

∫
Q

u1D
α2

t2|TϕdP > 0,

: 	àA¿ @ 	X @


1 < p < min

{
1 +

s+ l + r + α

2 +N − α1

, 1 +
s+ l + r + α2

2 +N − α2

, m

(
1 +

s+ l + r + α

2 +N − α

)}
,

. �éÊÓA �� �é 	®J
ª 	� BñÊg ÉJ.
�®�KB (115)

�éËXAªÖÏ @ 	àA

	̄

: ú

�G
�
B@ (116) �HBXAªÓ ÐA 	¢ 	� ú


	̄ �éJ
Êj. �JÖÏ @ l .�

'A�J 	JË @ 	à@
 Õç�'

{
Dα1

0|t1(u− u2) + Dα2

0|t2(u− u1) + (−∆)
α
2 (|u|m) = k1|v|q,

Dβ1
0|t1(v − v2) + Dβ2

0|t2(v − v1) + (−∆)
β
2 (|v|n) = k2|u|p,

. k2 = ts21 t
l2
2 |x|r2 ð k1 = ts11 t

l1
2 |x|r1 �IJ
k

. (114) �HBXAªÓ ÐA 	¢ 	� 	áÓ �èAgñ�J�ÖÏ @ l .�

'A�J 	JË @ 	á« @Q�
�J»

	­Ê�J	m��'B
: �éJ
ËA�JË @

�éK
Q 	¢	JË @ ú

	̄ l .�


'A�J 	JË @ è 	Yë � 	jÊ�Kð
2blow-up
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: 3.2.4
�éK
Q 	¢	JË @

	à


@ 	�Q 	® 	K Õç�' q > n , p > m , q > 1 , p > 1 	áºJ
Ë∫

Q

u2D
α1

t1|Tϕ
µdP > 0 ,

∫
Q

u1D
α2

t2|Tϕ
µdP > 0,∫

Q

v2D
β1
t1|Tϕ

µdP > 0 ,

∫
Q

v1D
β2
t2|Tϕ

µdP > 0,

: 	àA¿ AÒÊ¿ (116) �HBXAªÖÏ @ ÐA 	¢ 	JË PAj.
	® 	K @
 ÈñÊg ¼A 	Jë 	Y
KY 	J«

max {σ1, · · · , σ9, δ1, . . . , δ9} ≤ 0.

Ðñê 	®ÖÏ �éJ
�Y	JêË @ �H@Q�
�
	®�JË @ð �éK
XAÖÏ @ �HA�®J
J.¢�JË @ 	�ªK. iJ
 	�ñ�JK. A 	JÔ�̄ ÐA�J	mÌ'@ ú


	̄ ð
. 	á�
K
Qå�ºË@ ÉÓA¾�JË @ð

��A�®�J ��B@
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Èð


B@ É� 	®Ë@

	àAK
Qå�ºË@ ÉÓA¾�JË @ð
��A�®�J ��B
 @

: �é�A	mÌ'@ È@ðYË@ .1.1

YÒ�Jª 	K ú

�æË @ �é�A	mÌ'@ È@ðYÊË �éJ
�A�



B@ Õæ
ëA

	®ÖÏ @ 	�ªK. úÍ@
 Z 	Qm.Ì'@ @ 	Yë ú

	̄ ��Q¢�J 	K

: ù
 ëð ø
 Qå�ºË@ H. A�mÌ'@ ú

	̄ AÓAë @PðX I. ªÊ�K Aî 	E



@ AÒ» , �ékðQ£



B@ è 	Yë ú


	̄ AîD
Ê«

: ( AÓA 	« )
�éË @X 1.1.1

: ú
ÍA
�JË @ ñj	JË @ úÎ« ( AÓA 	« )

�éË @X 	¬Qª�K

Γ (n) = lim
M→+∞

∫ M

0

xn−1e−xdx n > 0 , x ∈ R

Γ(2) XAm.�'
B
 C�JÔ 	̄

Γ(2) = lim
M→+∞

∫ M

0

x2−1e−xdx = 1

: AÓA 	« �éË @YÊË �éJ
�A�


@ Y«@ñ�̄

Γ(n+ 1) = nΓ(n) ∀n 6= 0 ·1
Γ(n+ 1) = n! : 	àA


	̄
n ≥ 0 AjJ
m�� @XY« n 	àA¿ @ 	X @
 ·2

Γ(1
2) =

√
π ·3

: ( A¢J
K. )
�éË @X 2.1.1

: ú
ÎK
AÒ» ( A¢J
K. )
�éË @YË@ 	¬Qª�K

β (m,n) =

∫ 1

0

xm−1(1− x)n−1dx, n > 0 m > 0

( AÓA 	« )
�éË @YK. ( A¢J
K. )

�éË @X �é�̄C«

β (m,n) =
Γ(m)Γ(n)

Γ(m+ n)
.
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�éK
Qå�ºË@ I.
�KQË @ ø
 ð

	X ��A�®�J ��B
 @ 2.1

: 	¬ñº	J��J
Ë − YË@ñ 	JK
Q 	« �Ë ø
 Qå�ºË@
��A�®�J ��B
 @ 1.2.1

É� 	® 	JÓ É¾ ���. AJ. Ë A
	« AÒêÖß
Y�®�K Õ �æK
 	à@ 	YÊË @ð , 	á�
Óñê

	®ÖÏ @ YJ
kñ�JË
�é�®K
Q£

	­�	� , A 	Jë
n PQºÓ ÉÓA¾�Kð , ( ù
 ªJ
J.£ XY« ) n

�éJ. �KQË @ 	áÓ ���J ��Ó : AÒëð ú
¾J
�C¾Ë@ ÉJ
Êj
�JË @ ú


	̄

. �èQÓ
	�Q�� 	® 	K ú


�æË @ ½Ê�K 	áÓ 	�ªJ. Ë @ AîD	�ªK. 	áÓ �éJ. K
Q
�̄ ø
 Qå�ºË@ ÉJ
Êj�JË @ ú


	̄ Õæ
ëA
	®ÖÏ @ è 	Yë

. �èXA«
: ú
ÍA

�JË @ É¾ ��Ë@ úÎ« 	¬ñº	J��J
Ë − YË@ñ 	JK
Q
	« �Ë �éK
Qå�ºË@ �HA�®�J ��ÖÏ @ AÓñÔ«

Dα
a|tf(t) = lim

h→0
h−α

[ b−a
n

]∑
i=0

(−1)i
(

α!

(α− i)!i!

)
f(t− ih), (1)

ð [a, t]
��Ê 	ªÖÏ @ ÈAj. ÖÏ @ ú


	̄ �èQÒ�J�Ó f (k)(t), k = 1, ...,m+ 1 �HA�®�J ��ÖÏ @ �I	KA¿ @ 	X @
 C�JÓ
�émk. @Q

��ÖÏ AK. XYm��' éË �éÒJ

�̄ Q 	ª�



@ ð m > α− 1  Qå��Ë @ ���®m�'
 iJ
m�� XY« m

: 	àA

	̄ . m < α < m+ 1

Dα
a|tf(t) =

m∑
k=0

f (k)(a)(t− a)−α+k

Γ(−α + k + 1)

+
1

Γ(−α +m+ 1)

∫ t

a

(t− τ)m−αf (m+1)(τ)dτ. (2)

. [45] Q 	¢	�


@ ÉJ
�A 	®�JË @ 	áÓ YK
 	QÒÊËð

: ÉJ
 	̄ñJ
Ë − 	àAÖß
P �Ë ø
 Qå�ºË@
��A�®�J ��B
 @ 2.2.1

: 	á�
«ñ	K úÎ« ÉJ

	̄ñJ
Ë − 	àAÖß
P Ðñê 	®Öß. ø
 Qå�ºË@

��A�®�J ��B
 @
PA��
Ë @ 	á« ø
 Qå�ºË@

��A�®�J ��B
 @ •

Dα
a|tf(t) =

1

Γ(n− α)

(
d

dt

)n ∫ t

a

(t− τ)n−α−1f(τ)dτ, (∀t > a) (3)

	á�
ÒJ
Ë @ 	á« ø
 Qå�ºË@
��A�®�J ��B
 @ •

Dα
t|bf(t) =

1

Γ(n− α)

(
−d
dt

)n ∫ b

t

(τ − t)n−α−1f(τ)dτ, (∀t < b) (4)
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n− 1 ≤ α < n,

. 24
�éj 	®� [45] ©k. @P Q��»



@ iJ
 	�ñ�JÊËð

. ù

�®J

�®k XY« ν �IJ
k , f(t) = (t− a)ν : ÈA�JÓ

A 	JK
YË

Dα
a|t(t− a)ν =

1

Γ(n− α)

(
d

dt

)n ∫ t

a

(t− τ)n−α−1(τ − a)νdτ, (∀ t > a)

: 	Y
KY 	J« x = τ−a
t−a © 	�ñK. Q�
 	ª�JÖÏ @ ÉK
YJ. �K ø
 Qm.�

	'

Dα
a|t(t− a)ν =

1

Γ(n− α)

(
d

dt

)n [
(t− a)n−α+ν

∫ 1

0

(1− x)n−α−1xνdx

]
,

Dα
a|t(t− a)ν =

1

Γ(n− α)

(
d

dt

)n [
(t− a)n−α+νβ(n− α, ν + 1)

]
,

Dα
a|t(t− a)ν =

1

Γ(n− α)

(
d

dt

)n [
(t− a)n−α+ν Γ(n− α)Γ(ν + 1)

Γ(n− α + ν + 1)

]
,

Dα
a|t(t− a)ν =

(
d

dt

)n [
Γ(ν + 1)

Γ(n− α + ν + 1)
(t− a)n−α+ν

]
Dα
a|t(t− a)ν =

Γ(ν + 1)

Γ(n− α + ν + 1)

(
d

dt

)n
(t− a)n−α+ν ,

	áK



@(

d

dt

)n
(t− a)n−α+ν = (n− α + ν) · · · · · · (n− α + ν − (n− 1))(t− a)ν−α,

é 	JÓð

Dα
a|t(t− a)ν =

Γ(ν + 1)(n− α + ν) · · · · · · (n− α + ν − (n− 1))

Γ(n− α + ν + 1)
(t− a)ν−α,

=
Γ(ν + 1)(n− α + ν) · · · · · · (n− α + ν − (n− 1))

(n− α + ν) · · · · · · (n− α + ν − (n− 1))(n− α + ν − n)!
(t− a)ν−α,

=
Γ(ν + 1)

Γ(ν − α + 1)
(t− a)ν−α.

: 	Y
KY 	J« α = 1 @ 	X @

D1
a|t(t− a)ν =

Γ(ν + 1)

Γ(ν)
(t− a)ν−1 =

d

dt
(t− a)ν .

: 	Y
KY 	J« ν = 0 	àA¿ @ 	X @
ð

17



Dα
a|t1 =

(t− a)−α

Γ(1− α)
.

é 	JÓð

Dα
a|tC =

C(t− a)−α

Γ(1− α)
.

. �IK. A�K ù

�®J

�®k XY« C �IJ
k

:ñ�JK. A¿ �Ë ø
 Qå�ºË@
��A�®�J ��B
 @ 3.2.1

É¾ ��ËAK. ù¢ªK
ð
cDα

a|tf(t) =
1

Γ(n− α)

∫ t

a

(t− τ)n−α−1f (n)(τ)dτ (5)

= In−α
(
dn

dtn
f(t)

)
,

n− 1 < α < n

�HA�̄ A �®�J ��B
 @
�éK
Q 	¢	� QK
ñ¢

�� ú

	̄ AÓAë @PðX ñ�JK. A¿ Ðñê 	®Öß. ø
 Qå�ºË@

��A�®�J ��B
 @ I. ªË
�éJ
Ê 	�A 	®�JË @ �HBXAªÖÏ @ Ég )

�é�JjJ. Ë @ �HAJ
 	�AK
QË @ ú

	̄ Aî�EA �®J
J.¢�JËð , �éK
Qå�ºË@ �HCÓA¾�JË @ð

, É�C�Ë@ ©J
ÓAm.× XAm.�'
 @
 , È@ðYË@ 	áÓ �èYK
Yg.
	¬A 	J�



B �HA 	®K
Qª�K , �éJ
ªJ
J.£ I. �KP �H@ 	X

. ( tÌ'@
 . . . . .
ú
æ

	�AK
QË @ i. î 	DÊË
�éªk. @QÖÏ @ 	�ªK. úÍ@


�ék. AmÌ'@ �Ó


@ ú


	̄ �é�JK
YmÌ'@ AJ
k. ñËñ 	Jº�JË @ , ½Ë 	X ©Óð
�HA�@PYË@ 	áÓ YK
YªË@ Pñê 	£ úÍ@
 AÓ �I�̄ð ú


	̄ �HX


@ �HAªk. @QÖÏ @ øYg@
 C�JÓ , �IjJ. Ë @

�éK
Qå�ºË@ �HA�̄ A �®�J ��B
 @ ÐY 	j�J��� �IJ
k , �éJ. Ê�Ë@ A¾J
 	K A¾J
ÖÏ @ð
�ék. ð 	QÊË @ �éK
Q 	¢	� ú


	̄ �é�A 	g
�èQ�
 	g



B@ è 	Yë 	àA


	̄ �éJ
 	�AK
QË @
�ék.

	YÒ 	JË @ Ég.


@ 	áÓ ½Ë 	Y»ð . X@ñÖÏ @ �
�A�	mÌ YJ
k.

	­�ñË
�éJ
Ê 	�A 	®�JË @ �HBXAªÖÏ @ úÍ@
 ù
 ªJ
J.£ É¾ ���. ø
 X


ñ�K ú

�æË @ 3 �éJ
k. ñËñK
QË @ h.

	XAÒ 	JË @ úÍ@
 Y 	J�����
. �HBXAªÖÏ @ è 	YêË �éJ

K @Y�JK. B
 @  ðQå��Ë @

�é 	«AJ
� Ðð 	QË úÍ@
ð , �éK
Qå�» I. �KP �H@ 	X
iÒ��� ú


�æË @ �éK
Qå�ºË@ �HA�̄ A �®�J ��B
 @
	­K
PAª�K úÍ@


�ék. Am�'.
�éJ

�®J
J.¢�JË @ É
KA�ÖÏ @ ½Ë 	Y»

, f(a) : È@ðYË@ úÎ« ø
 ñ
�Jm��' ù



KAK
 	Q�

	®Ë @ Q�
�

	®�JÊË �éÊK. A
�®Ë @ �éJ

K @Y�JK. B
 @  ðQå��Ë @ Ð@Y 	j�J�A
K.

. tÌ'@
 . . . . . . f
′′
(t) , f ′(a)

3 �éJ

KAK
 	Q�

	®Ë @ ÐñÊªË@ 	áÓ Z 	Qk. AJ
k. ñËñK
QË @ ÕÎ«
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Õæ

�®Ë @ úÎ« ø
 ñ

�Jm��' �éJ

K @Y�JK. @
  ðQå�� úÍ@
 ø
 X

ñK
 ÉJ


	̄ñJ
Ë - 	àAÖß
P i. î 	E , 	¡mÌ'@ Zñ�Ëð

úÎ« , t = a ú	GX


B@ YmÌ'@ Y 	J« ÉJ


	̄ñJ
Ë - 	àAÖß
P Ðñê 	®Öß. �éK
Qå�ºË@ �HA�®�J ��ÒÊË �éK
YmÌ'@
: ÈA�JÖÏ @ ÉJ
�.�

lim
t→a

Dα−1
a|t f(t) = b1,

lim
t→a

Dα−2
a|t f(t) = b2,

...
lim
t→a

Dα−n
a|t f(t) = bn,

. �è A¢ªÓ �IK. @ñ�K bk, /k = 1, 2, ...., n �IJ
k
AJ
 	�AK
P AêÊg 	áºÖß
 �éJ
Ëð



B@ Õæ


�®ËAK.
�é�®Êª�JÖÏ @ É
KA�ÖÏ @ 	à



@ �é�®J


�®k 	áÓ Ñ 	«QË@ úÎ« ½Ë 	Y»
[42] ú


	̄ �èXP@ñË@ ÈñÊmÌ'@ , ÈA�JÖÏ @ ÉJ
�.� úÎ« , Q 	¢	� @ )
�éJ

K @Y�JK. B
 @  ðQå��Ë @ è 	Yë É�JÓ ©Ó

 ðQå��Ë @ 	áÓ ¨ñ	JË @ @ 	YêË ø
 XAÓ Q�
�
	®�K Yg. ñK
 B é 	K



B , AJ
ÊÔ«

�éK
Ym.× Q�

	« AêËñÊg 	àA


	̄ , (

. �éJ

K @Y�JK. B
 @
�é	m��@QË @ �éJ
 	�AK
QË @

�éK
Q 	¢	JË @ 	á�
K. Õç
'A �®Ë @ ¨@Qå�Ë@ @ 	YêË A�	JJ
ªÓ
�
Cg ñ�JK. A¿ hQ���̄



@ @ 	YêË

ú

	̄

)
�
@Q 	k 
ñÓð , [8] éK. A�J» ú


	̄ 	á�
ÓAªK. ½Ë 	X YªK. ð , [7] é�J�̄Pð ú

	̄ �éJ
ÊÒªË@ �HAg. AJ
�JkB@ð

. [ 44 ] ð [ 43 ] Q 	¢	�


@ El− Sayed ÉJ.

�̄ 	áÓ ( pA 	KAK. Z A 	�
	̄

:ø
 Qå�ºË@
��A�®�J ��B
 @ �@ñ 	k 4.2.1

: ��K. A¢�JË @ •
©Ó f(x)

�éË @YË α �éJ. �KQË @ 	áÓ ÉJ

	̄ñJ
Ë − 	àAÖß
P Ðñê 	®Öß. ø
 Qå�ºË@

��A�®�J ��B
 @
��K. A¢�JK


�èQÒ�J�Ó f(x)
�éË @YË@ �I	KA¿ @ 	X @
 , 	¬ñº	J��J
Ë − YË@ñ 	JK
Q

	« Ðñê 	®Öß. ø
 Qå�ºË@
��A�®�J ��B
 @

. m ≤ α < m+ 1 �IJ
k . �èQÓ m+ 1
��A�®�J ��C
 Ë

�éÊK. A
�̄ð

: ñ�JK. A¿ ð ÉJ

	̄ñJ
Ë − 	àAÖß
P �Ë ø
 Qå�ºË@

��A�®�J ��B
 @
	á�
K.

�é�̄CªË@ •
cDα

a|tf(t) ð Dα
a|tf(t) �HA�®�J ��ÖÏ @ð n ∈ N? ð n− 1 < α < n ð α ≥ 0 	áºJ
Ë

: 	à 	X@

�èXñk. ñÓ

Dα
a|tf(t) =c Dα

a|tf(t) +
n−1∑
k=1

f (k)(a)(t− a)k−α

Γ(k − α + 1)
. (6)

Ym.�
	' A 	J 	K A


	̄
k = 0, 1, · · · , n− 1 Ég.



@ 	áÓ f (k)(a) = 0 �I	KA¿ @ 	X @


	à


@ i. �J 	J

���	� A 	Jë 	áÓ
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Dα
a|tf(t) =c Dα

a|tf(t).

: 	àA

	̄ �èQÒ�J�Ó f �I	KA¿ @ 	X @


cDα
a|t
(
Iαa|tf(t)

)
= f(t),

ð

Iαa|t
(
cDα

a|tf(t)
)

= f(t)−
n−1∑
k=1

f (k)(a)(t− a)k

k!
,

: ú
ÎK
 AÒ» ù
 ë ø
 Qå�ºË@
��A�®�J ��C
 Ë

	Q�
 	J�. J
Ë
�èY«A�̄ •

[a, t] ú

	̄ �èQÒ�J�Ó �HA�®�J ��Ó (n+ 1) ÉJ.

�®�K ϕ(τ) ð [a, t] ú

	̄ �èQÒ�J�Ó f(τ) �I	KA¿ @ 	X @


É¾ ��ËAK. ù¢ªK
 ϕ(t)f(t) Z @Yj. ÊË ø
 Qå�ºË@
���J ��ÖÏ @ 	Y
KY 	J«

Dα
a|t (ϕ(t)f(t)) =

n∑
k=0

(
α
k

)
ϕ(k)(t)Dα−k

a|t f(t)−Rα
n(t), (7)

ð n ≥ α + 1 , �IJ
k

Rp
n(t) =

1

n!Γ(−p)

∫ t

a

(t− τ)−p−1f(τ)

∫ t

τ

ϕ(n+1)(ξ)(τ − ξ)ndξdτ.

:¡J
�ñK.
��Êª�JK
 ÉÓA¾�JË ÉJ


	̄ñJ
Ë - 	àAÖß
P �Ë ø
 Qå�ºË@
��A�®�J ��B
 @ •��Êª�J�K �éK
ñÊªË@

�éK
Aî 	DË @ ©Ó ¡J
�ñK.
��Êª�JK
 ÉÓA¾�K ��A�®�J ��B
 @YJ
k.

�é 	̄ðQªÖÏ @ �èY«A�®Ë @
, ¡J
�ñË@ �

	® 	JK.
d

dt

∫ t

0

F (t, τ)dτ =

∫ t

0

∂F (t, τ)

∂t
dτ + F (t, t− 0), (8)

�éK
Aî 	DË @ AÓY 	J« , ¡J
�ñK.
��Êª�JK
 ÉÓA¾�JË ÉJ


	̄ñJ
Ë - 	àAÖß
P �Ë ø
 Qå�ºË@
��A�®�J ��B
 @

�èY«A�̄

: ù
 ë ¡J
�ñË@ @
	YîE. A 	��




@ ��Êª�J�K �éK
ñÊªË@

Dα
0|t

∫ t

0

K(t, τ)dτ =

∫ t

0

Dα
τ |tK(t, τ)dτ + lim

τ→t−0
Dα−1
τ |t K(t, τ),

(0 < α < 1)

A 	JK
YË , ©�̄ @ñË@ ú

	̄ .
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Dα
0|t

∫ t

0

K(t, τ)dτ =
1

Γ(1− α)

d

dt

∫ t

0

dη

(t− η)α

∫ η

0

K(η, τ)dτ

=
1

Γ(1− α)

d

dt

∫ t

0

dτ

∫ t

τ

K(η, τ)dη

(t− η)α

=
d

dt

∫ t

0

K̃(t, τ)dτ

=

∫ t

0

∂

∂t
K̃(t, τ)dτ + lim

τ→t−0
K̃(t, τ)

=

∫ t

0

Dα
τ |tK(t, τ)dτ + lim

τ→t−0
Dα−1
τ |t K(t, τ),

�IJ
k

K̃(t, ξ) =
1

Γ(1− α)

∫ t

ξ

K(η, ξ)dη

(t− η)α
.

�éK
Qå�ºË@ I.
�KQË @ ø
 ð

	X ÉÓA¾�JË @ 3.1

: ÉJ
 	̄ñJ
Ë − 	àAÖß
P �Ë �éK
Qå�ºË@ I. �KQË @ ø
 ð
	X ÉÓA¾�JË @ 1.3.1

: ú
ÎK
AÒ» ÉJ

	̄ñJ
Ë − 	àAÖß
Q�Ë ø
 Qå�ºË@ ÉÓA¾

�JË @ 	¬Qª	K

Iαf(t) =
1

Γ(α)

∫ t

0

(t− τ)α−1f(τ)dτ, α > 0, t > 0 (9)

Iαf(t) = f(t),

: 1.3.1
�éJ
�A 	g

ú
ÎK
AÓ I
α Q�K 
ñÖÏ @ �@ñ 	k 	áÓ

Iαtµ =
Γ(µ+ 1)

Γ(α + µ+ 1)
tα+µ,

: 1.3.1
�é
J£ñ�K

	à 	X@
 m ∈ N , m− 1 < α ≤ m 	àA¿ @ 	X @
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DαIαf(t) = f(t),

ð

IαDαf(t) = f(t)−
m−1∑
j=0

f (j)(0+)
tj

j!
, t > 0

: 1.3.1
�é 	¢kCÓ

ø
 Pñ�ñ
	J�JË @ Z @Yg. É¾ �� úÎ« é�JK. A�J» 	áºÖß
 , ÉJ


	̄ñJ
Ë − 	àAÖß
P �Ë ø
 Qå�ºË@ ÉÓA¾
�JË @

: ú
ÎK
AÒ» gα(t) = tα−1

Γ(α)
ð f(t) �Ë (

	­ÊË@ Z @Yg. )

Iαa|tf(t) =
1

Γ(α)

∫ t

a

(t− τ)α−1f(τ)dτ = gα(t) ? f(t), (10)

:PA��
Ë @ 	á« ÉJ
 	̄ñJ
Ë − 	àAÖß
P �Ë �éK
Qå�ºË@ I. �KQË @ ø
 ð
	X ÉÓA¾�JË @ 2.3.1

∀t > a, D−αa|t f(t) =
1

Γ(α)

∫ t

a

(t− τ)α−1f(τ)dτ, (11)

: 	á�
ÒJ
Ë @ 	á 	« ÉJ
 	̄ñJ
Ë − 	àAÖß
P �Ë �éK
Qå�ºË@ I. �KQË @ ø
 ð
	X ÉÓA¾�JË @ 3.3.1

∀t < b, D−αt|b f(t) = − 1

Γ(α)

∫ b

t

(τ − t)α−1f(τ)dτ, (12)

: ÉJ
 	̄ñJ
Ë − 	àAÖß
P �Ë �éK
Qå�ºË@ I. �KQË @ ø
 ð
	X ÉÓA¾�JË @ �HA�®J
J.¢�� 4.3.1

ν > −1 �IJ
k , f(t) = (t− a)ν •

Iαa (t− a)ν =
1

Γ(α)

∫ t

a

(t− τ)α−1(τ − a)νdτ

: Ym.�
	' τ = a+ (t− a)s : Q�
 	ª�JÖÏ @ Q�
J
 	ª�JK.

Iαa (t− a)ν =
(t− a)α+ν

Γ(α)

∫ 1

0

(1− s)α−1sνds

=
(t− a)α+ν

Γ(α)
β(α, ν + 1)

=
(t− a)α+ν

Γ(α)

Γ(α)Γ(ν + 1)

Γ(α + ν + 1)
,
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=
Γ(ν + 1)

Γ(α + ν + 1)
(t− a)α+ν

�IK. A�K XY« C �IJ
k , f(t) = C •

D−αa|t C = IαaC =
C

Γ(α + 1)
(t− a)α.

ø
 Qå�ºË@
��A�®�J ��C
 Ë �CK. B ÉK
ñm�

�' 4.1

:�CK. B ÉK
ñj�JË �éJ
�A�


@ �H@ðX



@ 1.4.1

: ú
ÎK
AÒ»
�é 	̄QªÖÏ @ , s ∈ C �IJ
k s Q�
 	ª�JÒÊË

�éË @X F (s) 	áº�JË

F (s) = L {f(t); s} =

∫ +∞

0

e−stf(t)dt, (13)

. f(t)
�éË @YÊË �CK. B ÉK
ñm�

�' ùÒ���
α

�éJ
�


@ �éJ. �KP �H@ 	X f(t)

�éË @YË@ 	àñº�K 	à


@ I. m.�'
 , (13)

�é 	ªJ
�Ë@ ú

	̄ ÉÓA¾�JË @ Xñk. ñË -

: �IJ
m�'. T ð M 	á�
J.k. ñÓ 	á�
�JK. A�K Xñk. ð ú

	æªK
 AÜØ ,

e−αt|f(t)| ≤M , ∀t > T.

ÉK
ñm�
�' Ð@Y 	j�J�A
K. F (s) �CK. B ÉK
ñm�

�' 	áÓ f(t)
�éË @YË@ �C 	j�J�@
 	áºÖß
 -

ú
æ�ºªË@ �CK. B

f(t) = L−1 {F (s); t} =

∫ c+i∞

c−i∞
estF (s)ds , c = Re(s) > c0, (14)

	­ÊË@ Z @Ym.Ì �CK. B ÉK
ñm�
�' -

f(t) ∗ g(t) =

∫ t

0

f(t− τ)g(τ)dτ =

∫ t

0

f(τ)g(t− τ)dτ (15)

�IJ
k
f(t) = 0 , g(t) = 0 , ∀t < 0

ñë
L {f(t) ? g(t), s} = F (s)G(s), (16)

	áK



@

L {f(t), s} = F (s) , L {g(t), s} = G(s)
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�CK. B ÉK
ñm�
�' �é 	ªJ
� ù
 ë

�éK. ñÊ¢Ó 	àñº�J� ú

�æË@ øQ 	k



B@ �èYJ


	®ÖÏ @ �éJ
�A	mÌ'@ -
: f(t)

�éË @YÊË n iJ
m�� XY« �éJ. �KP ð 	X ø
 Qå�ºË@
���J ��ÒÊË

L
{
f (n)(t); s

}
= snF (s)−

n−1∑
k=0

sn−k−1f (k)(0)

= snF (s)−
n−1∑
k=0

skf (n−k−1)(0). (17)

YmÌ'@ 	à


@ 	�Q�� 	® 	J� , �éK
Qå�ºË@ �HA�®�J ��ÒÊË �CK. B ÉK
ñm�

�' Èñk ú

�G


AJ
� AÓ ú


	̄

. a = 0 ñë ú	GX


B@

: ÉJ
 	̄ñJ
Ë - 	àAÖß
P �Ë ø
 Qå�ºË@
��A�®�J ��C
 Ë �CK. B ÉK
ñm�

�' 2.4.1

. G(s) ð F (s) Xñk. ð 	�@Q�� 	̄ @
 �Im��'
- 	àAÖß
P �Ë ø
 Qå�ºË@ ÉÓA¾�JÊË �CK. B ÉK
ñm�

�' H. A�mÌ (16)
�éJ
�A	mÌ'@ ÐY 	j�J�	� 	¬ñ�

.ÉJ

	̄ñJ
Ë

ð ÉJ

	̄ñJ
Ë - 	àAÖß
QË p > 0

�éJ. �KQË @ 	áÓ ø
 Qå�ºË@ ÉÓA¾�JÊË �CK. B ÉK
ñj�JK.


@YJ.

	��
úÎ« Aî �DK. A�J» 	áºÖß
 ú


�æË @ð , a = 0 ©Ó (11)
�é 	ªJ
�Ë@ ú


	̄ 	¬QªÖÏ @ 	¬ñºJ
 	J
��J
Ë - YË@ñ 	JK
Q

	«

: g(t) = tp−1 ð f(t) 	á�
�JË @YË @ 	á�
K.
	¬A 	®�JË @
 Aî 	E



@

D−p0|tf(t) = D−p0|t f(t) =
1

Γ(p)

∫ t

0

(t− τ)p−1f(τ)dτ = tp−1 ? f(t). (18)

: ñë tp−1 �éË @YÊË �CK. B ÉK
ñm�
�'

G(s) = L
{
tp−1; s

}
= Γ(p)s−p. (19)

. [17] Q 	¢	�


@

�CK. B ÉK
ñm�
�' úÎ« É�m� 	' , (16)

	­ÊË@ Z @Ym.Ì �CK. B ÉK
ñm�
�' Ð@Y 	j�J�A
K. , @ 	Yºëð

: 	¬ñºJ
 	J
��J
Ë - YË@ñ 	JK
Q

	«ð ÉJ

	̄ñJ
Ë - 	àAÖß
P �Ë ø
 Qå�ºË@ ÉÓA¾

�JÊË
L
{
D−p0|tf(t); s

}
= L

{
D−p0|t f(t); s

}
= s−pF (s). (20)

Ég.


B , ÉJ


	̄ñJ
Ë - 	àAÖß
P Ðñê 	®Öß. ø
 Qå�ºË@
���J ��ÒÊË �CK. B ÉK
ñm�

�' H. A�m�'. Õ �æî 	E 	à
�
B@

: É¾ ��ËAK. AîD.
�Jº	K ½Ë 	X

Dp
0|tf(t) = g(n)(t). (21)
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g(t) = D
−(n−p)
0|t f(t) =

1

Γ(n− p)

∫ t

0

(t− τ)n−p−1f(τ)dτ, (22)

(n− 1 ≤ p < n).

:i. �J
	�K
 iJ
m�� XY« �éJ. �KP ð 	X ���J ��ÖÏ �CK. B ÉK
ñj�JË (17)

�é 	ªJ
�Ë@ Ð@Y 	j�J�A
K.

L
{
Dp

0|tf(t); s
}

= snG(s)−
n−1∑
k=0

skg(n−k−1)(0). (23)

: (20)
�é¢�@ñK. g(t)

�éË @YÊË �CK. B ÉK
ñm�
�' YK
Ym�

�' Õ �æK


G(s) = s−(n−p)F (s), (24)

: ú

�G


AK
 , ÉJ


	̄ñJ
Ë - 	àAÖß
P �Ë ø
 Qå�ºË@
���J ��ÖÏ @ 	áÓ PA��J 	kA
K. ð

g(n−k−1)(t) =
dn−k−1

dtn−k−1
D
−(n−p)
0|t f(t) = Dp−k−1

0|t f(t), (25)

ÉJ

	̄ñJ
Ë - 	àAÖß
P Ðñê 	®Öß. ø
 Qå�ºË@

���J ��ÒÊË �CK. B ÉK
ñj�JË �éJ

KAî 	DË @
�é 	ªJ
�Ë@ Q�
 	g



B@ ú


	̄

: p > 0
�éJ. �KQË @ 	áÓ

L
{
Dp

0|tf(t); s
}

= spF (s)−
n−1∑
k=0

sk
[
Dp−k−1

0|t f(t)
]
t=0

. (26)

(n− 1 ≤ p < n).

:ñ�JK. A¿ �Ë ø
 Qå�ºË@
��A�®�J ��C
 Ë �CK. B ÉK
ñm�

�' 3.4.1

I. �Jº	K ,ñ�JK. A¿ Ðñê 	®Öß. ø
 Qå�ºË@
���J ��ÒÊË �CK. B ÉK
ñm�

�' �é 	ªJ
� ZA ��	� @
 Ég.


@ 	áÓ

:É¾ ��ËAK. (3)
�é 	ªJ
�Ë@ ú


	̄ ø

	YË@ ñ�JK. A¿

���J ��Ó

cDp
0|tf(t) = D

−(n−p)
0|t g(t) , g(t) = f (n)(t), (27)

(n− 1 < p ≤ n), (28)

, ÉJ

	̄ñJ
Ë - 	àAÖß
P �Ë ø
 Qå�ºË@ ÉÓA¾

�JÊË �CK. B ÉK
ñm�
�' ú


	̄
(20)

�é 	ªJ
�Ë@ Ð@Y 	j�J�A
K.
: Yj. 	J�

L
{
cDp

0|tf(t), s
}

= s−(n−p)G(s), (29)

, (17)
�é 	ªJ
�Ë@ É 	� 	®K. , �IJ
k
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G(s) = snF (s)−
n−1∑
k=0

sn−k−1f (k)(0) = snF (s)−
n−1∑
k=0

skf (n−k−1)(0), (30)

ø
 Qå�ºË@
���J ��ÒÊË �CK. B ÉK
ñm�

�' �é 	ªJ
� úÍ@
 É�	� , (29) ú

	̄

(30)
�é 	ªJ
�Ë@ l .×Y 	K
:ñ�JK. A¿ Ðñê 	®Öß.

L
{
cDp

0|tf(t), s
}

= spF (s)−
n−1∑
k=0

sp−k−1f (k)(0), (n− 1 < p ≤ n) (31)

: 	¬ñºJ
 	J��J
Ë - YË@ñ 	JK
Q 	« �Ë ø
 Qå�ºË@
��A�®�J ��C
 Ë �CK. B ÉK
ñm�

�' 4.4.1

- YË@ñ 	JK
Q
	« �Ë ø
 Qå�ºË@

���J ��ÖÏ @ 	áK



@, 0 ≤ p < 1

�éËAmÌ'AK. Õ �æî 	E , �éK
 @YJ. Ë @ ú

	̄

t = 0 ú

	̄ �èXðYm× ù
 ë ú


�æË@ , f(t)
�éË @YÊË a = 0 ú	GX



B@ YmÌ'@ ©Ó (5) Q 	¢	�



@ 	¬ñºJ
 	J

��J
Ë
: ú
ÍA

�JË @ ñj	JË @ úÎ« é�JK. A�J» 	áºÖß
 ,

Dp
0|tf(t) =

f(0)t−p

Γ(1− p)
+

1

Γ(1− p)

∫ t

0

(t− τ)−pf (1)(τ)dτ, (32)

	­ÊË@ Z @Ym.Ì �CK. B ÉK
ñm�
�' ð (19) XðYmÌ'@ �èXYª�JÓ �éË @YÊË �CK. B ÉK
ñm�

�' Ð@Y 	j�J�A
K.
: úÎ« É�m� 	' (17) iJ
m�� XY« �éJ. �KQË @ ø
 ð

	X ���J ��ÒÊË �CK. B ÉK
ñm�
�'ð (16)

L
{
Dp

0|tf(t); s
}

=
f(0)

s1−p +
1

s1−p (sF (s)− f(0)) = spF (s), (33)

. [24] ú

	̄

(33)
�é 	ªJ
�Ë@ ��J
J.¢

�� úÎ« ÈA�JÓ XQK
ð
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ø
 Qå�ºË@
��A�®�J ��C
 Ë ù
 K
Pñ

	̄ ÉK
ñm�
�' 5.1

: ù
 K
Pñ
	̄ ÉK
ñj�JË �éJ
�A�



@ �H@ðX



@ 1.5.1

(−∞,+∞) ú

	̄ ��C£B
 AK.

�éÊÓA¾ÒÊË �éÊK. A
�̄
h(t)

�èQÒ�J�Ó �éË @YË ù
 K
Pñ
	̄ ÉK
ñm�

�' 	à@

: É¾ ��ËAK.

�é 	̄QªÓð

Fe {h(t);w} =

∫ +∞

−∞
eiwth(t)dt, (34)

ù
 K
Pñ
	̄ ÉK
ñm�

�' Ð@Y 	j�J�A
K. He(t) ù
 K
Pñ
	̄ ÉK
ñm�

�' 	áÓ h(t) ÉJ
º ���� �èXA«@
 	áºÖß
ð
: ú
æ�ºªË@

h(t) =
1

2π

∫ +∞

−∞
He(w)e−iwtdw. (35)

	­ÊË@ Z @Ym.Ì ù
 K
Pñ
	̄ ÉK
ñm�

�' -

h(t) ? g(t) =

∫ +∞

−∞
h(t− τ)g(τ)dτ =

∫ +∞

−∞
h(τ)g(t− τ)dτ, (36)

:ñë (−∞,+∞) úÎ« 	àA�J 	̄QªÓ g(t) ð h(t) 	á�
�JË @YË

Fe {h(t) ? g(t);w} = He(w)Ge(w) (37)

H. A�k ú

	̄ , 	à@Xñk. ñÓ Ge ð He

�éJ
 	�Q 	̄ �Im��' (37)
�éJ
�A	mÌ'@ 	áÓ YJ


	®�J�	� Y�̄ -
�HA�®�J ��ÒÊË ù
 K
Pñ

	̄ ÉK
ñm�
�'ð ÉJ


	̄ñJ
Ë - 	àAÖß
P �Ë ø
 Qå�ºË@ ÉÓA¾�JÊË ù
 K
Pñ
	̄ ÉK
ñm�

�'
. �éK
Qå�ºË@

Ég ú

	̄ �èXA« ÐY 	j�J��� ú


�æË @ð úÍð


B@ 	á« �éJ
Òë



@ É�®�KB øQ 	k



@ �éJ
�A 	g ¼A 	Jë -

�I	KA¿ @ 	X @
 é 	K


@ �é 	̄QªÖÏ . h(t) �HA�®�J ��ÖÏ ù
 K
Pñ

	̄ ÉK
ñm�
�' ù
 ëð,

�éJ

�®J
J.¢�JË @ �HBXAªÖÏ @

h(t), h′(t), . . . . . . , h(n−1)(t)

n
�éJ. �KQË @ 	áÓ ���J ��ÒÊË ù
 K
Pñ

	̄ ÉK
ñm�
�' 	Y
KY 	J« , t→ ±∞ AÓY 	J« Q 	®�Ë@ úÍ@
 Èð 
ñ�K

:ñë h(t)
�éË @YÊË

Fe
{
h(n)(t), w

}
= (−iw)nHe(w), (38)

�éJ
ºJ
ÓA 	JK
YË@
�éÒ 	¢	�



B@ ÉJ
Êm�

�' 	áK
XAJ
Ó 	áÓ YK
YªÊË @ �Yg.
�éK
ñ

�̄ �è @X


@ ù
 K
Pñ

	̄ ÉK
ñm�
�' YªK
 -
. �éJ
¢

	mÌ'@
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:ø
 Qå�ºË@ ÉÓA¾
�JÊË ù
 K
Pñ

	̄ ÉK
ñm�
�' 2.5.1

ÉJ

	̄ñJ
Ë - 	àAÖß
P �Ë ø
 Qå�ºË@ ÉÓA¾�JÊË ù
 K
Pñ

	̄ ÉK
ñm�
�' H. A�mÌ I. ë

	Y 	K , �éK
 @YJ. Ë @ ú

	̄

: 	à


@ ø




@ a = −∞ ú	GX



B@ YmÌ'@ ©Ó

D−α−∞|tg(t) =
1

Γ(α)

∫ t

−∞
(t− τ)α−1g(τ)dτ, (39)

. 0 < α < 1 	à


@ 	�Q 	® 	K �IJ
k

�éË @YÊË ù
 K
Pñ
	̄ ÉK
ñm�

�' H. A�m�'.
�éK
 @YK.

h(t) =
tα−1

Γ(α)

É¾ ��ËAK. é�JK. A�J» 	áºÖß
 ø

	YË@ð , (19)

�é 	ªJ
�Ë@ Q 	¢	�


@

1

Γ(α)

∫ +∞

0

tα−1e−stdt = s−α. (40)

É�JÓ ú

	̄ é 	K



@ ([19], P.564) ú
Î¿QK
X

�éË


A�Ó 	á« I. �KQ

��K
 . w ∈ R �IJ
k s = −iw 	Y 	g


A 	K

úÎ« É�m� 	' @ 	Yºëð . 0 < α < 1 @ 	X @
 H. PA
�®�JK
 (39)

�é 	ªJ
�Ë@ ú

	̄ ÉÓA¾�JË @ �éËAmÌ'@ è 	Yë
�éË @YÊË ù
 K
Pñ

	̄ ÉK
ñm�
�'

h+(t) =

{
tα−1

Γ(α)
, t > 0,

0, t ≤ 0,

É¾ ��Ë@ 	áÓ

Fe {h+(t);w} = (−iw)−α. (41)

½Ë 	Xð . (39) ÉJ

	̄ñJ
Ë - 	àAÖß
P �Ë ø
 Qå�ºË@ ÉÓA¾�JÊË ù
 K
Pñ

	̄ ÉK
ñm�
�' XAm.�'
 @
 A 	J 	JºÖß
 	à

�
B@

: g(t) ð h+(t) 	á�
�JË @YÊË (36)
	­ÊË@ Z @Yg. É¾ �� úÎ« é�JK. A�J»

�éJ
 	K A¾ÓB


D−α−∞|tg(t) = h+(t) ? g(t). (42)

: úÎ« É�m� 	' (37)
�é 	ªJ
�Ë@ Ð@Y 	j�J�A
K.

Fe

{
D−α−∞|tg(t);w

}
= (iw)−αG(w), (43)
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. g(t)
�éË @YÊË ù
 K
Pñ

	̄ ÉK
ñm�
�' ñë G(w) �IJ
k

- YË@ñ 	JK
Q
	« �Ë ø
 Qå�ºË@ ÉÓA¾�JÊË ù
 K
Pñ

	̄ ÉK
ñm�
�' A 	��




@ (43)

�é 	ªJ
�Ë@ ù
 ¢ª
�K -

�éËAmÌ'@ è 	Yë ú

	̄ 	à



B . cD−α−∞|t ñ�JK. A¾Ë ø
 Qå�ºË@ ÉÓA¾�JË @ð D−α−∞|tg(t)

	¬ñºJ
 	J
��J
Ë

. ÉJ

	̄ñJ
Ë - 	àAÖß
P �Ë ø
 Qå�ºË@ ÉÓA¾

�JË @ ©Ó ��K. A¢�J�K
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:ø
 Qå�ºË@
��A�®�J ��C
 Ë ù
 K
Pñ

	̄ ÉK
ñm�
�' 3.5.1

, a = −∞ ú	GX


B@ YmÌ'@ Q�. �Jª 	JË .

�éK
Qå�ºË@ �HA�®�J ��ÒÊË ù
 K
Pñ
	̄ ÉK
ñm�

�' 	à
�
B@ I. �j	JË

Ég.


@ 	áÓ é�KA �®�J ��Ó ½Ë 	Y»ð t→ −∞ AÓY 	J« Èñ�®ªÓ ¼ñÊ� �H@ 	X g(t)

�éË @YK.
�éJ. Ë A¢ÖÏ @ð

. t→ −∞
- YË@ñ 	JK
Q

	« ð ÉJ

	̄ñJ
Ë - 	àAÖß
P �Ë 	­K
PAª�JË @

�éK. A�J»ð
�é
K 	Qj. �JËAK. ÉÓA¾�K A 	Jë Z@Qk. @
 	áºÖß

: É¾ ��Ë@ � 	® 	JK. ñ�JK. A¿ ð

	¬ñºJ
 	J
��J
Ë

Dα
−∞|tg(t)

Dα
−∞|tg(t)

cD−α−∞|tg(t)

 =
1

Γ(n− α)

∫ t

−∞

g(n)(τ)dτ

(t− τ)α+1−n = Dα−n
−∞|tg

(n)(t). (44)

(n− 1 < α < n).
	àAÖß
P �Ë ø
 Qå�ºË@ ÉÓA¾�JÊË ù
 K
Pñ

	̄ ÉK
ñm�
�' Ð@Y 	j�J�@
 ©Ó (44) ú


	̄ ù
 K
Pñ
	̄ ÉK
ñm�

�'

AëY	J« . (38) iJ
m�� XY« �éJ. �KQË @ ø

	X ���J ��ÒÊË ù
 K
Pñ

	̄ ÉK
ñm�
�'ð (43) Q 	¢	�



@ ÉJ


	̄ñJ
Ë -
	¬ñºJ
 	J

��J
Ë - YË@ñ 	JK
Q
	« �Ë ø
 Qå�ºË@

���J ��ÒÊË ù
 K
Pñ
	̄ ÉK
ñm�

�' (45)
�éJ
ËA�JË @

�é 	ªJ
�Ë@ ù
 ¢ª
�K

: a = −∞ ú	GX


B@ YmÌ'@ ©Ó , ñ�JK. A¾Ë ð ÉJ


	̄ñJ
Ë - 	àAÖß
P �Ë ð

Fe {Dαg(t);w} = (−iw)α−nFe
{
g(n)(t);w

}
= (−iw)α−n(−iw)nG(w). (45)

= (−iw)αG(w),

: �Ë 	QÓQK
 Dα 	QÓQË@ �IJ
k
.ñ�JK. A¿ �Ë , cDα

−∞|t ð


@ ÉJ


	̄ñJ
Ë - 	àAÖß
P �Ë Dα
−∞|t ð



@ 	¬ñºJ
J


	��JË - YË@ñ 	JK
Q
	« �Ë Dα

−∞|t

30



ú

	GA�JË @ É� 	®Ë@

(FDS) ÐA 	¢ 	JË ÈñÊg Xñk. ð ÐY« l .�

'A�J 	K

∼ � 	jÊÓ ∼

ÐA 	¢ 	JË �éÊÓA ��ð �éJ
Êm× ÈñÊg Xñk. ñË
�éÓ 	PCË@  ðQå��Ë @



A �� 	� 	K , É� 	®Ë@ @ 	Yë ú


	̄

	áÓ 	QÊË �éJ.�
	�ËAK.

�éK
Qå�» �HA�®�J ��Ó ©Ó (FDS) ¨ñ	JË @ 	áÓ PA ���� 	KB
 @ - É«A 	®�JË @ �HBXAªÓ
, [30] ú


	̄ Aî �D�@PX �IÖ �ß ú

�æË @ (STFE) ¨ñ	JË @ 	áÓ �èYg@ð �éËXAªÓ �éËAg ú


	̄ AÒ» . 	àA¾ÖÏ @ð

. �éJ
Ëð


B@ �HA 	KAJ
J. Ë @ ¼ñÊ� úÎ« YÒ�Jª�K  ðQå��Ë @ è 	Yë 	à



@ 	á�
J. �K

É 	gYÓ 1.2

Q�

	« , �éK
Qå�» I. �KP �H@ð 	X �éJ
Ê 	�A 	®�K �HBXAªÓ 4ÐA 	¢ 	� �é�@PYË É� 	®Ë@ @ 	Yë ��	m�'


: ú
ÍA
�JË @ (FDS) ¡Ò	JË @ 	áÓ 	àA¾ÖÏ @ ð 	áÓ 	QÊË �éJ.�

	�ËAK.
�éJ
¢ 	k

(FDS)

 cDα1

0|tu+ (−∆)
β1
2 u = |v|p,

cDα2

0|tv + (−∆)
β2
2 v = |u|q,

(46)

�IJ
k
(t, x) ∈ Q = R+x RN ,

: ù
 ë
�éJ

K @Y�JK. B
 @  ðQå��Ë @ð

v(., 0) = v0 , u(., 0) = u0, (47)

. A 	�Q 	̄ �éJ.k. ñÓ ð �èQÒ�J�Ó v0 ð u0 È@ðYË@ 	áK



@

. ÐðYªÓ Q�

	« ù
 ªJ
J.£ XY« N ð �éJ.k. ñÓ

�éJ

�®J

�®k X@Y«



@ , q , p 	áÓ É¿ ð

, ( α2 ∈ (0, 1) ú
Í@ñ
�JË @ úÎ« ) α1 ∈ (0, 1) Ég.



@ 	áÓ

úÎ« ) α1
�éJ. �KQË @ 	áÓ ø
 Qå�ºË@

���J ��ÖÏ @ úÍ@
 	QÓQK
 ( cDα2

0|t ú
Í@ñ
�JË @ úÎ« ) cDα1

0|t

. ( [7] Q 	¢	�


@ ½Ë 	Y»ð èA 	KX



@ 1

	­K
Qª�JË @ Q 	¢	�


@ ) ñ�JK. A¿ Ðñê 	®Öß. ( α2 ú
Í@ñ

�JË @

, ( β2 ∈ [1, 2] ú
Í@ñ
�JË @ úÎ« ) β1 ∈ [1, 2] Ég.



@ 	áÓ ,øQ 	k



@ �éJ
kA 	K 	áÓ

4 �HBXAªÓ �éÊÔg. èA 	JªÓ �HBXAªÓ ÐA 	¢	�
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úÍ@

�éJ.�

	�ËAK. ø
 Qå�ºË@ �CK. B Q�K 
ñÓ , ( ” (−∆)
β2
2 ” ú
Í@ñ

�JË @ úÎ« ) ” (−∆)
β1
2 ”

: ú
ÎK
AÒ»
	¬QªÓ AÒî 	DÓ É¿ , ( β2

2
ú
Í@ñ

�JË @ úÎ« ) β1
2

�éJ. �KQË @ 	áÓ x

(−∆)
β1
2 v(x) = F−1

(
|ξ|β1F(v) (ξ)

)
(x),

. é�º« úÍ@
 F−1 ð ù
 K
Pñ
	̄ ÉK
ñm�

�' úÍ@
 	QÓQK
 F �IJ
k
	áÓ β1 = β2 = 1 ð α1 = α2 = 1

�éËAmÌ'@ ú

	̄ é�J�@PX Õç�' Y�̄ (FDS) ÐA 	¢ 	JË @ 	à@


(ν = µ = 1) ©Ó [22], [20], [18] Q 	¢	�


@ , �é 	®Ê�J	m× �HA�̄ AJ
� ú


	̄ ð 	á�

	®Ë 
ñÖÏ @ 	áÓ YK
YªË@ ÉJ.

�̄
	á�
ë@QK. ð i. m.k úÍ@
 @XA 	J���@
ð Xñk. ñË@ ÐY« �éj. J
�J

	�K.
��Êª�JK
 AÒJ


	̄ð , ½Ë 	X úÎ« �èðC«ð .
: 	à



@ [18] ú


	̄ ðQK
Q�
ëð ðYJ
K. ñº�@
 �I�. �K


@ , [21]

- É«A 	®�JË @ �éË


A�Ó ú


	̄ Qå��J 	jÖÏ @ (FDS) ÐA 	¢ 	JÊË YJ
kñË@ ÉmÌ'@ 	àA

	̄ , pq > 1 	àA¿ @ 	X @


: �éJ
ËA�JË @ PA ��
�� 	KB
 @{

ut −∆u = vp,
vt −∆v = uq,

(48)

�PYK
 , ( [30] Q 	¢	�


@ ) , øQ 	k



@ �éJ
kA 	K 	áÓ . u ≡ v ≡ 0 ø




@ , é 	̄ A�JË @ ÉmÌ'@ ñë

ú
G. Am.
�'
 @
 Ég Xñk. ð ÐY« úÍ@
 ø
 X


ñK
 AÜØ ú

	̄ @Yg 	àðYm.�'
ð (FDS) ÐA 	¢ 	JË @ 	àñ 	®Ë 
ñÖÏ @

	àñº�K AÓY	J« ) [18] ú

	̄ �ém.Ì'AªÖÏ @

�éËAmÌ'@ ù
 ¢
	ªK
 , ��X



@ Q�
J.ª�JK. . ÉÓA ��

: �éJ
ËA�JË @
�éK
Q 	¢	JË @ ���®m�'
 ð , ( β1 = β2 = 2 , α1 = α2 = 1

: �éK
Q 	¢	� 1.1.2

A 	�Q 	̄ ð q > 1 ð p > 1 	àA¿ @ 	X @


N ≤ max


α2

q
+ α1 −

(
1− 1

pq

)
α2

β2qp′
+ α1

β1q′
,

α1

p
+ α2 −

(
1− 1

pq

)
α1

β1pq′
+ α2

β2p′

 (49)

. é 	̄ A�K Q�

	« CÓA �� A 	®J
ª 	� AJ
K. Am.�'
 @
 Cg (FDS) ÐA 	¢ 	JË @ ÉJ.

�®K
 B , 	Y
KY 	J«

ú
Îm
×ð ÉÓA �� Ég Xñk. ñË

�éÓ 	PCË@  ðQå��Ë @ A �	��



@ �éK
Q 	¢	JË @ Qê 	¢

��� , ½Ë 	X úÎ« �èðC«

: �éJ
ËA�JË @
�éË


A�ÒÊË

(STFE)

{
cDα

0|tu+ (−∆)
β
2 u = h|u|p,

u (. , 0) = u0 ≥ 0,
(50)
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�éË @YË@ð u0
�éJ
Ëð



B@ �HA 	KAJ
J. Ë @ ¼ñÊ� úÎ« YÒ�Jª�K  ðQå��Ë @ è 	Yëð (t, x) ∈ R+xRN �IJ
k

. �éK
A
	®ºK. Q�
J.» |x| Ég.



@ 	áÓ h

. [2] ð [27] ú

	̄ �éÊ�KAÜØ l .�


'A�J 	K ¼A 	Jë
PAJ. �J«@
 	áºÖß
 �IJ
k , [30] ú


	̄ AîD
Ê« Èñ�mÌ'@ Õç�' ú

�æË @ ½Ê�JË �éîE. A ��Ó A 	Jm.�


'A�J 	K PAJ. �J«@
 	áºÖß

©J
�ñ�K A 	J 	JºÖß
 , ½Ë 	X úÍ@


�é 	̄ A 	�B
 AK. . (STFE) ¨ñ	JË @ 	áÓ 	á�
�JËXAªÒ» (FDS) ÐA 	¢ 	JË @
�éJ
ÓñÔ« Q��»



@ �éÒ 	¢	�



@ úÍ@
 A 	Jm.�


'A�J 	K cDα1

0|tu+ (−∆)
β1
2 (|u|m−1u) = h|v|p + g|u|r,

cDα2

0|tv + (−∆)
β2
2 (|v|m−1v) = k|u|q + l|v|s,

(t, x) ∈ R+xRN �IJ
k
	áÓ ÈA¾ ��



B@ è 	Yë É�JÓ 	XA	m��' @
 Y 	J« , ©J.¢ËAK. ð l ð k ð g ð h úÎ« �HAJ
 	�Q 	̄ É 	£ ú


	̄

k ð g ð h È@ðYË@ úÎ« A 	Jë �é 	�ðQªÖÏ @ l .�

'A�J 	JË @ ©J
Ôg. YÒ�Jª�K 	à



@ I. m.�'
 , É«A 	®�JË @  ðQå��

. l ð
.ÉJ


	̄ñJ
Ë - 	àAÖß
Pð ñ�JK. A¾Ë
�éK
Qå�ºË@ �HA�®�J ��ÖÏ @ �
�A� 	kð 	­K
PAª�JË @ 	�ªK. A 	Jë Q» 	Y�J 	JË

: 	­K
Qª�K 2.1.2

�Ë ñ�JK. A¿ Ðñê 	®Öß. 	á�
ÒJ
Ë @ 	áÓ ���J ��ÖÏ @ I. �
�KQ
��Ë @ úÎ« PA��
Ë @ 	áÓ ���J ��ÖÏ @ 	­K
Qª�K Õ �æK


: ÈC 	g 	áÓ ψ′ ∈ L1 (0, T )(
cDα

0|tψ
)

(t) =
1

Γ(1− α)

∫ t

0

ψ′(t)

(t− τ)α
dτ, (51)

(
cDα

t|Tψ
)

(t) = − 1

Γ(1− α)

∫ T

t

ψ′(t)

(τ − t)α
dτ, (52)

ð (3) 	©J
�Ë@ ú

	̄ ÉÓA¾�JË @ ÉJ.

�̄ ��A�®�J ��B
 @ Q
�K 
ñÓ úÎ« 	 A 	®mÌ'@ð ψ �K. ψ′ È@YJ.

���@
 YªK.
- 	àAÖß
P Ðñê 	®Öß. 	á�
ÒJ
Ë @ 	áÓ ���J ��ÖÏ @ð PA��
Ë @ 	áÓ ���J ��ÖÏ @ �HA 	®K
Qª�K úÎ« É�m� 	' , (26)

. ÉJ
�A 	®�JË @ 	áÓ YK
 	QÒÊË [35] Q 	¢	�


@ , Dα

t|T ð Dα
0|t

	QÓQËAK. ú
Í@ñ
�JË @ úÎ« ÑêË 	QÓQ 	K ÉJ


	̄ñJ
Ë

ÉJ

	̄ñJ
Ë - 	àAÖß
P Ðñê 	®Öß. ���J ��ÖÏAK. ¡J. �KQÓ ñ�JK. A¿ Ðñê 	®Öß. ���J ��ÖÏ @ 	à



@ A �	��




@ Q» 	Y 	K

: �éJ
ËA�JË @
�é 	ªJ
�ËAK.

cDα
0|tψ(t) = Dα

0|t {ψ(t)− ψ(0)} .

: ú
ÍA
�JË @ �é
K 	Qj. �JËAK. ÉÓA¾�JË @ PAJ. �J«B
 @

	á�
ªK.
	Y 	g



B@ ©Ó , @ �Q�
 	g



@ð
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∫ T

0

(
Dα

0|tf
)

(t)g(t)dt =

∫ T

0

f(t)
(
Dα
t|Tg
)

(t)dt,

	à


@ ÉJ.

�® 	K

: 	­K
Qª�K 3.1.2

(FDS) ÐA 	¢ 	JÊË AJ
Êm×
	­J
ª 	� Ég é	K



@ (u, v) 	á« Èñ�® 	K , 0 < T ≤ ∞ Ég.



@ 	áÓ

. QT = RNx(0, T ) �IJ
k QT úÎ« 	¬QªÓ
: @ 	X @


u ∈ C
(
[0, T ] , L1

loc(RN)
)
∩ Lq (QT , dtdx) ,

v ∈ C
(
[0, T ] , L1

loc(RN)
)
∩ Lp (QT , dtdx) ,

: ú
ÎK
AÓ ú

	̄ ñ�J��
ð∫

QT

|v|pϕ+

∫
QT

u0D
α1

t|Tϕ =

∫
QT

uDα1

t|Tϕ+

∫
QT

u (−∆)
β1
2 ϕ,∫

QT

|u|qψ +

∫
QT

v0D
α2

t|Tψ =

∫
QT

vDα2

t|Tψ +

∫
QT

v (−∆)
β2
2 ψ, (53)

PAJ. �J 	k@

�éË @X ø




@ Ég.



@ 	áÓ

ϕ, ψ ∈ C1,2
t,x (QT )

Ég (u, v) 	à


@ Èñ�® 	K T = +∞ 	àA¿ @ 	X @
 AëY	J« ϕ(., T ) = ψ(., T ) = 0

���®m��'
5 . ÉÓA �� 	­J
ª 	�

: l .�

'A�J 	JË @ 	�ªK. 2.2

: �éK
Q 	¢	� 1.2.2

A 	JK
YË
	Y
KY 	J« , (FDS)

�éË


A�ÒÊË (T < +∞) AJ
Êm×

	­J
ª 	� Ég (u, v) 	áºJ
Ë
: �éJ
ËA�JË @ �H@QK
Y

�®�JË @
lim
|x|→+∞

inf u0(x) ≤ CT−
α1+pα2
pq−1 , (54)

lim
|x|→+∞

inf v0(x) ≤ C ′T−
α2+qα1
pq−1 , (55)

5ϕ ∈ C1,2
t,x (QT )⇔ ∂ϕ

∂t ,
∂2ϕ
∂x2 ∈ C (QT )
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. �éJ.k. ñÓ �IK. @ñ�K C ′ ð C �IJ
k
: A 	JK
YË (53)

�é 	ªJ
�Ë@ 	áÓ : 	àAëQK.∫
QT

u0D
α1

t|Tϕ ≤
∫
QT

uDα1

t|Tϕ+

∫
QT

u (−∆)
β1
2 ϕ,∫

QT

v0D
α2

t|Tψ ≤
∫
QT

vDα2

t|Tψ +

∫
QT

v (−∆)
β2
2 ψ, (56)

ψ, ϕ ∈ C1,2
t,x (QT ) : �IJ
k ψ ð ϕ PAJ. �J 	k@


�éË @X É¿ Ég.


@ 	áÓ

. ϕ (T, .) = ψ (T, .) = 0
���®m��'

úÎ« É�m� 	' ,PYËñë �émk. @Q
��Ó Ð@Y 	j�J�A
K.∫

QT

u|Dα1

t|Tϕ| ≤
(∫

QT

|u|qψ
) 1

q

x

(∫
QT

|Dα1

t|Tϕ|
q′ψ−

q′
q

) 1
q′

,

ð∫
QT

u|(−∆)
β1
2 ϕ| ≤

(∫
QT

|u|qψ
) 1

q

x

(∫
QT

|(−∆)
β1
2 ϕ|q′ψ−

q′
q

) 1
q′

,

@ 	Yºëð∫
QT

u0D
α1

t|Tϕ ≤
(∫

QT

|u|qψ
) 1

q

.A

	áK



@

A =

(∫
QT

|Dα1

t|Tϕ|
q′ψ−

q′
q

) 1
q′

+

(∫
QT

|(−∆)
β1
2 ϕ|q′ψ−

q′
q

) 1
q′

. (57)

A 	JK
YË 	àñºK

�éJ
 	K A�JË @

�èQÒÊË PYËñë �émk. @Q
��Ó Ð@Y 	j�J�A
K. ð , èC«



@ Pñ» 	YÖÏ @ ñj	JË @ úÎ«∫

QT

v0D
α2

t|Tψ ≤
(∫

QT

|v|pϕ
) 1

p

.B

	áK



@

B =

(∫
QT

|Dα2

t|Tψ|
p′ϕ−

p′
p

) 1
p′

+

(∫
QT

|(−∆)
β2
2 ψ|p′ϕ−

p′
p

) 1
p′

. (58)

(53) 	áÓ Qå��



B@ I. 	KAm.Ì'@ ú


	̄ úÍð


B@  ðQå��ËAK. A 	J 	¢ 	®�Jk@
 @ 	X @
 , øQ 	k



@ �éJ
kA 	K 	áÓ

úÎ« É�m� 	' A 	J 	K A

	̄ , �éJ.k. ñÓ È@ðX v0 ð u0

	à


@ �é�®J


�®k Ð@Y 	j�J�A
K. ð
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∫
QT

|v|pϕ ≤
(∫

QT

|u|qψ
) 1

q

.A, (59)

∫
QT

|u|qψ ≤
(∫

QT

|v|pϕ
) 1

p

.B, (60)

úÎ« É�m� 	' (59) ú

	̄

(60)
��J
J.¢

��K.(∫
QT

|v|pϕ
)1− 1

pq

≤ B
1
q .A, (61)

úÎ« É�m� 	' (60) ú

	̄

(59)
��J
J.¢

��K. ð(∫
QT

|u|qψ
)1− 1

pq

≤ B.A
1
p , (62)

ù
 ë
∫
QT

|u|qψ QK
Y
�®�K ú


	̄ �IÊÒª�J�


@ ú


�æË @ �é�®K
Q¢Ë@ 	à


@ i 	��JK
 (53)

�é 	ªJ
�Ë@ 	áÓ ð

Ym.�
	' (62)

�é 	ªJ
�Ë@ 	áÓ 	à


@ ø




@
∫
QT

v0D
α2

t|Tψ, AîE. PY
�® 	K ú


�æË @ AîD� 	® 	K(∫
QT

v0D
α2

t|Tψ

)1− 1
pq

≤ B.A
1
p , (63)

A 	JK
YË 	àñºK
 (61)
�é 	ªJ
�Ë@ 	áÓ ½Ë 	Y»ð(∫

QT

u0D
α1

t|Tϕ

)1− 1
pq

≤ B
1
q .A, (64)

h.
	XñÒ 	JË @ 	áÓ (58) ð (57) ú


	̄ PAJ. �J 	kB
 @ È@ðX
	Y 	g



A 	K , 	à

�
B@

ϕ(t, x) = ψ(t, x) = Φ
( x
R

){ (
1− t

T

)l
, 0 < t ≤ T

0, t > T
(65)

{R < |x| < 2R} ÉJ
Ê¿B
 @ ú

	̄ ÉÓAg �H@ 	X , �éJ.k. ñÓ È@ðX Φ ∈ W 1,∞ (RN

) �IJ
k
���®m��'ð ,

(
−∆)

β1
2 Φ
)

+
≤ kΦ, k > 0 (canst),(

−∆)
β2
2 Φ
)

+
≤ hΦ, h > 0 (canst),

(66)

, (65) ú

	̄ éËA 	gX@
 Õç�' ø


	YË@ , l �


B@ð

: 	àA¿ @ 	X @
 ù

	®J
» I. k. ñÓ ù


�®J

�®k XY« ñë

min

(
p− 1

1− α2

, q − 1

1− α1

)
> 0,
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: 	àA¿ @ 	X @
 , l > max (α1q
′ − 1 , α2p

′ − 1)
���®m�'
 ð

min

(
p− 1

1− α2

, q − 1

1− α1

)
< 0,

. q + q′ = qq′ ð . p+ p′ = pp′ �IJ
m�'.
	à


@ 	¡kC	K , ½Ë 	X úÍ@


�é 	̄ A 	�B
 AK.

Dα1

t|Tϕ(t, x) = µT−α1Φ
( x
R

)(
1− t

T

)l−α1

, (67)

�IJ
k

µ =
Γ(1 + l)

(1 + l − α1)
.

�éîE. A ��Ó �é�®K
Q¢�.

Dα2

t|Tψ(t, x) = λT−α2Φ
( x
R

)(
1− t

T

)l−α2

, (68)

�IJ
k

λ =
Γ(1 + l)

(1 + l − α2)
.

ú

�G


AK
 é 	JÓð , t = Tτ ð x = Ry : ú
ÍA

�JË @ Q�
 	ª�JÖÏ @ ÉK
YJ. �K PAJ. �J«B
 @
	á�
ªK.

	Y 	g


A 	JË∫

QT

u0D
α1

t|Tϕdtdx =
µT 1−α1RN

l − α1 + 1

∫
QT

u0(Ry)Φ(y)dy, (69)

úÎ« É�m� 	' , (57) PAJ. �J«B
 @
	á�
ªK.

	Y 	g


B@ ©Ó

A ≤
(
µq
′
T 1−α1q′RN

l − α1q′ + 1

∫
RN

Φ(y)dy

) 1
q′

+

(
TR−β1q

′+Nkq
′

l + 1

∫
RN

Φ(y)dy

) 1
q′

,

	à


@ ø




@

A ≤ R
N
q′

{
µT

1
q′−α1

(l − α1q′ + 1)
1
q′

+
T

1
q′R−β1k

(l + 1)
1
q′

}(∫
RN

Φ(y)dy

) 1
q′

, (70)

úÎ« É�m� 	' , (58)
�é 	ªJ
�Ë@ 	áÓ , É�JÖÏ AK. ð

B ≤ R
N
p′

{
λT

1
p′−α2

(l − α2p′ + 1)
1
p′

+
T

1
p′R−λh

(l + 1)
1
p′

}(∫
RN

Φ(y)dy

) 1
p′

, (71)

i. �J
	�K
 (64)

�émk. @Q
��ÖÏ @ ©Ó (74) ð (73) , (72) , @ 	Yºëð
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T (1−α1)(1− 1
pq

)

{∫
RN
u0(Ry)Φ(y)dy

}1− 1
pq

≤
(
C1T

1
q′−α1 + C2T

1
q′R−β1

)
x
(
C3T

1
p′−α2 + C4T

1
p′R−β2

) 1
q

x

(∫
RN

Φ(y)dy

)1− 1
pq

, (72)

, ½Ë 	YË . T ð R 	á« �éÊ�®�J�Ó �éJ.k. ñÓ �IK. @ñ�K C4 ð C3 , C2 , C1
�IJ
k

T (1−α1)(1− 1
pq

)

{
inf
|y|>1

u0(Ry)

}1− 1
pq

6
(
C1T

1
q′−α1 + C2T

1
q′R−β1

)
x
(
C3T

1
p′−α2 + C4T

1
p′R−β2

) 1
q

(73)

: 	à


@ i. �J 	J

���	� (76) ú

	̄
R→ +∞ Éªk. ÈC 	g 	áÓ , @Q�
 	g



@

T (1−α1)(1− 1
pq

)

{
lim
|x|→+∞

inf u0(x)

}1− 1
pq

6 CT
1
q′−α1T

1
p′q−

α2
q .

. (54) QK
Y
�®�JË @ �HAJ. �K @
 Õç�' ú
ÍA

�JËAK. ð
ú

	̄
x = Ry ð t = Tτ Q�
 	ª�JÖÏ @ ÉK
YJ. �K

�é�®K
Q£
��J
J.¢

��ð (63) QK
Y
�®�JË @ Ð @Y 	j�J�A
K.

� . (55) QK
Y
�®�JË @ úÎ« É�m� 	' B ð A �H@PAJ.ªË @

: �éJ
ËA�JË @
�éÓ 	PCË@  ðQå��Ë @ © 	�	� , ÉÓA ��ð ú
Îm

× Ég Xñk. ð l .�

'A�J 	�K.

��Êª�JK
 AÒJ

	̄

: �éj. J
�� 	K 2.2.2
	Y
KY 	J« . é 	̄ A�K Q�


	«ð CÓA �� AJ.k. ñÓ A 	®J
 	ª 	� Cg ÉJ.
�®K
 (FDS) ÐA 	¢ 	JË @ 	à



@ A 	J 	�Q 	̄ @ 	X @


lim
|x|→∞

inf u0(x) = lim
|x|→∞

inf v0(x) = 0. (74)

: �éj. J
�� 	K 3.2.2
	àA¿ @ 	X @


lim
|x|→∞

inf u0(x) = +∞,

	àA¿ @ 	X @
 ð


@

lim
|x|→∞

inf v0(x) = +∞,

. é 	̄ A�K Q�

	«ð AJ.k. ñÓ AJ
Êm× A 	®J
ª 	� Cg CJ.

�®K
B (FDS) ÐA 	¢ 	JË @ 	Y
KY 	J«
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: �éj. J
�� 	K 4.2.2

A 	Jª 	�ð @ 	X@

A = lim

|x|→∞
inf u0(x) > 0

ð
B = lim

|x|→∞
inf v0(x) > 0

	Y
KY 	J«

T
α1+pα2
pq−1 ≤ C

A

ð

T
α2+qα1
pq−1 ≤ C ′

B

. C ′ �éJ.�
	�ËAK. Zú
æ

��Ë @ � 	® 	Kð (76) ú

	̄ éËA 	gX@
 Õç

�' �IK. A�K C �IJ
k
: ú
ÍA

�JËA¿ ù
 ë
�éJ
 	K A�JË @

�éJ
��

KQË @ A 	J�Jj. J

�� 	K

: �éK
Q 	¢	� 5.2.2

, é 	̄ A�K Q�

	«ð CÓA �� AJ.k. ñÓ A 	®J
ª 	� Cg ÉJ.

�®�K (FDS)
�éË


A�ÖÏ @ 	à



@ 	�Q 	® 	K

�IJ
m�'. K ð H 	àA�JK. A�K Yg. ñK

	Y
KY 	J«

lim
|x|→∞

inf u0(x)|x|
α1+pα2
pq−1 ≤ H, (75)

lim
|x|→∞

inf v0(x)|x|
α2+qα1
pq−1 ≤ K, (76)

	á�
ªK.
	Y 	g



B@ ©Ó |x|

α1+pα2
pq−1 YmÌ'@ AîD


	̄Q¢Ë 	­J
 	�
	�ð (76)

�é 	ªJ
�ÊË Yª	JË : 	àAëQ�. Ë @
: ú

�G
�
BA¿ (76)

�èPAJ.ªË @ iJ.��J 	̄ SuppΦ ⊂ {1 < |y| < 2} 	à


@ PAJ. �J«B
 @

T (1−α1)(1− 1
pq

) inf
|x|>R

{
u0(x)|x|

α1+pα2
pq−1

}1− 1
pq

≤
(
C1T

1
q′−α1 + C2T

1
q′R−β1

)(
C3T

1
p′−α2 + C4T

1
p′R−β2

) 1
q

(2R)
α1+pα2

pq ,

: úÎ« É�m� 	' Aê¢J
��. �K YªK. ð

T (1−α1)(1− 1
pq

) inf
|x|>R

{
u0(x)|x|

α1+pα2
pq−1

}1− 1
pq
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≤ T
1
q′−α1

(
C1 + C2T

α1R−β1
)
T

1
q

( 1
p′−α2) (

C3 + C4T
α2R−β2

) 1
q (2R)

α1+pα2
pq ,

: ú
ÎK
AÓ Ym.�
	' T = R

	Y 	g


AK.

inf
|x|>R

{
u0(x)|x|

α1+pα2
pq−1

}1− 1
pq

≤ 2
α1+pα2

pq R
1
q′−α1

(
C1 + C2R

α1−β1
)
R

1
q

( 1
p′−α2) (

C3 + C4R
α2−β2

) 1
q

R
α1+pα2

pq R−(1−α1)(1− 1
pq

),

: 	à


@ AÖß.

R
1
q′−α1R

1
q

( 1
p′−α2)

R
α1+pα2

pq R−(1−α1)(1− 1
pq

) = R0 = 1,
	à 	X@


inf
|x|>R

{
u0(x)|x|

α1+pα2
pq−1

}1− 1
pq

≤ 2
α1+pα2

pq
(
C1 + C2R

α1−β1
) (
C3 + C4R

α2−β2
) 1
q ,

Ym.�
	' |x| → +∞ Q 	k

�
@ ú 	æªÖß. R→ +∞ AÖÏ �éK
Aî 	DË @ úÍ@
 PðQÖÏ AK. ð{

lim inf
|x|>R

u0(x)|x|
α1+pα2
pq−1

}1− 1
pq

≤ 2
α1+pα2

pq

(
C1 + C2 lim

R→+∞
Rα1−β1

)(
C3 + C4 lim

R→+∞
Rα2−β2

) 1
q

,

A 	JK
YË 	àñºK
 α2 < β2 ð α1 < β1 AÒÊ�JÓð
limR→+∞R

α1−β1 = 0

A 	��



@ð

limR→+∞R
α2−β2 = 0

	à


@ ø




@{

lim inf
|x|>R

u0(x)|x|
α1+pα2
pq−1

}1− 1
pq

≤ 2
α1+pα2

pq .C1C
1
q

3 ,

. (75)
�èPAJ.ªË @ úÎ« A 	JëQK. Y

�̄ 	àñº	K H = 2
α1+pα2
pq−1

{
C1C

1
q

3

} pq
pq−1

A 	Jª 	�ð @ 	X@


. (76)
�èPAJ.ªË @ 	àAëQK. é 	JÓð , K = 2

α2+qα1
pq−1

{
C

1
p

1 C3

} pq
pq−1

A 	Jª 	�ð @ 	X@
 Zú
æ
��Ë @ � 	® 	Kð

�
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�IËA�JË @ É� 	®Ë@

h. Q�.Ó 	PAë
�èQÓ 	P úÎ« �HBXAªÓ ÐA 	¢ 	�

∼ � 	jÊÓ ∼

�IJ
k α
�éJ. �KQË @ 	áÓ t 	áÓ 	QË @ ú


	̄ ñ�JK. A¿ Ðñê 	®Öß. ø
 Qå�ºË@
���J ��ÖÏ @ cDα

0|t úÍ@
 Q�
 ��
	�

. (2N + 1) YªJ. Ë @ �H@ 	X h. Q�.Ó 	PAë
�èQÓ 	P úÎ« �CK. B Q�K 
ñÓ ∆H ð , (α ∈ (0, 1))

¡Ò	JË @ 	áÓ É
KA�ÒÊË ÈñÊg Xñk. ð ÐYªË l .�

'A�J 	JË @ 	�ªK. 	�Qª	K �éK
 @YJ. Ë @ ú


	̄

cDα1

0|t1 (u) +c Dα2

0|t2 (u) + (−∆H)α/2 (|u|m) = |u|p (77)

: �IJ
k (η, t1, t2) É¿ Ég.


@ 	áÓ ½Ë 	Xð

(η, t1, t2) ∈ Q = HNxR+xR+, N ∈ N
�éJ

K @Y�JK. B
 @  ðQå��Ë @ �IJ
k

u (η, t1, 0) = u1 (η, t1) , u (η, 0, t2) = u2 (η, t2) (78)

. 0 < α1 < α2 < 1 ð m ∈ N ð , ù

�®J

�®k XY« 1 < p A 	Jë

. 	á�
�JËXAªÓ 	áÓ 	àñº�JK
 �HBXAªÓ ÐA 	¢ 	JË l .�

'A�J 	JË @ 	�ªK. 	�@Qª�J�A
K. Ðñ

�® 	K Õç�'

{
cDα1

0|t1 (u) +c Dα2

0|t2 (u) + (−∆H)α/2 (|u|m) = |v|p
cDβ1

0|t1 (v) +c Dβ2
0|t2 (v) + (−∆H)β/2 (|v|n) = |u|q

(79)

: �IJ
k
(η, t1, t2) ∈ Q = HNxR+xR+, N ∈ N

�éJ

K @Y�JK. B
 @  ðQå��Ë @ð
u (η, t1, 0) = u1 (η, t1) , u (η, 0, t2) = u2 (η, t2) (80)

v (η, t1, 0) = v1 (η, t1) , v (η, 0, t2) = v2 (η, t2) (81)

�éJ.k. ñÓ
�éJ

�®J

�®k X@Y«



@ q , p A 	Jë

. 0 < α, β ≤ 2 , 0 < β1 < β2 < 1 , 0 < α1 < α2 < 1 ð
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: É 	gYÓ 1.3

ZA 	� 	®Ë @ ù
 ë (2N + 1) YªJ. Ë @ �H@ 	X HN h. Q�.Ó 	PAë
�èQÓ 	P

R2N+1 =
{
η = (x, y, τ) ∈ RNx RNx R

}
,

: ú
ÎK
AÒ»
	¬QªÖÏ @ ” ◦ ” I. J
»Q

��Ë @ 	àñ	KA �®K. Xð 	QÓ
η ◦ η̃ = (x+ x̃, y + ỹ, τ + τ̃ + 2 (〈x, ỹ〉 − 〈x̃, y〉))

η−1 = (−x, −y, τ) ,

�IJ
k
η = (x, y, τ) = (x1, . . . , xN , y1, . . . , yN , τ) ,

η̃ = (x̃, ỹ, τ̃) = (x̃1, . . . , x̃N , ỹ1, . . . , ỹN , τ̃) ,

〈x, ỹ〉 − 〈x̃, y〉 =
N∑
i=1

xiỹi −
N∑
i=1

x̃iyi =
N∑
i=1

(xiỹi − x̃iyi) .

YK
Ym�
�' Õ �æK
ð . 6ú
Í

�èQÓ 	P �éJ

	�K. �H@ 	X �èQÓ 	P HN �èQÓ 	QË @ 	áÓ Éªm.�'
 	àñ	KA �®Ë @ @ 	Yë

: �H@Q�K 
ñÖÏ @ 	áÓ A�̄C¢	�@
 HN úÎ« ∆H �CK. B

Yi =
∂

∂yi
− 2xi

∂

∂τ
, Xi =

∂

∂xi
+ 2yi

∂

∂τ
�é 	ªJ
�ËAK.

∆H =
N∑
i=1

(
X2
i + Y 2

i

)
, (82)

�é 	ªJ
�Ë@ A 	JJ
¢ªK
 ¡J
��. H. A�k Õç�'

∆H =
N∑
i=1

(
∂2

∂x2
i

+
∂2

∂y2
i

+ 4yi
∂2

∂xi∂τ
− 4xi

∂2

∂yi∂τ
+ 4

(
x2
i + y2

i

) ∂2

∂τ 2
,

)
(83)

7ÉÊj�JÓ ú
j. ÊJ
Êë@
 Q
�K 
ñÓ ñë ∆H Q�K 
ñÖÏ A

. ( [26] Q 	¢	�


@ ) 1 Yg@ð �éJ. �KQË @ 	áÓ ø
 Y

	KAÓPñë  Qå���. ùÒ��
 AÓ ���®m�'

: 	à



B �èQÓ 	QË @ ú


	̄ PA��
Ë @ 	áÓ I. J
»Q
��Ë @ �éJ
ÊÔ«

��K
Q£ 	á« �IK. A�K ð

6 Groupe de Lie
7∆H est un opérateur elliptique dégénéré
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∆H (u (η ◦ η̃)) = (∆Hu) (η ◦ η̃) , ∀ (η, η̃) ∈ HNx HN ,

�é 	ªJ
�ËAK. Z A 	� 	®ÊË Õæ

	¢ 	JË @ 	¬QªK
ð

|η|HN =

τ 2 +

(
N∑
i=1

(
x2
i + y2

i

))2
1/4

, (84)

�	�Aj. �JÓ ñëð
HN úÎ« η̃

�é¢�® 	JË @ úÍ@
 η
�é¢�® 	JË @ 	áÓ �éJ
Ê 	g@YË@ �é 	̄ A�ÖÏ @ YK
Ym�

�' 	áºÖß
 ½Ë 	YË A �® 	̄ðð
É¾ ��ËAK.

d (η, η̃) = |η̃−1 ◦ η|HN

úÍ@

�éJ.�

	�ËAK. úÍð


B@ �ék. PYË@ 	áÓ �	�Aj. �JÓ η → |η|HN , 	à



@ �é 	¢kCÓ A 	��




@ ÑêÖÏ @ 	áÓð

: 8 �H@XYÒ�JÊË �éJ
ªJ
J.¢Ë@
�èQÓ 	QË @

δλ (η) =
(
λx, λy, λ2τ

)
, λ > 0 (85)

XYÒ�JË @ úÍ@

�éJ.�

	�ËAK. 2
�ék. PYË@ 	áÓ �	�Aj. �JÓ ∆H Q�K 
ñÖÏ @ (86)

�é 	ªJ
�Ë@ 	áÓ
�
A 	��




@ 	¡kB

ñëð , (88) ú

	̄ 	¬QªÖÏ @ δλ

∆H = λ2δλ (∆H) .

	áÓð ρ = |η|HN úÎ« ¡�® 	̄ ½Ë 	X YÒ�JªK
 u È@ðYË@ úÎ« ∆H ( Q�
�K


A�K ) ÉÒªK.

��Êª�JK
 AÒJ

	̄

½Ë 	X �éK
 
ðP ÉîD�Ë @

∆H (ρ) = a (η)

(
d2u

dρ2
+
Q− 1

ρ

du

dρ

)
,

: ú
ÎK
AÒ»
�é 	̄QªÓ a �éË @YË@ �IJ
k

a (η) =
N∑
i=1

x2
i + y2

i

ρ2

Q = 2N + 2 ð
. HN �Ë �	�Aj. �JÖÏ @ YªJ. Ë @ ùÒ��
 Q Q�
 	g



B@ XYªË@ @ 	Yë

. [39], [38], [31], [23], [16], [15], [5] ©k. @QÖÏ @ 	�ªK. ½J
Ë @
 Q
��»


@ ÉJ
�A 	®�JËð

8 Groupe naturel des dilatations
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: �èYg@ð �éK
Qå�» �éËXAªÓ �éËAg 2.3

: 	­K
Qª�K 1.2.3

: 	áK



@ AJ
Êm×

�éÊÓA¾ÒÊË �éÊK. A
�̄ �éË @X u 	áº�JË

u ∈ Lmloc(QT ) ∩ Lploc(QT ),

�IJ
k QT ú

	̄

(161)
�é 	ªJ
�ÊË 	­J
ª 	�Ë@ ú
ÎjÖÏ @ ÉmÌ'@ ùÒ��
(

QT = HNx [0, T ] x [0, T ]
)
,

: �éJ

K @Y�JK. B
 @  ðQå��ÊË © 	�	m�'
ð

u1, u2 ∈ L1
loc

(
HN [0, T ]

)
,

�è @ðA�ÖÏ @ �I	KA¿ @ 	X @
∫
QT

|u|pϕdw +

∫
QT

u2D
α1

t1|Tϕdw +

∫
QT

u1D
α2

t2|Tϕdw

=

∫
QT

uDα1

t1|Tϕdw +

∫
QT

uDα2

t2|Tϕdw +

∫
QT

|u|m (−∆H)α/2 ϕdw, (86)

ð , (ϕ ∈ C∞0 (QT )) �IJ
k PAJ. �J 	k@

�éË @X ϕ ø




@ Ég.



@ 	áÓ �é�®�®m×

ϕ (ξ) =


1 if 0 ≤ ξ ≤ 1,
↘ if 1 ≤ ξ ≤ 2,

0 if ξ ≥ 2,
(87)

©Ó

ϕ (η, t1, T ) = ϕ (η, T, t2) = 0 , ϕ ≥ 0 , dw = dηdt1dt2

. T = +∞ @ 	X @
 ÉÓA ��Ë@ ÉmÌ'@ ùÒ��
ð

: �éK
Q 	¢	� 2.2.3

	áºJ
Ë

1 < m < p < pc = m+
mα− (m− 1)( α

α1
+ α

α2
)

2N + 2− α + ( α
α1

+ α
α2

)
,
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ð∫
Q

u2D
α1

t1|Tϕdw > 0,

∫
Q

u1D
α2

t2|Tϕdw > 0.

. é 	̄ A�K Q�

	« 	­J
ª 	� ÉÓA �� Ég AîE
YË ��
Ë (77)

�éËXAªÖÏ @ 	Y
KY 	J«
3.2.3

�éJ
 	�Q 	®Ë @ h. A�Jm�
	' , ÉJ
ËYÊË

: �éJ
 	�Q 	̄ 3.2.3

: 	Y
KY 	J« . ϕ ∈ C∞0
(
R2N+1

) 	à


@ 	�Q 	® 	K F ∈ C2(R)

�éK. YjÖÏ @ �éË @YË @ Q�. �Jª 	JË

F ′(ϕ)(−∆H)α/2ϕ ≥ (−∆H)α/2F (ϕ), (88)

AëY	J« ϕ ∈ C∞0
(
R2N+1

)
, ð F (0) = 0 @ 	X @
 ,�ñ�	mÌ'@ ék. ð úÎ«∫

R2N+1

F ′(ϕ)(−∆H)α/2ϕdη ≥ 0 (89)

, Ég.


@ 	áÓ (88) ÐY 	j�J�	� 	¬ñ� 	à

�
B@

F (ϕ) = ϕσ , σ � 1 , ϕ ≥ 0


@Q�® 	K �éËAmÌ'@ è 	Yë ú


	̄

σϕσ−1(ϕ)(−∆H)α/2ϕ ≥ (−∆H)α/2ϕσ, (90)

[32] 	áÓ �è 	Xñ 	k


AÓ �éJ
ËA�JË @

�é
J£ñ�JË @ úÍ@
 h. A�Jm�
	'

: �é
J£ñ�K 4.2.3

PAJ. �J 	k@

�éË @X Yg. ñ�K

	Y
KY 	J« ,
∫
R2N+1

fdη ≥ 0 ð f ∈ L1
(
R2N+1

) 	áºJ
Ë
: �IJ
m�'. 0 ≤ ϕ ≤ 1∫

R2N+1

fϕdη ≥ 0. (91)
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: �é 	¢kCÓ

© 	�	� AgC¢�@
∫
QT

=

∫ T

0

∫ T

0

∫
R2N+1

,

∫
Q

=

∫ ∞
0

∫ ∞
0

∫
R2N+1

: �éK
Q 	¢	JË @ 	àAëQK.

9 �é�Ê� PAJ. �J 	k@

�éË @X ϕ ð Ég u 	à



@ 	�Q 	® 	K @ 	YêË , 	��̄ A 	J�JË AK. 	àAëQ�. Ë @

: 	à


@ �IJ
k

�éJ
J. Ê� Q�

	«

A(ϕ) =

∫
Q

|Dα1

t1|Tϕ
σ|

p
p−1ϕ

−σ
p−1dw <∞,

B(ϕ) =

∫
Q

|Dα2

t2|Tϕ
σ|

p
p−1ϕ

−σ
p−1dw <∞, (92)

K(ϕ) =

∫
Q

|(−∆H)α/2ϕ|
p

p−mϕ(σ− p
p−m )dw <∞,

úÎ« É�m� 	' (90) Ð@Y 	j�J�A
K. ð (86) ú

	̄
ϕ 	áÓ BYK. ϕσ, σ � 1

	Y 	g


@ ©Ó , Õç�'∫

Q

|u|pϕσdw +

∫
Q

u2D
α1

t1|Tϕ
σdw +

∫
Q

u1D
α2

t2|Tϕ
σdw

=

∫
Q

uDα1

t1|Tϕ
σdw +

∫
Q

uDα2

t2|Tϕ
σdw +

∫
Q

|u|m (−∆H)α/2 ϕσdw

≤
∫
Q

uDα1

t1|Tϕ
σdw +

∫
Q

uDα2

t2|Tϕ
σdw +

∫
Q

|u|mσϕσ−1 (−∆H)α/2 ϕdw∫
Q

uDα1

t1|Tϕ
σdw Ég.



@ 	áÓ •

ε− Y oung �émk. @Q
��Ó ��K
Q£ 	á«

ab ≤ εap + C(ε)b
p
p−1 , a ≥ 0, b ≥ 0

úÎ« É�m� 	'

uDα1

t1|Tϕ
σ ≤ |u||Dα1

t1|Tϕ
σ| = ϕ

σ
pϕ

−σ
p |u||Dα1

t1|Tϕ
σ| = |u|ϕ

σ
p |Dα1

t1|Tϕ
σ|ϕ

−σ
p

9ϕ ∈ C∞(QT ) est une fonction lisse
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ϕ
σ
pϕ

−σ
p = ϕ

σ
p
−σ
p = ϕ0 = 1 	à



B

	Y
KY 	J« , b = |Dα1

t1|Tϕ
σ|ϕ

−σ
p ð a = |u|ϕ

σ
p A 	Jª 	�ð @ 	X@


uDα1

t1|Tϕ
σ ≤ ab ≤ εap + C(ε)b

p
p−1 = ε

(
|u|ϕ

σ
p

)p
+ C(ε)

(
|Dα1

t1|Tϕ
σ|ϕ

−σ
p

) p
p−1

m

uDα1

t1|Tϕ
σ ≤ ε|u|pϕσ + C(ε)|Dα1

t1|Tϕ
σ|

p
p−1ϕ

−σ
p−1

⇓∫
Q

uDα1

t1|Tϕ
σdw ≤ ε

∫
Q

|u|pϕσdw + C(ε)

∫
Q

|Dα1

t1|Tϕ
σ|

p
p−1ϕ

−σ
p−1dw

m∫
Q

uDα1

t1|Tϕ
σdw ≤ ε

∫
Q

|u|pϕσdw + C(ε)A(ϕ) (I1)∫
Q

uDα2

t2|Tϕ
σdw Ég.



@ 	áÓ •

α1
	àA¾Ó α2 ð t1

	àA¾Ó t2 © 	�ð ©Ó �é�®K. A�Ë@ �é�®K
Q¢Ë@
	Y 	g



A 	K

úÎ« Èñ�jÊË∫
Q

uDα2

t2|Tϕ
σdw ≤ ε

∫
Q

|u|pϕσdw + C(ε)B(ϕ) (I2)∫
Q

|u|mσϕσ−1 (−∆H)α/2 ϕdw Ég.


@ 	áÓ •

ε− Y oung �émk. @Q
��Ó ��K
Q£ 	á«

ab ≤ εa
p
m + C(ε)b

p
p−m , a ≥ 0, b ≥ 0

úÎ« É�m� 	'

|u|mσϕσ−1 (−∆H)α/2 ϕ = 1.|u|mσϕσ−1 (−∆H)α/2 ϕ

= ϕ
mσ
p ϕ

−mσ
p |u|mσϕσ−1 (−∆H)α/2 ϕ

	à


B

ϕ
mσ
p ϕ

−mσ
p = ϕ

mσ
p
−mσ

p = ϕ0 = 1
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, b = | (−∆H)α/2 |σϕσ−1−mσ
p ð a = |u|mϕ

mσ
p A 	Jª 	�ð @ 	X@
	Y
KY 	J«

|u|mσϕσ−1 (−∆H)α/2 ϕ ≤ ab ≤ εa
p
m + C(ε)b

p
p−m

εa
p
m + C(ε)b

p
p−m = ε

(
|u|mϕ

mσ
p

) p
m

+ C(ε)
(
| (−∆H)α/2 |σϕσ−1−mσ

p

) p
p−m

m

|u|mσϕσ−1 (−∆H)α/2 ϕ ≤ ε|u|pϕσ + C(ε)| (−∆H)α/2 |
p

p−mσ
p

p−mϕ(σ−1−mσ
p

) p
p−m

m

|u|mσϕσ−1 (−∆H)α/2 ϕ ≤ ε|u|pϕσ + C(ε)| (−∆H)α/2 |
p

p−mσ
p

p−mϕ(σ− p
p−m )

⇓∫
Q

|u|mσϕσ−1 (−∆H)α/2 ϕdw ≤ ε

∫
Q

|u|pϕσdw

+C(ε)σ
p

p−m

∫
Q

| (−∆H)α/2 |
p

p−mϕ(σ− p
p−m )dw

m∫
Q

|u|mσϕσ−1 (−∆H)α/2 ϕdw ≤ ε

∫
Q

|u|pϕσdw + C(ε)σ
p

p−mK(ϕ) (I3)

(I3) , (I2) , (I1) 	áÓð C = max
{
C(ε), C(ε)σ

p
p−m

}
ð ε = 1

6
PA�J	m� 	' 	à

�
B@

úÎ« É�m� 	'∫
Q

|u|pϕσdw +

∫
Q

u2D
α1

t1|Tϕ
σdw +

∫
Q

u1D
α2

t2|Tϕ
σdw

≤ 1

2

∫
Q

|u|pϕσdw + C (A(ϕ) + B(ϕ) +K(ϕ)) (93)

É¾ ��ËAK. , ϕ (η, t1, t2) PAJ. �J 	k


B@ �éË @X 	à

�
B@ 	Y 	g



A 	K

ϕ (η, t1, t2) = ϕ1 (η)ϕ2 (t1)ϕ3 (t2) , (94)

, ϕ2 (t1) = ψ

(
t1
Rρ1

)
ð , ϕ1 (η) = ψ

(
τ 2 + |x|4 + |y|4

R4

)
	áK



@

. ρ2 =
α(p− 1)

α2(p−m)
ð ρ1 =

α(p− 1)

α1(p−m)
ð , ϕ3 (t2) = ψ

(
t2
Rρ2

)
ð

É¾ ��ËAK.
�é 	̄QªÓ Ω3 , Ω2 , Ω1

�HA«ñÒj. ÖÏ @ð
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Ω1 =
{
η̃ ∈ H; 0 < τ̃ 2 + |x̃|4 + |ỹ|4 ≤ 2

}
,

Ω2 =
{
t̃1; 0 ≤ t̃1 ≤ 2

}
,

Ω3 =
{
t̃2; 0 ≤ t̃2 ≤ 2

}
,

ú
ÍA
�JË @ Q�
 	ª�JÖÏ @ ÉK
YJ. �K ø
 Qm.�

	'
, t̃2 = R−ρ2t2 , t̃1 = R−ρ1t1 , ỹ = R−1y , x̃ = R−1x , τ̃ = R−2τ

�H@QK
Y
�®�JË @ úÎ« É�m� 	'

A(ϕ) ≤ ARa, B(ϕ) ≤ BRb, K(ϕ) ≤ KRk. (95)

©Ó

a = −α1ρ1p

p− 1
+ 2N + 2 + ρ1 + ρ2 = − αp

p−m
+ 2N + 2 + ρ1 + ρ2,

b = −α2ρ2p

p− 1
+ 2N + 2 + ρ1 + ρ2 = − αp

p−m
+ 2N + 2 + ρ1 + ρ2,

k = − αp

p−m
+ 2N + 2 + ρ1 + ρ2,

v = − αp

p−m
+ 2N + 2 + ρ1 + ρ2 © 	�	�

	Y
KY 	J«

A(ϕ) ≤ ARv, B(ϕ) ≤ BRv, K(ϕ) ≤ KRv (96)

ú

	̄ AêÒJ
J


�®�K Õç�' ,I. �
�KQ
��Ë @ úÎ« K(ϕ) , B(ϕ) , A(ϕ) ù
 ë K , B , A �IK. @ñ�JË @

. Ω1 x Ω2 x Ω3

@ 	X @

	à
�
B@

− αp

p−m
+ 2N + 2 + ρ1 + ρ2 < 0 ⇔ p < pc,

úÎ« É�m� 	' , (93) ú

	̄
R→∞ h. @PXA
K.

	Y
KY 	J«∫
Q

|u|pϕσdw = 0 ⇒ u ≡ 0

� . 	��̄ A 	J�K @ 	Yë
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: �éK
Qå�ºË@ �HBXAªÖÏ @ ÐA 	¢ 	� 3.3

Q�. �Jª 	JË{
cDα1

0|t1 (u) +c Dα2

0|t2 (u) + (−∆H)α/2 (|u|m) = |v|p
cDβ1

0|t1 (v) +c Dβ2
0|t2 (v) + (−∆H)β/2 (|v|n) = |u|q

(97)

: �IJ
k (η, t1, t2) É¿ Ég.


@ 	áÓ 	à



@ 	X @


(η, t1, t2) ∈ Q = HNx R+x R+, N ∈ N
�éJ

K @Y�JK. B
 @  ðQå��Ë @ �IJ
k

u (η, t1, 0) = u1 (η, t1) , u (η, 0, t2) = u2 (η, t2) (98)

v (η, t1, 0) = v1 (η, t1) , v (η, 0, t2) = v2 (η, t2) (99)

ð , �éJ.k. ñÓ
�éJ

�®J

�®k X@Y«



@ q , p A 	Jë

. 0 < α, β ≤ 2 , 0 < β1 < β2 < 1 , 0 < α1 < α2 < 1

© 	�	JË

I0 =

∫
Q

u2D
α1

t1|Tϕdw +

∫
Q

u1D
α2

t2|Tϕdw

J0 =

∫
Q

v2D
β1
t1|Tϕdw +

∫
Q

v1D
β2
t2|Tϕdw

dw = dηdt1dt2. , �IJ
k

: 	­K
Qª�K 1.3.3

�IJ
k (u, v) 	à


@ Èñ�® 	K

(u, v) ∈ (Lqloc(Q) ∩ Lmloc(Q)) (Lploc(Q) ∩ Lnloc(Q)) ,

: @ 	X @
 (97) �HBXAªÓ �éÊÒm.Ì
	­J
ª 	� Ég

∫
Q

|v|pϕdw + I0 =

∫
Q

uDα1

t1|Tϕdw +

∫
Q

uDα2

t2|Tϕdw +

∫
Q

|u|m (−∆H)α/2 ϕdw∫
Q

|u|qϕdw + J0 =

∫
Q

vDβ1
t1|Tϕdw +

∫
Q

vDβ2
t2|Tϕdw +

∫
Q

|v|n (−∆H)β/2 ϕdw

(100)

. ϕ PAJ. �J 	k@

�éË @X É¿ Ég.



@ 	áÓ

: © 	�	� 	à
�
B@

50



σ1 = − 1

pq − 1

[
pqα1 + pβ1 − 2 (pq − 1)

−
(

(pq − p)α1

α
+

(p− 1)β1

β

)
(2N + 2)

]
,

σ2 = − 1

pq − 1

[
pqα1 + pβ2 − 2(pq − p)

−
(

(pq − p)α1

α
+

(p− 1)β1

β

)
(2N + 2)

]
,

σ3 = − 1

pq − n

[
pqα1 + pβ1 − 2 (2pq − nq − p)

−
(

(pq − p)α1

α
+

(pq − nq)β1

β

)
(2N + 2)

]
,

σ4 = − 1

pq − 1

[
pqα2 + pβ1 − 2 (pq − 1)−

(
(pq − p)α1

α
+

(p− 1)β1

β

)
(2N + 2)

]
,

σ5 = − 1

pq − 1

[
pqα2 + pβ2 − 2 (pq − 1)−

(
(p− 1)α1

α
+

(pq − p)β1

β

)
(2N + 2)

]
,

σ6 = − 1

pq − n

[
pqα2 + pβ1 − 2 (pq − n)−

(
(pq − p)α1

α
+

(p− n)β1

β

)
(2N + 2)

]
,

σ7 = − 1

pq −m

[
pqα1 + pmβ1 − 2 (pq −m)

−
(

(pq − pm)α1

α
+

(mp−m)β1

β

)
(2N + 2)

]
,

σ8 = − 1

pq −m

[
pqα1 + pmβ2 − 2 (pq −m)

−
(

(pq − pm)α1

α
+

(mp−m)β1

β

)
(2N + 2)

]
,

σ9 = − 1

pq − nm

[
pqα1 + pmβ1 − 2 (pq − nm)

−
(

(pq − pm)α1

α
+

(mp− nm)β1

β

)
(2N + 2)

]
,

51



: �éK
Q 	¢	� 2.3.3

	à


@ 	�Q 	® 	Kð , p > n , q > m , p > 1 , q > 1 	áºJ
Ë∫

Q

u2D
α1

t1|Tϕ
µdw > 0 ,

∫
Q

u1D
α2

t2|Tϕ
µdw > 0,∫

Q

v2D
β1
t1|Tϕ

µdw > 0 ,

∫
Q

v1D
β2
t2|Tϕ

µdw > 0,

	àA¿ @ 	X @


max {σ1, . . . , σ9, δ1, . . . , δ9} ≤ 0

. é 	̄ A�K Q�

	« AJ
Êm× A 	®J
ª 	� Cg ÉJ.

�®�KB (97) �HBXAªÖÏ @ �éÊÔg.
	Y
KY 	J«

(u, v) 	�Q 	® 	JË . 	�J

�® 	JË AK. 	áëQ�. 	K , 2.2.3

�éK
Q 	¢	JË @ �HAJ. �K @
 ú

	̄ ÈAmÌ'@ ñë AÒ» : 	àAëQK.

(100) ú

	̄
ϕµ

�é¢�@ñK. ϕ È@YJ.
���A
K. ð .I. �A 	JÖÏ @ �I�̄ñË@ ú


	̄ é 	̄ A�K Q�

	« A

�	®J
ª 	� CÓA ��
�
Cg

úÍ@
 ø
 X

ñ�K (100)

�é 	ªJ
�Ë@ 	àA

	̄ , �éJ.k. ñÓ v0 ð u0

�éJ
Ëð


B@  ðQå��Ë @ 	à



@ AÖß.ð


∫
Q

|v|pϕµdw ≤
∫
Q

uDα1

t1|Tϕ
µdw +

∫
Q

uDα2

t2|Tϕ
µdw +

∫
Q

|u|m (−∆H)α/2 ϕµdw∫
Q

|u|qϕµdw ≤
∫
Q

vDβ1
t1|Tϕ

µdw +

∫
Q

vDβ2
t2|Tϕ

µdw +

∫
Q

|v|n (−∆H)β/2 ϕµdw

(101)

: �éJ
ËA�JË @ �H@QK
Y
�®�JË @ úÎ« É�m� 	' PYËñë �émk. @Q

��Ó ��J
J.¢
��K.

q > m Ég.


@ 	áÓ∫

Q

|u|m
∣∣∣(−∆H)α/2 ϕµ

∣∣∣ dw ≤ µ

(∫
Q

|u|q ϕµdw
)m

q

x

(∫
Q

ϕµ−
q

q−m

∣∣∣(−∆H)α/2 ϕ
∣∣∣ q
q−m

dw

) q−m
q

, (102)

q > 1 Ég.


@ 	áÓ •

∫
Q

u
∣∣∣Dα1

t1|Tϕ
µ
∣∣∣ dw ≤ (∫

Q

|u|q ϕµdw
) 1

q

x

(∫
Q

∣∣∣Dα1

t1|Tϕ
µ
∣∣∣ q
q−1

ϕ
−µ
q−1dw

) q−1
q

,

(103)
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ð

∫
Q

u
∣∣∣Dα2

t2|Tϕ
µ
∣∣∣ dw ≤ (∫

Q

|u|q ϕµdw
) 1

q

x

(∫
Q

∣∣∣Dα2

t2|Tϕ
µ
∣∣∣ q
q−1

ϕ
−µ
q−1dw

) q−1
q

(104)
A 	JK
YË , É�JÖÏ AK. ð
p > n Ég.



@ 	áÓ∫

Q

|v|n
∣∣∣(−∆H)β/2 ϕµ

∣∣∣ dw ≤ µ

(∫
Q

|v|p ϕµdw
)n

p

x

(∫
Q

ϕµ−
p

p−n

∣∣∣(−∆H)β/2 ϕ
∣∣∣ p
p−n

dw

) p−n
p

(105)

p > 1 Ég.


@ 	áÓ •

∫
Q

v
∣∣∣Dβ1

t1|Tϕ
µ
∣∣∣ dw ≤ (∫

Q

|v|p ϕµdw
) 1

p

x

(∫
Q

∣∣∣Dβ1
t1|Tϕ

µ
∣∣∣ p
p−1

ϕ
−µ
p−1dw

) p−1
p

,

(106)
ð

∫
Q

v
∣∣∣Dβ2

t2|Tϕ
µ
∣∣∣ dw ≤ (∫

Q

|v|p ϕµdw
) 1

p

x

(∫
Q

∣∣∣Dβ2
t2|Tϕ

µ
∣∣∣ p
p−1

ϕ
−µ
p−1dw

) p−1
p

,

(107)
	á�
J
ª�JK. A 	JÔ�̄ @ 	X @


Iu =

∫
Q

|u|q ϕµdw , Iv =

∫
Q

|v|p ϕµdw,

A (q,m) = µ

(∫
Q

ϕµ−
q

q−m

∣∣∣(−∆H)α/2 ϕ
∣∣∣ q
q−m

dw

) q−m
q

,

A (p, n) = µ

(∫
Q

ϕµ−
p

p−n

∣∣∣(−∆H)β/2 ϕ
∣∣∣ p
p−n

dw

) p−n
p

,

B (q) =

(∫
Q

∣∣∣Dα1

t1|Tϕ
µ
∣∣∣ q
q−1

ϕ
−µ
q−1dw

) q−1
q

,

53



B (p) =

(∫
Q

∣∣∣Dβ1
t1|Tϕ

µ
∣∣∣ p
p−1

ϕ
−µ
p−1dw

) p−1
p

,

C (q) =

(∫
Q

∣∣∣Dα2

t2|Tϕ
µ
∣∣∣ q
q−1

ϕ
−µ
q−1dw

) q−1
q

,

C (p) =

(∫
Q

∣∣∣Dβ2
t2|Tϕ

µ
∣∣∣ p
p−1

ϕ
−µ
p−1dw

) p−1
p

,

Iµ0 =

∫
Q

u2D
α1

t1|Tϕ
µdw +

∫
Q

u1D
α2

t2|Tϕ
µdw, (108)

Jµ0 =

∫
Q

v2D
β1
t1|Tϕ

µdw +

∫
Q

v1D
β2
t2|Tϕ

µdw, (109)

. (107) , (106) , (105) , (104) , (103) , (102) �H@QK
Y
�®�JË @ ÈAÒª�J�A
K. ,

	Y
KY 	J«
É¾ ��Ë@ úÎ« (101) I. �Jº	K 	à



@ A 	J 	JºÖß


Iv + Iµ0 ≤ I
1
q
uB(q) + I

1
q
u C(q) + I

m
q
u A(q,m)

Iu + Jµ0 ≤ I
1
p
v B(p) + I

1
p
v C(p) + I

n
p
v A(p, n)

A 	JK
YË 	àñºK
 Iµ0 > 0 , Jµ0 > 0 	áÓð

Iv ≤ I
1
q
uB(q) + I

1
q
u C(q) + I

m
q
u A(q,m), (110)

Iu ≤ I
1
p
v B(p) + I

1
p
v C(p) + I

n
p
v A(p, n), (111)

A 	JK
YË , (111) ð (110) 	áÓ , 	à
�
B@

Iv + Iµ0 ≤
(
I

1
pq
v B

1
q (p) + I

1
pq
v C

1
q (p) + I

n
pq
v A

1
q (p, n)

)
B(q)

+

(
I

1
pq
v B

1
q (p) + I

1
pq
v C

1
q (p) + I

n
pq
v A

1
q (p, n)

)
C(q)

+
(
I
m
pq
v B

m
q (p) + I

m
pq
v C

m
q (p) + I

nm
pq
v A

m
q (p, n)

)
A(q,m),

ú

	æªK
 	© 	KñK


�émk. @Q
��Ó ��J
J.¢

�� @ 	YË

Iv + Iµ0 ≤ K

[(
B

1
q (p)B(q)

) pq
pq−1

+
(
C

1
q (p)B(q)

) pq
pq−1

+
(
A

1
q (p, n)B(q)

) pq
pq−n

+
(
B

1
q (p)C(q)

) pq
pq−1

+
(
C

1
q (p)C(q)

) pq
pq−1

+
(
A

1
q (p, n)C(q)

) pq
pq−n
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+
(
B

m
q (p)A(q,m)

) pq
pq−m

+
(
C

m
q (p)A(q,m)

) pq
pq−m

+
(
A

m
q (p, n)A(q,m)

) pq
pq−nm

]
,

É¾ ��Ë@ ú

	̄
ϕ(η, t1, t2) PAJ. �J 	kB
 @

�éË @X 	à
�
B@ 	Y 	g



A 	JË

ϕ(η, t1, t2) = ψ

(
τ 2θj + |x|4θj + |y|4θj

R4

)
ψ

(
t1
R

)
ψ

(
t2
R

)
, j = 1, 2,

. YªK. AÒJ

	̄ èYK
Ym�

�' Õ �æJ
� θj ð
	Y
KY 	J«

∆Hϕ (η) = ψ

(
t1
R

)
ψ

(
t2
R

)
∆Hψ (ρ) ,

	áK



@

ρ =
τ 2θj + |x|4θj + |y|4θj

R4
,

ð

∆Hψ (ρ) =
N∑
i=1

[
∂2ψ (ρ)

∂x2
i

+
∂2ψ (ρ)

∂y2
i

+ 4yi
∂2ψ (ρ)

∂xi∂τ

−4xi
∂2ψ (ρ)

∂yi∂τ
+ 4

(
x2
i + y2

i

) ∂2ψ (ρ)

∂τ 2

]
,

A 	JK
YË

∂2ψ (ρ)

∂x2
i

=
∂

∂xi

(
∂ρ

∂xi

∂ψ(ρ)

∂ρ

)
=
∂2ρ

∂x2
i

ψ′(ρ) +

(
∂ρ

∂xi

)2

ψ′′(ρ)

=
4θj
R4

(
|x|4θj−2 + (4θj − 2)x2

i |x|4θj−4
)
ψ′(ρ) +

16θ2
j

R8
x2
i |x|8θj−4ψ′′(ρ),

ð

∂2ψ (ρ)

∂y2
i

=
∂

∂yi

(
∂ρ

∂yi

∂ψ(ρ)

∂ρ

)
=
∂2ρ

∂y2
i

ψ′(ρ) +

(
∂ρ

∂yi

)2

ψ′′(ρ)

=
4θj
R4

(
|y|4θj−2 + (4θj − 2) y2

i |y|4θj−4
)
ψ′(ρ) +

16θ2
j

R8
y2
i |y|8θj−4ψ′′(ρ),

ð
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4yi
∂2ψ (ρ)

∂xi∂τ
= 4yi

∂

∂xi

(
∂ρ

∂τ

∂ψ(ρ)

∂ρ

)
= 4yi

[
∂2ρ

∂xi∂τ
ψ′(ρ) +

(
∂ρ

∂τ

)(
∂ρ

∂xi

)
ψ′′ (ρ)

]
= 4yi

[
∂

∂xi

(
2θj
R4

τ 2θj−1

)
ψ′(ρ) +

(
2θj
R4

τ 2θj−1

)(
4θj
R4
|x|4θj−2xi

)
ψ′′(ρ)

]
=

8θ2
j

R8
τ 2θj−1|x|4θj−2xiyiψ

′′ (ρ) ,

ð

−4xi
∂2ψ (ρ)

∂yi∂τ
= −4xi

∂

∂yi

(
∂ρ

∂τ

∂ψ(ρ)

∂ρ

)
= −4xi

[
∂2ρ

∂yi∂τ
ψ′(ρ) +

(
∂ρ

∂τ

)(
∂ρ

∂yi

)
ψ′′ (ρ)

]
= −4xi

[
∂

∂yi

(
2θj
R4

τ 2θj−1

)
ψ′(ρ) +

(
2θj
R4

τ 2θj−1

)(
4θj
R4
|y|4θj−2yi

)
ψ′′(ρ)

]
= −

8θ2
j

R8
τ 2θj−1|y|4θj−2xiyiψ

′′ (ρ) ,

ð

4
(
x2
i + y2

i

) ∂2ψ (ρ)

∂τ 2
= 4

(
x2
i + y2

i

) ∂
∂τ

(
∂ρ

∂τ

∂ψ (ρ)

∂ρ

)

= 4
(
x2
i + y2

i

) [(∂2ρ

∂τ 2

)
ψ′ (ρ) +

(
∂ρ

∂τ

)2

ψ′′ (ρ)

]

= 4
(
x2
i + y2

i

) [(2θj (2θj − 1)

R4
τ 2θj−2

)
ψ′ (ρ) +

(
4θ2

j

R8
τ 4θj−2

)
ψ′′ (ρ)

]
,

@Q�
 	g


@

∆Hψ (ρ) =
4θj
R4

[
(N + (4θj − 2))

(
|x|4θj−2 + |y|4θj−2

)
+ (4θj − 2) τ 2θj−2

(
|x|2 + |y|2

)]
ψ′ (ρ)

+
16θ2

j

R8
.

[
|x|8θj−2 + |y|8θj−2 +

1

2
τ 2θj−1 〈x, y〉

(
|x|4θj−2 − |y|4θj−2

)
56



+τ 4θj−2
(
|x|2 + |y|2

) ]
.ψ′′ (ρ) ,

É¾ ��ËAK. �H@Q�
 	ª�JÖÏ @ ÉK
YJ. �K
��J.¢

	�ð

η = (x, y, τ) −→ η̃ = (x̃, ỹ, τ̃)

�IJ
k

x̃ = R
−1
θj x , ỹ = R

−1
θj y , τ̃ = R

−2
θj τ, t̃1 = R−1t1, t̃2 = R−1t2

© 	�	�

Ωj
1 =

{
η̃ ∈ H : ρ̃ = τ̃ 2θj + |x̃|4θj + |ỹ|4θj ≤ 2

}
,

. (41)
�éj 	®�Ë@ Q 	¢	�



@ Ω3 ð Ω2 Ég.



@ 	áÓ
	Y
KY 	J«

∆Hψ (ρ) =
4θj

R
2
θj

[
(N + (4θj − 2))

(
|x̃|4θj−2 + |ỹ|4θj−2

)
+ (4θj − 2) τ̃ 2θj−2

(
|x̃|2 + |ỹ|2

)]
ψ′ (ρ̃)

+
16θ2

j

R
2
θj

[
|x̃|8θj−2 + |ỹ|8θj−2 +

1

2
τ̃ 2θj−1 〈x̃, ỹ〉

(
|x̃|4θj−2 − |ỹ|4θj−2

)
+τ̃ 4θj−2

(
|x̃|2 + |ỹ|2

)]
ψ′′ (ρ̃)

ú

	æªK
 @ 	Yë

∆Hψ (ρ) =
1

R
2
θj

∆Hψ (ρ̃) , ∀η̃ ∈ Ωj
1

ð

(−∆H)α/2 ψ (ρ) = R
−α
θj (−∆H)α/2 ψ (ρ̃)

ð

(−∆H)β/2 ψ (ρ) = R
−β
θj (−∆H)β/2 ψ (ρ̃)

É�JÓ

dη = R
N
θj

+N
θj

+ 2
θj dη̃ = R

2N+2
θj dη̃
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: �éJ
ËA�JË @ �H@QK
Y
�®�JËAK. Ðñ�® 	K

, j = 1 Ég.


@ 	áÓ •

úÎ« É�m� 	' α1 < α2 AÒ»ð θ1 = α
α1

PA�J	m� 	'

A (q,m) = C1R
−α1+

(q−m)
q

(
(2N+2)α1

α
+2

)
�IJ
k

C1 = µ

(∫
Ω1

1

∣∣∣(−∆H)α/2 ψ (ρ̃)
∣∣∣ q
q−m

ψµ−
q

q−m (ρ̃) dη̃

∫
Ω2

ψµ
(
t̃1
)
dt̃1

∫
Ω3

ψµ
(
t̃2
)
dt̃2

) q−m
q

ð

B (q) = C2R
−α1+

(q−1)
q

(
(2N+2)α1

α
+2

)
�IJ
k

C2 =

(∫
Ω1

1

ψµ (η̃) dη̃

∫
Ω2

∣∣∣Dα1

t̃1|R−1T
ψµ
(
t̃1
)∣∣∣ q

q−1
ψ
−µ
q−1
(
t̃1
)
dt̃1

∫
Ω3

ψµ
(
t̃2
)
dt̃2

) q−1
q

ð

C (q) = C3R
−α2+

(q−1)
q

(
(2N+2)α1

α
+2

)
�IJ
k

C3 =

(∫
Ω1

1

ψµ (η̃) dη̃

∫
Ω2

ψµ
(
t̃1
)
dt̃1

∫
Ω3

∣∣∣Dα2

t̃2|R−1T
ψµ
(
t̃2
)∣∣∣ q

q−1
ψ
−µ
q−1
(
t̃2
)
dt̃2

) q−1
q

, j = 2 Ég.


@ 	áÓ •

úÎ« É�m� 	' β1 < β2 AÒ»ð θ2 = β
β1

PA�J	m� 	'

A (p, n) = C4R
−β
θ2

+
(p−n)
p

(
(2N+2)β1

β
+2

)
�IJ
k
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C4 = µ

(∫
Ω2

1

∣∣∣(−∆H)β/2 ψ (ρ̃)
∣∣∣ p
p−n

ψµ−
p

p−n (ρ̃) dη̃

∫
Ω2

ψµ
(
t̃1
)
dt̃1

∫
Ω3

ψµ
(
t̃2
)
dt̃2

) p−n
p

ð

B (p) = C5R
−β1+

(p−1)
p

(
(2N+2)β1

β
+2

)
�IJ
k

C5 =

(∫
Ω1

1

ψµ (η̃) dη̃

∫
Ω2

∣∣∣Dβ1
t̃1|R−1T

ψµ
(
t̃1
)∣∣∣ p

p−1
ψ
−µ
p−1
(
t̃1
)
dt̃1

∫
Ω3

ψµ
(
t̃2
)
dt̃2

) p−1
p

ð

C (p) = C6R
−β2+

(p−1)
p

(
(2N+2)β1

β
+2

)
�IJ
k

C6 =

(∫
Ω1

1

ψµ (η̃) dη̃

∫
Ω2

ψµ
(
t̃1
)
dt̃1

∫
Ω3

∣∣∣Dβ2
t̃2|R−1T

ψµ
(
t̃2
)∣∣∣ p

p−1
ψ
−µ
p−1
(
t̃2
)
dt̃2

) p−1
p

�IJ
k KC̃ I. k. ñÓ �IK. A�K Ég.


@ 	áÓ

C̃ = max

{
(C

1
q

5 C2)
pq
pq−1 , (C

1
q

6 C2)
pq
pq−1 , (C

1
q

4 C2)
pq

pq−n , (C
1
q

5 C3)
pq
pq−1 ,

(C
1
q

6 C3)
pq
pq−1 , (C

1
q

4 C3)
pq

pq−n , (C
m
q

5 C1)
pq

pq−m , (C
m
q

6 C1)
pq

pq−m , (C
m
q

4 C1)
pq

pq−nm

}
úÎ« É�m� 	' , Õç�' 	áÓð

Iv + Iµ0 ≤ KC̃ {Rσ1 +Rσ2 + . . .+Rσ9} (112)

Iu QK
Y
�®�K úÎ« É�m� 	' , É�JÖÏ AK. ð

Iu + Jµ0 ≤ K ˜̃C
{
Rδ1 +Rδ2 + . . .+Rδ9

}
(113)
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. C̃ �éÒJ

�®Ë @ YK
Yj�J» ˜̃C

�éÒJ

�®Ë @ YK
Ym�

�' Õ �æK
 �IJ
k
: ú
ÎK
 AÓ 	¡kC	K , R→∞ 	Y 	g



@ ÈC 	g 	áÓ , @ �Q�
 	g



@ð

	áÓ 	áÖß



B@ I. 	KAm.Ì'@ Èð 
ñK
 , �éËAmÌ'@ è 	Yë ú


	̄ ð max {σ1, . . . , σ9, δ1, . . . , δ9} < 0 @ 	X @

úÎ« É�m� 	' , Õç�' 	áÓð . A �ÓAÖ �ß A�J.k. ñÓ Qå��




B@ I. 	KAm.Ì'@ 	àñºK
 AÒ 	J�
K. Q 	®�Ë@ úÍ@
 (97)

. 	��̄ A 	J�K
ú

	̄ AÒ» É�KAÜØ ÉJ
Êm�

�' YªK. , �éËAmÌ'@ è 	Yë ú

	̄ ð max {σ1, . . . , σ9, δ1, . . . , δ9} = 0 ð



@

� . 	��̄ A 	J�K Xñk. ð �IJ.
�� 	K , �èYg@ð �éËXAªÓ
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©K. @QË @ É�
	®Ë@

(FDS) ÐA 	¢ 	JË ú
æ
��ñ» �éË



A�ÖÏ �éÊÓA �� ÈñÊg Xñk. ð ÐY« l .�


'A�J 	K 	�Q«

∼ � 	jÊÓ ∼

(116) ð (115) ð (114) É
KA�ÒÊË �éÊÓA �� ÈñÊg Xñk. ð ÐYªË l .�

'A�J 	JË @ 	�ªK. 	�Qª	K

. �éJ.�A 	JÓ PAJ. �J 	k@

�éË @X PAJ
�J 	k@
 úÎ« YÒ�Jª�K AêÓY 	j�J�	� ú


�æË @ �HAJ. �KB
 @
�é�®K
Q£ð

: É 	gYÓ 1.4

Q�
 	ªË @
�éK
A 	ªÊË

�é
J 	̄ A¾ÖÏ @ �HBXAªÖÏ @ úÎ« �é�kA 	̄ �èQ 	¢	� ù

�®Ê 	K , A 	Jm.�


'A�J 	K 	�Q« ÉJ.
�̄

	áÓ ¨@ñ 	K


B@ è 	Yë . 	áÓ 	QË @ �èXYª�JÓ �é
J 	̄ A¾Ó �HBXAªÓ Õæ�A
K. A 	��




@ 	¬Qª�K ú


�æË @ð 10, �éJ
¢ 	k

, 1934 ÐA« ú

	̄
Kolmogoroff ©Ó �éJ
¢

	mÌ'@ �HBXAªÖÏ @ �éËAg ú

	̄ �H



@YK. �HBXAªÖÏ @

	Y 	JÓð , �éK
QmÌ'@ 	áÓ �ék. PX 2N ©Ó ÐA 	¢ 	JË ÈAÒ�JkB
 @
�é 	̄ A�J» 	­�ð Ég.



@ 	áÓ ÑêË AêÓY�̄

. �HAÒJ
Òª�JË @ 	áÓ YK
YªË@ 	á�

	®Ë 
ñÖÏ @ 	áÓ Q�
J.» XY« ÐY�̄ 	á�
mÌ'@ ½Ë

	X
	�ªK. 	à



@ AÒ» . �H@ 	PA 	ªÊË �éJ
»QmÌ'@

�éK
Q 	¢	JË @ ú

	̄ Qê 	¢�� �éJ
¢

	mÌ'@ �éK
A 	ªÊË
�é
J 	̄ A¾ÖÏ @ �HBXAªÖÏ @ 	à@


. �éK
A 	ªÊË
�é
J 	̄ A¾Ó �HBXAªÓ úÍ@
 A

�	��



@ ø
 X


ñ�K �éJ

K @ñ ��ªË@ �HAJ
ÊÒªË@ h.
	XAÖ 	ß

ÉJ.
�̄ 	áÓ �éK
A 	ªÊË

�é
J 	̄ A¾ÖÏ @ �éJ
¢ 	k Q�
 	ªË @ �HBXAªÖÏ @ ÉJ
Êm�
�' �é�@PX �IÖ �ß Y�® 	̄ Q» 	YÊËð

ÉJ
�.� úÎ« ; XAªK.


B@ �èXYª�JÓ AJ
 	JÓ 	P

�é
J 	̄ A¾ÖÏ @ �éJ
Ê 	�A 	®�JË @ �HA�KðA 	®�JË @ �PX ø

	YË@ Ugowsk

. �HA�®J
J.¢�JÊË @Yg. YJ

	®Ó ñë ø


	YË@ úæ��̄


B@ YmÌ'@



@YJ.Ó © 	�ð ÈA�JÖÏ @

. Walter ÉJ.
�̄ 	áÓ , �éJ
ÓñÔ« É�̄



@ ��AJ
� ú


	̄ , ém.�

'A�J 	K �é 	«AJ
�

�èXA«@
 Õç
�' Y�̄ð

ÐAÖÏB
 @ A 	JK. PYm.�'
ð al ð Citti . ð Lanconelli éªÓ 	á�
 	KðAª�JÖÏ @ð Lavrenyuk

. ÐAÒ�JëC
 Ë Q�

�JÓ ��J
J.¢

�� Q» 	X Õ �æK
 AJ
Ë Ag , PA ���� 	KB
 @ ÐY«
�éËAg ú


	̄ �HYm�'
 @ 	XAÓ �é 	̄QªÖß.
�éK
Q 	¢	� ú


	̄ ��A¢	JË @ �éª�@ð �HA�®J
J.¢
�� A 	JÓA 	¢ 	�ð A 	J�KBXAªÖÏ é 	K



@ Q» 	X A 	JJ
Ê« ù 	®	m�'
B AÒ»ð
. �éJ
ÓA�ÖÏ @ ¡
�A�ñË@ ú


	̄ PA ���� 	KB
 @
ÐA 	¢ 	JË �éÊÓA �� ÈñÊg Xñk. ð ÐYªË l .�


'A�J 	JË @ 	�ªK. 	�Qª	K ZYK. ø

	X 
øXAK. 	à

�
B@ð

: (114) �HBXAªÓ
10Nonlinear ultra-parabolic equations
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{
Dα1

0|t1(u− u2) + Dα2

0|t2(u− u1) + (−∆)
α
2 (|u|) = k1|u|p1|v|q1 , k1 = const.

Dβ1
0|t1(v − v2) + Dβ2

0|t2(v − v1) + (−∆)
β
2 (|v|) = k2|u|p2|v|q2 , k2 = const.

(114)

É¿ Ég.


@ 	áÓ ½Ë 	Xð

(t1, t2, x) ∈ Q = R+x R+x RN

�éJ

K @Y�JK. B
 @  ðQå��Ë @ �IJ
k
u(t1, 0, x) = u1(t1, x) , u(0, t2, x) = u2(t2, x),

v(t1, 0, x) = v1(t1, x) , v(0, t2, x) = v2(t2, x),

A 	Jë
.q2 ≥ 0 , q1 > 1 , p2 > 1 , p1 ≥ 0

.1 ≤ α, β ≤ 2 , 0 < β1, β2 < 1 , 0 < α1, α2 < 1

: (115)
�éËXAªÖÏ @ l .�


'A�J 	K 	�QªK. Ðñ�® 	K Õç�'

Dα1

0|t1(u− u2) + Dα2

0|t2(u− u1) + (−∆)
α
2 (|u|m) = h|u|p, (115)

. �éJ

�®J

�®k X@Y«



@ p > m > 1 ð h = ts1t

l
2|x|r �IJ
k

: (116) �HBXAªÓ ÐA 	¢ 	� l .�

'A�J 	Kð

{
Dα1

0|t1(u− u2) + Dα2

0|t2(u− u1) + (−∆)
α
2 (|u|m) = k1|v|q,

Dβ1
0|t1(v − v2) + Dβ2

0|t2(v − v1) + (−∆)
β
2 (|v|n) = k2|u|p,

(116)

. k2 = ts21 t
l2
2 |x|r2 ð k1 = ts11 t

l1
2 |x|r1 �IJ
k

: l .�

'A�J 	JË @ 	�Q« 2.4

ÐA 	¢ 	JË �éÊÓA �� ÈñÊg Xñk. ð ÐY« 	áÒ 	��� ú

�æË @  ðQå��Ë @ © 	�	� , XY�Ë@ @ 	Yë ú


	̄

: �éJ
ËA�JË @
�éK
Q 	¢	JË @ A 	JK
YË ,

��X


@ Q�
J.ª�JK. ð . (114) �HBXAªÓ

: �éK
Q 	¢	� 1.2.4

u0, v0 ∈ L∞(RN) 	áºJ
Ëð q2 ≥ 0 , q1 > 1 , p2 > 1 , p1 ≥ 0 	áºJ
Ë
.u0 ≥ 0, v0 ≥ 0 	à



@ �IJ
k

: 	à


@ 	�Q 	® 	K ð
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∫
Q

u2D
α1

t1|Tϕ
µdP > 0,

∫
Q

u1D
α2

t2|Tϕ
µdP > 0,∫

Q

v2D
β1
t1|Tϕ

µdP > 0,

∫
Q

v1D
β2
t2|Tϕ

µdP > 0,

. 	àAëQ�. Ë @ ú

	̄ A �®kB �ém� 	�ñÓ ϕ PAJ. �J 	k



B@ �éË @Xð dP = dt1dt2dx

�IJ
k
: 	àA¿ AÒÊ¿ (114) �HBXAªÓ ÐA 	¢ 	JË 11Q�
j.

	®�K ÈñÊg ¼A 	Jë 	Y
KY 	J«

max {σ1, · · · , σ9, δ1, . . . , δ9} ≤ 0,

© 	�ñK. Ðñ�® 	K : 	àAëQ�. Ë @

I0 =

∫
Q

u2D
α1

t1|TϕdP +

∫
Q

u1D
α2

t2|TϕdP,

J0 =

∫
Q

v2D
β1
t1|TϕdP +

∫
Q

v1D
β2
t2|TϕdP,

QT = (0, T )x (0, T )x RN , 0 < T < +∞ 	áºJ
Ë : 	­K
Qª�K
ú

	̄

(114)
�éË


A�ÒÊË ú
Îm

× 	­J
ª 	� Ég (u, v) ∈
(
L1
loc(QT )

)
x
(
L1
loc(QT )

) 	à


@ Èñ�® 	K

	àA¿ @ 	X @
 , QT

���®m�'
ð upivqi ∈ L1
loc(QT ), i = 1, 2,

∫
Q

k1|u|p1|v|q1ϕdP + I0 =

∫
Q

uDα1

t1|TϕdP +

∫
Q

uDα2

t2|TϕdP +

∫
Q

|u| (−∆)
α
2 ϕdP.∫

Q

k2|u|p2|v|q2ϕdP + J0 =

∫
Q

vDβ1
t1|TϕdP +

∫
Q

vDβ2
t2|TϕdP +

∫
Q

|v| (−∆)
β
2 ϕdP.

(117)

ϕ(T, t2, x) = ϕ(t1, T, x) = 0, �IJ
m�'. , ϕ ∈ C∞ PAJ. �J 	k@

�éË @X É¿ Ég.



@ 	áÓ ½Ë 	Xð

.P = (t1, t2, x) ð
© 	�	� 	à

�
B@

σ1 = −q1β1 − (N + 2)(p2q1 − 1) + p2q1α1

p2q1 − 1

σ2 = −q1β2 − (N + 2)(p2q1 − 1) + p2q1α1

p2q1 − 1

11blow-up
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σ3 = −q1β − (N + 2)(p2q1 − 1) + p2q1α1

p2q1 − 1

σ4 = −q1β1 − (N + 2)(p2q1 − 1) + p2q1α2

p2q1 − 1

σ5 = −q1β2 − (N + 2)(p2q1 − 1) + p2q1α2

p2q1 − 1

σ6 = −q1β − (N + 2)(p2q1 − 1) + p2q1α2

p2q1 − 1

σ7 = −q1β1 − (N + 2)(p2q1 − 1) + p2q1α

p2q1 − 1

σ8 = −q1β2 − (N + 2)(p2q1 − 1) + p2q1α

p2q1 − 1

σ9 = −q1β − (N + 2)(p2q1 − 1) + p2q1α

p2q1 − 1

(117) , ú

	̄
ϕµ �K. ϕ ÈYJ.

���	� Õç�' , ÉÓA ��ð é 	̄ A�K Q�

	« ÉmÌ'@ 	à



@ 	à

�
B@ 	�Q 	® 	K

úÎ« É�j	JË ( A �®kB øQ	�� AÒ» ) Iv ð Iu QK
Y
�®�K ú


	̄ PYËñë �émk. @Q
��Ó ÐY 	j�J�	� Õç�'

: �éJ
ËA�JË @ �H@QK
Y
�®�JË @

∫
Q

u|Dα1

t1|Tϕ
µ| ≤

(∫
Q

k2|u|p2|v|q2ϕµ
) 1

p2

x

(∫
Q

k
− 1
p2−1

2 |Dα1

t1|Tϕ
µ|

p2
p2−1 |v|−

q2
p2−1ϕ

− µ
p2−1

) p2−1
p2

, (118)

∫
Q

u|Dα2

t2|Tϕ
µ| ≤

(∫
Q

k2|u|p2|v|q2ϕµ
) 1

p2

x

(∫
Q

k
− 1
p2−1

2 |Dα2

t2|Tϕ
µ|

p2
p2−1 |v|−

q2
p2−1ϕ

− µ
p2−1

) p2−1
p2

, (119)

∫
Q

u| (−∆)
α
2 ϕµ| ≤

(∫
Q

k2|u|p2|v|q2ϕµ
) 1

p2

x

(∫
Q

k
− 1
p2−1

2 | (−∆)
α
2 ϕµ|

p2
p2−1 |v|−

q2
p2−1ϕ

− µ
p2−1

) p2−1
p2

, (120)
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∫
Q

v|Dβ1
t1|Tϕ

µ| ≤
(∫

Q

k1|u|p1 |v|q1ϕµ
) 1

q1 A 	JK
YË , É�JÖÏ AK. ð

x

(∫
Q

k
− 1
q1−1

1 |Dβ1
t1|Tϕ

µ|
q1
q1−1 |u|−

p1
q1−1ϕ

− µ
q1−1

) q1−1
q1

, (121)

∫
Q

v|Dβ2
t2|Tϕ

µ| ≤
(∫

Q

k1|u|p1|v|q1ϕµ
) 1

q1

x

(∫
Q

k
− 1
q1−1

1 |Dβ2
t2|Tϕ

µ|
q1
q1−1 |u|−

p1
q1−1ϕ

− µ
q1−1

) q1−1
q1

, (122)

∫
Q

v| (−∆)
β
2 ϕµ| ≤

(∫
Q

k1|u|p1|v|q1ϕµ
) 1

q1

x

(∫
Q

k
− 1
q1−1

1 | (−∆)
β
2 ϕµ|

q1
q1−1 |u|−

p1
q1−1ϕ

− µ
q1−1

) q1−1
q1

, (123)

	á�
J
ª�JK. A 	JÔ�̄ @ 	X @


Iu =

(∫
Q

k2|u|p2|v|q2ϕµ
) 1

p2

, Iv =

(∫
Q

k1|u|p1|v|q1ϕµ
) 1

q1

A(p2) =

(∫
Q

k
− 1
p2−1

2 |Dα1

t1|Tϕ
µ|

p2
p2−1 |v|−

q2
p2−1ϕ

− µ
p2−1

) p2−1
p2

A(q1) =

(∫
Q

k
− 1
q1−1

1 |Dβ1
t1|Tϕ

µ|
q1
q1−1 |u|−

p1
q1−1ϕ

− µ
q1−1

) q1−1
q1

B(p2) =

(∫
Q

k
− 1
p2−1

2 |Dα2

t2|Tϕ
µ|

p2
p2−1 |v|−

q2
p2−1ϕ

− µ
p2−1

) p2−1
p2

B(q1) =

(∫
Q

k
− 1
q1−1

1 |Dβ2
t2|Tϕ

µ|
q1
q1−1 |u|−

p1
q1−1ϕ

− µ
q1−1

) q1−1
q1

C(p2) =

(
µ

∫
Q

k
− 1
p2−1

2 | (−∆)
α
2 ϕ|

p2
p2−1 |v|−

q2
p2−1ϕ

− µ
p2−1

) p2−1
p2

C(q1) =

(
µ

∫
Q

k
− 1
q1−1

1 | (−∆)
β
2 ϕ|

q1
q1−1 |u|−

p1
q1−1ϕ

− µ
q1−1

) q1−1
q1

Iµ0 =

∫
Q

u2D
α1

t1|Tϕ
µ +

∫
Q

u1D
α2

t2|Tϕ
µ (124)
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Jµ0 =

∫
Q

v2D
β1
t1|Tϕ

µ +

∫
Q

v1D
β2
t2|Tϕ

µ (125)

É¾ ��ËAK. (117) I. �Jº	K 	à


@ A 	J 	JºÖß
 , (123) , (117) �H@QK
Y

�®�JË @ Ð @Y 	j�J�A
K. , Õç�'

Iv + Iµ0 ≤ I
1
p2
u (A(p2) +B(p2) + C(p2))

Iu + Jµ0 ≤ I
1
q1
v (A(q1) +B(q1) + C(q1))

A 	JK
YË 	àñºK
 , Jµ0 > 0 ð Iµ0 > 0 	àA¿ 	Y 	JÓ

Iv ≤ I
1
p2
u (A(p2) +B(p2) + C(p2)) , (126)

Iu ≤ I
1
q1
v (A(q1) +B(q1) + C(q1)) , (127)

A 	JK
YË , (127) ð (126) 	áÓ , 	à
�
B@

Iv + Iµ0 ≤ I
1

p2q1
v

(
A

1
p2 (q1) +B

1
p2 (q1) + C

1
p2 (q1)

)
(A(p2) +B(p2) + C(p2)) ,

úÎ« É�m� 	' ε− Y oung �émk. @Q
��Ó Ð@Y 	j�J�A
K.

	Y
KY 	J«

Iv + Iµ0 ≤

K

[(
A

1
p2 (q1)A(p2)

) p2q1
p2q1−1

+
(
B

1
p2 (q1)A(p2)

) p2q1
p2q1−1

+
(
C

1
p2 (q1)A(p2)

) p2q1
p2q1−1

+
(
A

1
p2 (q1)B(p2)

) p2q1
p2q1−1

+
(
B

1
p2 (q1)B(p2)

) p2q1
p2q1−1

+
(
C

1
p2 (q1)B(p2)

) p2q1
p2q1−1

+
(
A

1
p2 (q1)C(p2)

) p2q1
p2q1−1

+
(
B

1
p2 (q1)C(p2)

) p2q1
p2q1−1

+
(
C

1
p2 (q1)C(p2)

) p2q1
p2q1−1

]
,

É¾ ��Ë@ 	áÓ ϕ (t1, t2, x) PAJ. �J 	kB
 @
�éË @X PA�J	m� 	' ,I. k. ñÓ �IK. A�K K Ég.



@ 	áÓ Õç�'

ϕ (t1, t2, x) = ϕ1 (t1)ϕ2 (t2)ϕ3 (x) , (128)

ð ϕ2 (t2) = (1− t2/T )λ+ , ϕ1 (t1) = (1− t1/T )λ+
�IJ
k

12ϕ3 (x) = ψ (|x|2/T 2) .
�èYK
Ym.Ì'@ �H@Q�
 	ª�JÖÏ @ úÍ@


	à
�
B@ QÒ 	JË

τ1 = T−1t1, τ2 = T−1t2, y = T−1x.

12(1− t1/T )
λ
+ = sup

{
0, (1− t1/T )

λ
}
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A 	JK
YË

A(p2) = CT
−α1+(N+2)

(
1− 1

p2

)

A(q1) = CT
−β1+(N+2)

(
1− 1

q1

)

B(p2) = CT
−α2+(N+2)

(
1− 1

p2

)

B(q1) = CT
−β2+(N+2)

(
1− 1

q1

)

C(p2) = CT
−α+(N+2)

(
1− 1

p2

)

C (q1) = CT
−β+(N+2)

(
1− 1

q1

)
A 	JK
YË 	àñºK
 I. k. ñÓ �IK. A�K C PAJ. �J«A
K. ð

Iv + Iµ0 ≤ K [T σ1 + T σ2 + · · ·+ T σ9 ] , (129)

QK
Y
�®�JË @ úÎ« É�m� 	' Iu Ég.



@ 	áÓ ,É�JÖÏ AK.

Iu + Jµ0 ≤ K
[
T δ1 + T δ2 + · · ·+ T δ9

]
, (130)

: 	à


@ 	¡kC	K T → +∞ �éK
Aî 	DË @ úÍ@
 ÈA�®�J 	KB
 AK. @Q�
 	g



@ð
AÓ@


max {σ1, · · · , σ9, δ1, · · · , δ9} < 0,

A�J.k. ñÓ Qå��



B@ I. 	KAm.Ì'@ 	àñºK
 AÒ 	J�
K. Q 	®�Ë@ úÍ@
 	áÖß




B@ I. 	KAm.Ì'@ ÉJ
Öß
 ,

�éËAmÌ'@ è 	Yë ú

	̄ ð

. 	��̄ A 	J�K úÎ« É�m� 	' Õç�' 	áÓð , A �ÓAÖ �ß

ð


@

max {σ1, · · · , σ9, δ1, · · · , δ9} = 0,

� . 	��̄ A 	J�K Xñk. ð �IJ.
�� 	K , �èYg@ð �éËXAªÓ ú


	̄ AÒ» É�KAÜØ ÉJ
Êm�
�' YªK. ,

�éËAmÌ'@ è 	Yë ú

	̄ ð

: �éJ
ËA�JË @
�éK
Q 	¢	JË @ ú


	̄ AîD� 	jÊ 	K l .�

'A�J 	K hQ¢�� (115)

�éËXAªÖÏ @ 	à@
 Õç
�'

: �éK
Q 	¢	� 2.2.4

	à


@ 	�Q 	® 	K∫

Q

u2D
α1

t1|TϕdP > 0 ,

∫
Q

u1D
α2

t2|TϕdP > 0,

: 	àA¿ @ 	X @
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1 < p < min

{
1 +

s+ l + r + α

2 +N − α1

, 1 +
s+ l + r + α2

2 +N − α2

, m

(
1 +

s+ l + r + α

2 +N − α

)}
,

. �éÊÓA �� �é 	®J
ª 	� BñÊg ÉJ.
�®�KB (115)

�éËXAªÖÏ @ 	àA

	̄

: 	àAëQ�. Ë @

 ðQå��ÊË �éª 	�A 	g (115) �Ë ÈñÊmÌ'@
u (t1, 0, x) = u1 (t1, x) , u (0, t2, x) = u2 (t2, x) , (∗)

: ú
ÍA
�JË @ 	­K
Qª�JË @ ú


	̄ 	­J
ª 	�Ë@ ú 	æªÖÏ AK. Xñ�
�®ÖÏ @ Õç'
Y

�®�JK.


@YJ. 	K

: 	­K
Qª�K
@ 	X @
 (115) �Ë 	­J
ª 	� Ég ùÒ��� u ∈ Lm (Q) ∩ Lp (Q) �IJ
k u

�éË @X∫
Q

h|u|pϕdP +

∫
Q

u2D
α1

t1|TϕdP +

∫
Q

u1D
α2

t2|TϕdP,

=

∫
Q

uDα1

t1|TϕdP +

∫
Q

uDα2

t2|TϕdP +

∫
Q

|u|m (−∆)
α
2 ϕdP,

(131)

ð ϕ (T, t2, x) = ϕ (t1, T, x) = 0, , P = (t1, t2, x) 	à


@ �IJ
k , ϕ PAJ. �J 	k@


�éË @X ø



B

. Dα2

t2|Tϕ < +∞ , Dα1

t1|Tϕ < +∞

 A�® 	JË @P@ñm.�'. ú
¾J
�C¿ Ég ñë 	­J
ª 	� Ég É¿ 	à


@ 	¡kB •

{(t1, t2, x) |u(t1, t2, x) ≥ 0}

: �éJ
ËA�JË @
�éJ
 	�Q 	®Ë @ úÍ@
 A 	��




@ �ék. Am�'. 	ám� 	' 	àAëQ�. ÊË

: �éJ
 	�Q 	̄

. θ ∈ C∞0
(
RN
)
ð δ ∈ [0, 2], β + 1 ≥ 0 	à



@ 	�Q 	® 	K

A 	JK
YË

|θ(x)|βθ(x)(−∆)
δ
2 θ(x) ≥ 1

β + 2
(−∆)

δ
2 |θ(x)|β+2.

: �éJ
ËA�JË @
�é
J£ñ�JË @ úÍ@


�ék. Am�'. ½Ë 	Y»ð
ú

�G
�
BA¿ �é 	̄QªÖÏ @ φ �éË @YË@ 	áº�JË : �é
J£ñ�K

φ(t) =

{
(1− t

T
)λ, 0 ≤ t ≤ T,

0, t > T,

A 	JK
YË
	Y
KY 	J«
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∫ T

0

Dα
t|Tφ(t)dt = Cα,λT

1−α,

�IJ
k

Cα,λ =
λΓ(λ− α)

(λ− α + 1)Γ(λ− 2α + 1)
.

I. �A 	JÓ PAJ
�J 	k@
 ©Ó �éË


A�ÒÊË �é 	®J
ª 	�Ë@ �é 	ªJ
�Ë@ Ð@Y 	j�J�@
 ù
 ë

	àAëQ�. Ë @ ú

	̄ A 	J��J
j. �
�K @Q

���@
 •

. ÉÓA �� ð é 	̄ A�K Q�

	« ÉmÌ'@ 	à



@ 	�Q 	® 	K Õç�' ,PAJ. �J 	kB
 @

�éË @YË
É¾ ��ËAK. ϕ (t1, t2, x) PAJ. �J 	kB
 @

�éË @YË A 	KPAJ
�J 	k@
 	áºJ
Ë
ϕ (t1, t2, x) = ϕ1 (t1)ϕ2 (t2)ϕ3 (x) . (132)

, ϕ2(t2) = (1− t2
T

)λ+ , ϕ1(t1) = (1− t1
T

)λ+
�IJ
k

13ϕ3(x) = ψ(|x|2/T 2)

	áÓ É¿ PY�® 	Kð , (
	­K
Qª�JË @ ) ú


	̄
ϕµ �K. ϕ ÈYJ.

���	� , 	à
�
B@∫

Q

uDα1

t1|Tϕ
µdP ,

∫
Q

uDα2

t2|Tϕ
µdP ,

∫
Q

|u|m (−∆)
α
2 ϕµdP,∫

QT

uDα1

t1|Tϕ
µdP QK
Y

�®�K •

úÎ« É�m� 	' ε− Y oung �émk. @Q
��Ó Ð@Y 	j�J�A
K.∫

Q

uDα1

t1|Tϕ
µdP ≤ ε

∫
Q

h|u|pϕµdP +C(ε)

∫
Q

h
−1
p−1 |Dα1

t1|Tϕ
µ|

p
p−1ϕ

−µ
p−1dP. (133)

A 	JK
YË Éª 	®ËAK.
uDα1

t1|Tϕ
µ ≤ |u||Dα1

t1|Tϕ
µ| = h

1
ph
−1
p ϕ

µ
pϕ

−µ
p |u||Dα1

t1|Tϕ
µ|

	á�
J
ª�JK. A 	JÔ�̄ @ 	X @

a = h

1
p |u|ϕ

µ
p

ð
b = h

−1
p |Dα1

t1|Tϕ
µ|ϕ

−µ
p

A 	JK
YË Young − ε
�émk. @Q

��Ó 	áÓ
a, b ∈ R+ ð p+ q = pq �IJ
k ab ≤ εap + C(ε)bq

Ym.�
	' 	��
ñª�JËAK. Õç�'

13(1− t1
T )λ+ = sup

{
0 , (1− t1

T )λ
}
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uDα1

t1|Tϕ
µ ≤ ε

(
h

1
p |u|ϕ

µ
p

)p
+ C(ε)

(
h
−1
p |Dα1

t1|Tϕ
µ|ϕ

−µ
p

) p
p−1

,

q =
p

p− 1
	áK



@

@Q�
 	g


@

uDα1

t1|Tϕ
µ ≤ ε (h|u|pϕµ) + C(ε)

(
h
−1
p−1 |Dα1

t1|Tϕ
µ|

p
p−1ϕ

−µ
p−1

)
,

é 	JÓð∫
Q

uDα1

t1|Tϕ
µdP ≤ ε

∫
Q

h|u|pϕµdP + C(ε)

∫
Q

h
−1
p−1 |Dα1

t1|Tϕ
µ|

p
p−1ϕ

−µ
p−1dP,

14

∫
QT

uDα2

t2|Tϕ
µdP QK
Y

�®�K •

A 	JK
YË , É�JÖÏ AK.∫
Q

uDα2

t2|Tϕ
µdP ≤ ε

∫
Q

h|u|pϕµdP +C(ε)

∫
Q

h
−1
p−1 |Dα2

t2|Tϕ
µ|

p
p−1ϕ

−µ
p−1dP, (134)

	à


@ 	¡kB∫

Q

u2D
α1

t1|Tϕ
µdP =

(∫ T

0

Dα1

t1|Tϕ
µ
1 (t1) dt1

)∫
S

u (0, t2, x)ϕµ2 (t2)ϕµ3 (x) dP2,

(135)
É¾ ��ËAK. (135)

�éËXAªÖÏ @ �éK. A�J»
�èXA«@
 	áºÖß
 Q» 	YË@ �é 	®ËA� �é
J£ñ�JË @ �èY«A�Ó ©Ó∫

Q

u2D
α1

t1|Tϕ
µdP = Cα1,λµT

1−α1

∫
S

u (0, t2, x)ϕµ2 (t2)ϕµ3 (x) dP2, (136)

S = R+x RN �IJ
k
A 	JK
YË É�JÖÏ AK. ð∫

Q

u1D
α2

t2|Tϕ
µdP = Cα2,λµT

1−α2

∫
S

u (t1, 0, x)ϕµ1 (t1)ϕµ3 (x) dP1, (137)

. P2 = (t2, x) , P1 = (t1, x) �IJ
k∫
Q

|u|m (−∆)
α
2 ϕµdP •

�éJ
 	�Q 	®Ë @ ú

	̄ H. Yj�JË @ �éJ
�A 	g ÐY 	j�J�	�

(−∆)
α
2 ϕµ ≤ µϕµ−1 (−∆)

α
2 ϕ,

	Y
KY 	J«
14This integration can be simpli�ed using the lemmas, or it's estimate using change of

variable , as we shall see later.
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∫
Q

|u|m(−∆)
α
2ϕµdP ≤

∫
Q

µϕµ−1|u|m(−∆)
α
2ϕdP,

QK
Y
�®�JË @ úÎ« É�m� 	' ε− Young

�émk. @Q
��Ó Ð@Y 	j�J�A
K.∫

Q

µϕµ−1|u|m(−∆)
α
2ϕdP ≤ ε

∫
Q

h|u|pϕµdP

+C(ε)

∫
Q

h
−m
p−m |(−∆)

α
2ϕ|

p
p−mϕ(µ−1−mµ

p
) p
p−mdP, (138)

úÎ« É�m� 	' , (138) ð (135) , (134) , (133) Ð@Y 	j�J�A
K. ,
	à
�
B@∫

Q

h|u|pϕµdP + Cα1,λµT
1−α1

∫
S

u (0, t2, x)ϕµ2 (t2)ϕµ3 (x) dP2

+Cα2,λµT
1−α2

∫
S

u (t1, 0, x)ϕµ1 (t1)ϕµ3 (x) dP1 (139)

≤ 3ε

∫
Q

h|u|pϕµdP + C ′(ε)

(∫
Q

h
−1
p−1 |Dα1

t1|Tϕ
µ|

p
p−1ϕ

−µ
p−1dP

+

∫
Q

h
−1
p−1 |Dα2

t2|Tϕ
µ|

p
p−1ϕ

−µ
p−1dP +

∫
Q

h
−m
p−m |(−∆)

α
2ϕ|

p
p−mϕ(µ−1−mµ

p
) p
p−mdP

)
.

ε = 1
6

PA�J	m� 	' @ 	X @

QK
Y

�®�JË @ úÎ« É�m� 	' Õç�' , ( ÈA�JÖÏ @ ÉJ
�.� úÎ« )∫
Q

h|u|pϕµdP + 2Cα1,λµT
1−α1

∫
S

u (0, t2, x)ϕµ2 (t2)ϕµ3 (x) dP2

+2Cα2,λµT
1−α2

∫
S

u (t1, 0, x)ϕµ1 (t1)ϕµ3 (x) dP1

≤ C

(∫
Q

h
−1
p−1 |Dα1

t1|Tϕ
µ|

p
p−1ϕ

−µ
p−1dP (140)

+

∫
Q

h
−1
p−1 |Dα2

t2|Tϕ
µ|

p
p−1ϕ

−µ
p−1dP +

∫
Q

h
−m
p−m |(−∆)

α
2ϕ|

p
p−mϕ(µ−1−mµ

p
) p
p−mdP

)
.

u
�éË @YË@ 	áÓ ú
ÍA

	g (140)
�éËXAªÒÊË 	áÖß




B@ 	¬Q¢Ë@ , I. k. ñÓ �IK. A�K C Ég.



@ 	áÓ

�èYK
Ym.Ì'@ �H@Q�
 	ª�JÖÏ @ úÍ@

	à
�
B@ QÖ 	ß . �é 	̄ðQªÓ Q�
 	ªË @

τ1 = T−1t1, τ2 = T−1t2, y = T−1x, (141)

A 	JK
YË
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∫
Q

h
−1
p−1 |Dα1

t1|Tϕ
µ|

p
p−1ϕ

−µ
p−1dP

=

(∫
S

t
−l
p−1

2 |x|
−r
p−1ϕµ2ϕ

µ
3dP2

)(∫ T

0

t
−s
p−1

1 |Dα1

t1|Tϕ
µ
1 |

p
p−1ϕ

−µ
p−1

1 dt1

)
≤ C1T

2+N− s+l+r+α1p
p−1 (142)

, C1 =

(∫
Ω2

τ
−l
p−1

2 |y|
−r
p−1ϕµ2ϕ

µ
3dPτ2

)(∫ 1

0

τ
−s
p−1

1 |Dα1

τ1|1ϕ
µ
1 |

p
p−1ϕ

−µ
p−1

1 dτ1

)
�IJ
k

, Ω2 = {1 ≤ τ2 + |y| ≤ 2} , Pτ2 = (τ2, y) ð , µ > p

p− 1
©Ó
ð∫

Ω2

τ
−l
p−1

2 |y|
−r
p−1ϕµ2ϕ

µ
3dPτ2 =

∫ 1

0

τ
−l
p−1

2 (1− τ2)λµ
(∫
{1−τ2≤|y|≤2−τ2}

|y|
−r
p−1ψµ

(
|y|2
)
dy

)
dτ2

	Y
KY 	J« ∀ (τ2, y) ∈ Ω2. , ψµ
(
|y|2
)
≤ 1 ð , |y| −rp−1 ≤ (1− τ2)

−r
p−1 	à



@ AÖß.∫

Ω2

τ
−l
p−1

2 |y|
−r
p−1ϕµ2ϕ

µ
3dPτ2 ≤

∫ 1

0

τ
−l
p−1

2 (1− τ2)λµ−
r
p−1

(∫
{1−τ2≤|y|≤2−τ2}

dy

)
dτ2

≤ V.B

(
1− l

p− 1
, 1− r

p− 1
+ λµ

)
ð , V =

∫
{0≤|y|≤2}

dy < +∞ �IJ
k∫ 1

0

τ
−l
p−1

2 (1− τ2)λµ−
r
p−1 dτ2 = β

(
1− l

p− 1
, 1− r

p− 1
+ λµ

)

=
Γ(1− l

p−1
)Γ(1− r

p−1
+ λµ)

Γ(2− l
p−1
− r

p−1
+ λµ)

< +∞.

15

Ég.


@ 	áÓ

I =

∫ 1

0

τ
−s
p−1

1 |Dα1

τ1|1ϕ
µ
1 |

p
p−1ϕ

−µ
p−1

1 dτ1 =

∫ 1

0

τ
−s
p−1

1 |Dα1

τ1|1(1− τ1)λµ|
p
p−1 (1− τ1)

−µ
p−1dτ1

©Ó

Dα1

τ1|1(1− τ1)λµ = − 1

Γ(1− α1)

d

dτ1

∫ 1

τ1

(1− σ)λµ

(σ − τ1)α1
dσ

15Beta function
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= − 1

Γ(1− α1)

d

dτ1

∫ 1

τ1

(1−σ)λµ

(1−τ1)λµ
1

(1−τ1)α1−λµ

(σ−τ1)α1

(1−τ1)α1

dσ

, σ = τ1 + η(1− τ1) © 	�	�
é 	JÓð

Dα1

τ1|1(1− τ1)λµ = − 1

Γ(1− α1)

d

dτ1

(
(1− τ1)λµ−α1+1

) ∫ 1

0

η−α1(1− η)λµdη

= − 1

Γ(1− α1)
β (1− α1 , λµ+ 1)

d

dτ1

(1− τ1)λµ−α1+1

= − 1

Γ(1− α1)

Γ(1− α1).Γ(λµ+ 1)

Γ(λµ− α1 + 2)
(−(λµ− α1 + 1)) (1− τ1)λµ−α1

=
Γ(λµ+ 1)

Γ(λµ− α1 + 1)
(1− τ1)λµ−α1

ú
ÍA
�JËAK. ð

I =

∫ 1

0

τ
−s
p−1

1

[
Γ(λµ+ 1)

Γ(λµ− α1 + 1)
(1− τ1)λµ−α1

] p
p−1

(1− τ1)
−µ
p−1dτ1

=

[
Γ(λµ+ 1)

Γ(λµ− α1 + 1)

] p
p−1
∫ 1

0

τ
−s
p−1

1 (1− τ1)(λµ−α1) p
p−1
− µ
p−1dτ1

=

[
Γ(λµ+ 1)

Γ(λµ− α1 + 1)

] p
p−1

β

(
1− s

p− 1
, (λµ− α1)

p

p− 1
− µ

p− 1
+ 1

)
< +∞

C1 < +∞ @Q�
 	g


@

A 	JK
YË É�JÖÏ AK.∫
Q

h
−1
p−1 |Dα2

t2|Tϕ
µ|

p
p−1ϕ

−µ
p−1dP

=

(∫
S

t
−s
p−1

1 |x|
−r
p−1ϕµ1ϕ

µ
3dP1

)(∫ T

0

t
−l
p−1

2 |Dα2

t2|Tϕ
µ
2 |

p
p−1ϕ

−µ
p−1

2 dt2

)
≤ C2T

2+N− s+l+r+α2p
p−1 (143)
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C2 =

(∫
Ω1

τ
−s
p−1

1 |y|
−r
p−1ϕµ1ϕ

µ
3dPτ1

)(∫ 1

0

τ
−l
p−1

2 |Dα2

τ2|1ϕ
µ
2 |

p
p−1ϕ

−µ
p−1

2 dτ2

)
< +∞

©Ó
Ω1 = {1 ≤ τ1 + |y| ≤ 2} . ð Pτ1 = (τ1, y) ð µ >

p

p− 1

PY�® 	K , 	à
�
B@∫

Q

h
−m
p−m |(−∆)

α
2ϕ|

p
p−mϕ(µ−1−mµ

p
) p
p−mdP.

A 	JK
YË∫
Q

h
−m
p−m |(−∆)

α
2ϕ|

p
p−mϕ(µ−1−mµ

p
) p
p−mdP

=

(∫
RN
|x|
−mr
p−m |(−∆)

α
2ϕ3|

p
p−mϕ

(µ−1−mµ
p

) p
p−m

3 dx

)(∫
[0,T ][0,T ]

t
−ms
p−m
1 t

−ml
p−m
2 ϕµ1ϕ

µ
2dt1dt2

)
≤ C3T

2+N−m(s+l+r)+αp
p−m . (144)

�IJ
k

C3 =

∫
suppψ

|y|
−mr
p−m |(−∆)

α
2
y ψ|

p
p−mψ(µ−1−mµ

p
) p
p−mdy

x

∫
Ω

τ
−ms
p−m

1 τ
−ml
p−m

2 (1− τ1)λµ(1− τ2)λµdτ1dτ2,

É¿ Ég.


@ 	áÓ , 16ψ(µ−1−mµ

p
) p
p−m (|y|2) ≤ 1 ð , suppψ = {0 ≤ |y|2 ≤ 2} 	áK




@

, y ∈ suppψ

úÎ« É�m� 	' , ε− Young
�émk. @Q

��Ó Ð@Y 	j�J�A
K. ,
	Y
KY 	J«∫

suppψ

|y|
−mr
p−m |(−∆)

α
2
y ψ|

p
p−mψ(µ−1−mµ

p
) p
p−mdy ≤

∫
suppψ

|y|
−mr
p−m |(−∆)

α
2
y ψ|

p
p−mdy

≤ ε

∫
{0≤|y|2≤2}

|y|
−2mr
p−m |(−∆)

α
2
y ψ
(
|y|2
)
|

2p
p−mdy + C(ε)

∫
{0≤|y|2≤2}

12dy

Ym.�
	' ε→ 0 Ég.



@ 	áÓ∫

suppψ

|y|
−mr
p−m |(−∆)

α
2
y ψ|

p
p−mψ(µ−1−mµ

p
) p
p−mdy ≤ C

∫
{0≤|y|2≤2}

dy < +∞.∫
Ω

τ
−ms
p−m

1 τ
−ml
p−m

2 ϕµ1ϕ
µ
2dτ1dτ2 =

∫
[0,1]x[0,1]

τ
−ms
p−m

1 τ
−ml
p−m

2 (1− τ1)λµ(1− τ2)λµdτ1dτ2

16(µ− 1− mµ
p ) p

p−m > 0, because µ > p
p−m .
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.

=

∫ 1

0

τ
−ms
p−m

1 (1− τ1)λµdτ1

∫ 1

0

τ
−ml
p−m

2 (1− τ2)λµdτ2

= B

(
1− ms

p−m
, 1 + λµ

)
B

(
1− ml

p−m
, 1 + λµ

)
< +∞,

C3 < +∞. @Q�
 	g


@ð Ω = [0, 1]x[0, 1] ð µ >

p

p−m
©Ó

, (140) Ég.


@ 	áÓ ú
ÍA

�JË @ QK
Y
�®�JË @ úÎ« É�m� 	' (144) , (143) , (142)

�é¢�@ñK.∫
Q

h|u|pϕµdP + 2Cα1,λµT
1−α1

∫
S

u (0, t2, x)ϕµ2 (t2)ϕµ3 (x) dP2

+2Cα2,λµT
1−α2

∫
S

u (t1, 0, x)ϕµ1 (t1)ϕµ3 (x) dP1

≤ C
(
T 2+N− s+l+r+α1p

p−1 + T 2+N− s+l+r+α2p
p−1 + T 2+N−m(s+l+r)+αp

p−m

)
. (145)

,I. k. ñÓ �IK. A�K C Ég.


B

	Y 	g


@ úÍ@


�ék. Am�'. 	ám� 	' , 	à
�
B@

. 1 < p < 1 + s+l+r+α1

2+N−α1
ð


@ 2 +N − s+l+r+α1p

p−1
< 0 (a)

. 1 < p < 1 + s+l+r+α2

2+N−α2
ð


@ 2 +N − s+l+r+α2p

p−1
< 0 (b)

. 1 < p < m
(
1 + s+l+r+α

2+N−α

)
ð


@ 2 +N − m(s+l+r)+αp

p−m < 0 (c)

Qå��



B@ 	¬Q¢Ë@ 	à



B , 	��̄ A 	J�K úÎ« É�m� 	' , (145) ú


	̄
+∞ úÍ@
 T Èð 
ñK
 AÓY 	J«

. Q 	®�Ë@ úÍ@
 Èð 
ñK
 	áÖß



B@ 	¬Q¢Ë@ ð I. k. ñÓ

�éËXAªÒÊË
�émk. @Q

��Ó ��J.¢
	� Õç�' , �éÓðYªÓ (145) ú


	̄
T ��



@ 	à



@ 	�Q 	® 	K �éJ
 	K A�JË @

�éËAjÊË �éJ.�
	�ËAK.

: úÎ« É�j	J 	̄ (140) 	áÓ 	áÖß



B@ 	¬Q¢Ë@ úÎ« PYËñë∫

Q

|u||Dα1

t1|Tϕ
µ|dP =

∫
Q

|u| (hϕµ)
1
p |Dα1

t1|Tϕ
µ| (hϕµ)

−1
p dP

≤
(∫

CT

h|u|pϕµdP
) 1

p
(∫

Q

h
−1
p−1 |Dα1

t1|Tϕ
µ|

p
p−1ϕ

−µ
p−1dP

) p−1
p

,∫
Q

|u||Dα2

t2|Tϕ
µ|dP =

∫
Q

|u| (hϕµ)
1
p |Dα2

t2|Tϕ
µ| (hϕµ)

−1
p dP

≤
(∫

CT

h|u|pϕµdP
) 1

p
(∫

Q

h
−1
p−1 |Dα2

t2|Tϕ
µ|

p
p−1ϕ

−µ
p−1dP

) p−1
p

75



ð∫
Q

|u|m| (−∆)
α
2 ϕµ|dP =

∫
Q

|u|m (hϕµ)
m
p | (−∆)

α
2 ϕµ| (hϕµ)

−m
p dP

≤ µ

(∫
CT

h|u|pϕµdP
)m

p
(∫

Q

h
−m
p−m | (−∆)

α
2 ϕ|

p
p−mϕ(µ−1−mµ

p ) p
p−mdP

) p−m
p

≤ µC

(∫
CT

h|u|pϕµdP
) 1

p
(∫

Q

h
−m
p−m | (−∆)

α
2 ϕ|

p
p−mϕ(µ−1−mµ

p ) p
p−mdP

) p−m
p

A 	JK
YË 	àñºK
 ε− Young , Ð@Y 	j�J�@
 Y 	J« é 	K


B(∫

CT

h|u|pϕµdP
)m

p

≤ ε1
1

1−m + C(ε)

((∫
CT

h|u|pϕµdP
)m

p

) 1
m

.

A 	JK
YË ε→ 0 Ég.


@ 	áÓ(∫

CT

h|u|pϕµdP
)m

p

≤ C

(∫
CT

h|u|pϕµdP
) 1

p

.

Õç�'∫
Q

h|u|pϕµdP + 2Cα1,λµT
1−α1

∫
S

u (0, t2, x)ϕµ2 (t2)ϕµ3 (x) dP2

+2Cα2,λµT
1−α2

∫
S

u (t1, 0, x)ϕµ1 (t1)ϕµ3 (x) dP1

≤
(∫

CT

h|u|pϕµdP
) 1

p

C (ϕ) . (146)

�IJ
k

C (ϕ) = C

(∫
Q

h
−1
p−1 |Dα1

t1|Tϕ
µ|

p
p−1ϕ

−µ
p−1dP

+

∫
Q

h
−1
p−1 |Dα2

t2|Tϕ
µ|

p
p−1ϕ

−µ
p−1dP +

∫
Q

h
−m
p−1 |(−∆)

α
2ϕ|

p
p−mϕ(µ−1−mµ

p
) p
p−mdP

)
.

, A 	JK
YË Lebesgue′s �Ë 	áÒJ
êÖÏ @ H. PA
�®�JË @ �éK
Q 	¢	� Ð@Y 	j�J�A
K. , AëY

	J«∫
Q

h|u|pϕµdP ≤ C =⇒ lim
T→+∞

∫
CT

h|u|pdP = 0
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. CT = {(t1, t2, x) / T ≤ t1 + t2 + |x| ≤ 2T} �IJ
k
	��̄ A 	J�JË @ ñëð , Q 	®�Ë@ úÍ@
 Èð 
ñK
 AêË 	áÖß




B@ I. 	KAm.Ì'@ , (145) ú


	̄
T → +∞ ¨Y	K , Õç�'

� . øQ 	k


@ �èQÓ

(114) �HBXAªÖÏ @ ÐA 	¢ 	� l .�

'A�J 	K 	á« @Q�
�J»

	­Ê�J	m�'
B (116) �HBXAªÖÏ @ ÐA 	¢ 	� l .�

'A�J 	K

: �éJ
ËA�JË @
�éK
Q 	¢	JË @ éÔ«Y�K AÓ @ 	Yëð

: �éK
Q 	¢	� 3.2.4

	à


@ 	�Q 	® 	K Õç�' q > n , p > m , q > 1 , p > 1 	áºJ
Ë∫

Q

u2D
α1

t1|Tϕ
µdP > 0 ,

∫
Q

u1D
α2

t2|Tϕ
µdP > 0,∫

Q

v2D
β1
t1|Tϕ

µdP > 0 ,

∫
Q

v1D
β2
t2|Tϕ

µdP > 0,

: 	àA¿ AÒÊ¿ (116) ¡Ò	JË @ 	áÓ �HBXAªÖÏ @ �éÊÒm.Ì PAj.
	® 	K @
 ÈñÊg ¼A 	Jë 	Y
KY 	J«

max {σ1, · · · , σ9, δ1, . . . , δ9} ≤ 0.

: 	àAëQ�. Ë @
Q�. �Jª 	JË

Dα1

0|t1 (u− u2) + Dα2

0|t2 (u− u1) + (−∆)
α
2 (|u|m) = k1 |v|q , k1 = ts11 t

l1
2 |x|

r1

(147)

Dβ1
0|t1 (v − v2) + Dβ2

0|t2 (v − v1) + (−∆)
β
2 (|v|n) = k2 |u|p , k2 = ts21 t

l2
2 |x|

r2

(148)
�éJ

K @Y�JK. B
 @  ðQå��Ë @ (t1, t2, x) ∈ Q = R+xR+xRN Ég.



@ 	áÓ © 	�	�

u (t1, 0, x) = u1 (t1, x) , u (0, t2, x) = u2 (t2, x) (149)

v (t1, 0, x) = v1 (t1, x) , v (0, t2, x) = v2 (t2, x) (150)

, 0 < β1 < β2 < 1 , 0 < α1 < α2 < 1 ð �éJ.k. ñÓ
�éJ

�®J

�®k X@Y«



@ p, q A 	Jë

© 	�	� , 0 < α, β ≤ 2

I0 =

∫
Q

u2D
α1

t1|TϕdP +

∫
Q

u1D
α2

t2|TϕdP,

J0 =

∫
Q

v2D
β1
t1|TϕdP +

∫
Q

v1D
β2
t2|TϕdP,
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: ú
ÍA
�JË @ 	­K
Qª�JË @ úÍ@
 h. A�Jm�

	' ½Ë 	Y»
�IJ
k (u, v) 	à



@ Èñ�® 	K : 2

	­K
Qª�K

(u, v) ∈ (Lp ∩ Lm) x (Lq ∩ Ln)

: @ 	X @
 (147)− (148) �HBXAªÖÏ @ �éÊÒm.Ì
	­J
ª 	� Ég∫

Q

k1|v|qϕdP + I0

=

∫
Q

uDα1

t1|TϕdP +

∫
Q

uDα2

t2|TϕdP +

∫
Q

|u|m (−∆)
α
2 ϕdP,

ð

∫
Q

k2|u|pϕdP + J0

=

∫
Q

vDβ1
t1|TϕdP +

∫
Q

vDβ2
t2|TϕdP +

∫
Q

|v|n (−∆)
β
2 ϕdP, (151)

, ϕ ∈ C∞ �IJ
k ϕ PAJ. �J 	k@

�éË @X ø




@ Ég.



@ 	áÓ

© 	�	� Õç�'

σ1 = −q [(s2 + l2 + r2) + α1p+ β1 − (N + 2)p]

pq − 1

−(s1 + l1 + r1) + (N + 2)

pq − 1

σ2 = −q [(s2 + l2 + r2) + α1p+ β2 − (N + 2)p]

pq − 1

−(s1 + l1 + r1) + (N + 2)

pq − 1

σ3 = −q [(s2 + l2 + r2) + α1p+ β − (N + 2)p]

pq − n

−n(s1 + l1 + r1) + n(N + 2)

pq − n

σ4 = −q [(s2 + l2 + r2) + α2p+ β1 − (N + 2)p]

pq − 1
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−(s1 + l1 + r1) + (N + 2)

pq − 1

σ5 = −q [(s2 + l2 + r2) + α2p+ β2 − (N + 2)p]

pq − 1

−(s1 + l1 + r1) + (N + 2)

pq − 1

σ6 = −q [(s2 + l2 + r2) + α2p+ β − (N + 2)p]

pq − n

−n(s1 + l1 + r1) + n(N + 2)

pq − n

σ7 = −q [m(s2 + l2 + r2) + αp+mβ1 − (N + 2)p]

pq −m

−m(s1 + l1 + r1) +m(N + 2)

pq −m

σ8 = −q [m(s2 + l2 + r2) + αp+mβ2 − (N + 2)p]

pq −m

−m(s1 + l1 + r1) +m(N + 2)

pq −m

σ9 = −q [m(s2 + l2 + r2) + αp+mβ − (N + 2)p]

pq − nm

−nm(s1 + l1 + r1) + nm(N + 2)

pq − nm

(151) ú

	̄
ϕµ �K. ϕ ÈYJ. 	K Õç�' , ÉÓA ��ð é 	̄ A�K Q�


	« ÉmÌ'@ 	à


@ 	�Q 	® 	K , 	à

�
B@

É�j	J 	̄ ( A �®kB øQ	�� AÒ» ) Iv ð Iu 	áÓ É¿ PY�® 	K ,PYËñë �émk. @Q
��Ó Ð@Y 	j�J�A
K. ð

: �éJ
ËA�JË @ �H@QK
Y
�®�JË @ úÎ«

p > 1 Ég.


@ 	áÓ •

∫
Q

uDα1

t1|Tϕ
µdP ≤

(∫
Q

k2|u|pϕµdP
) 1

p
(∫

Q

k
−1
p−1

2 |Dα1

t1|Tϕ
µ|

p
p−1ϕ

−µ
p−1dP

) p−1
p

(152)∫
Q

uDα2

t2|Tϕ
µdP ≤

(∫
Q

k2|u|pϕµdP
) 1

p
(∫

Q

k
−1
p−1

2 |Dα2

t2|Tϕ
µ|

p
p−1ϕ

−µ
p−1dP

) p−1
p

(153)
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p > m Ég.


@ 	áÓ •

∫
Q

|u|m (−∆)
α
2 ϕµdP

≤ µ

(∫
Q

k2|u|pϕµdP
)m

p
(∫

Q

k
−m
p−m
2 | (−∆)

α
2 ϕ|

p
p−mϕµ−

p
p−mdP

) p−m
p

(154)

A 	JK
YË , É�JÖÏ AK.
q > 1 Ég.



@ 	áÓ •

∫
Q

vDβ1
t1|Tϕ

µdP ≤
(∫

Q

k1|v|qϕµdP
) 1

q
(∫

Q

k
−1
q−1

1 |Dβ1
t1|Tϕ

µ|
q
q−1ϕ

−µ
q−1dP

) q−1
q

(155)∫
Q

vDβ2
t2|Tϕ

µdP ≤
(∫

Q

k1|v|qϕµdP
) 1

q
(∫

Q

k
−1
q−1

1 |Dβ2
t2|Tϕ

µ|
q
q−1ϕ

−µ
q−1dP

) q−1
q

(156)

q > n Ég.


@ 	áÓ •∫

Q

|v|n (−∆)
β
2 ϕµdP

≤ µ

(∫
Q

k1|v|qϕµdP
)n

q
(∫

Q

k
−n
q−n
1 | (−∆)

β
2 ϕ|

q
q−nϕµ−

q
q−ndP

) q−n
q

(157)

	á�
J
ª�JK. A 	JÔ�̄ @ 	X @


Iu =

∫
Q

k2|u|pϕµdP , Iv =

∫
Q

k1|v|qϕµdP

A(p) =

(∫
Q

k
−1
p−1

2 |Dα1

t1|Tϕ
µ|

p
p−1ϕ

−µ
p−1dP

) p−1
p

A(q) =

(∫
Q

k
−1
q−1

1 |Dβ1
t1|Tϕ

µ|
q
q−1ϕ

−µ
q−1dP

) q−1
q

B(p) =

(∫
Q

k
−1
p−1

2 |Dα2

t2|Tϕ
µ|

p
p−1ϕ

−µ
p−1dP

) p−1
p

B(q) =

(∫
Q

k
−1
q−1

1 |Dβ2
t2|Tϕ

µ|
q
q−1ϕ

−µ
q−1dP

) q−1
q
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C(p,m) = µ

(∫
Q

k
−m
p−m
2 | (−∆)

α
2 ϕ|

p
p−mϕµ−

p
p−mdP

) p−m
p

C(q, n) = µ

(∫
Q

k
−n
q−n
1 | (−∆)

β
2 ϕ|

q
q−nϕµ−

q
q−ndP

) q−n
q

Iµ0 =

∫
Q

u2D
α1

t1|Tϕ
µdP +

∫
Q

u1D
α2

t2|Tϕ
µdP

Jµ0 =

∫
Q

v2D
β1
t1|Tϕ

µdP +

∫
Q

v1D
β2
t2|Tϕ

µdP

É¾ ��ËAK. (151)
�éK. A�J» A 	J 	JºÖß
 , (157) - (152) �H@QK
Y

�®�JË @ Ð @Y 	j�J�A
K. , Õç�'

Iv + Iµ0 ≤ I
1
p
u A(p) + I

1
p
u B(p) + I

m
p
u C(p,m),

Iu + Jµ0 ≤ I
1
q
v A(q) + I

1
q
v B(q) + I

n
q
v C(q, n),

A 	JK
YË , Jµ0 > 0 ð Iµ0 > 0 	áÓ

Iv ≤ I
1
p
u A(p) + I

1
p
u B(p) + I

m
p
u C(p,m) (158)

Iu ≤ I
1
q
v A(q) + I

1
q
v B(q) + I

n
q
v C(q, n) (159)

A 	JK
YÊ(
�̄ , @) (159) ð (158) ÈC 	g 	áÓ , 	à

�
B@

Iv + Iµ0 ≤
(
I

1
pq
v A

1
p (q) + I

1
pq
v B

1
p (q) + I

n
pq
v C

1
p (q, n)

)
A(p)

+

(
I

1
pq
v A

1
p (q) + I

1
pq
v B

1
p (q) + I

n
pq
v C

1
p (q, n)

)
B(p)

+
(
I
m
pq
v A

m
p (q) + I

m
pq
v B

m
p (q) + I

mn
pq
v C

m
p (q, n)

)
C(p,m)

úÎ« ÈY�K Young �émk. @Q
��Ó Õç�' 	áÓð

Iv + Iµ0 ≤ K

[(
A

1
p (q)A(p)

) pq
pq−1

+
(
B

1
p (q)A(p)

) pq
pq−1

+
(
C

1
p (q, n)A(p)

) pq
pq−n

+
(
A

1
p (q)B(p)

) pq
pq−1

+
(
B

1
p (q)B(p)

) pq
pq−1

+
(
C

1
p (q, n)B(p)

) pq
pq−n
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+
(
A

m
p (q)C(p,m)

) pq
pq−m

+
(
B

m
p (q)C(p,m)

) pq
pq−m

+
(
C

m
p (q, n)C(p,m)

) pq
pq−nm

]
.I. kñÓ �IK. A�K K Ég.



@ 	áÓ

úÎ« É�m� 	' (132) ú

	̄ Xñk. ñÖÏ @ Q�
 	ª�JÖÏ @ ÉK
YJ. �K Ð@Y 	j�J�A
K.

A(p) = CT−
1
p

(s2+l2+r2)−α1+(N+2)(1− 1
p

)

A(q) = CT−
1
q

(s1+l1+r1)−β1+(N+2)(1− 1
q

)

B(p) = CT−
1
p

(s2+l2+r2)−α2+(N+2)(1− 1
p

)

B(q) = CT−
1
q

(s1+l1+r1)−β2+(N+2)(1− 1
q

)

C(p,m) = CT−
m
p

(s2+l2+r2)−α+(N+2)(1−m
p

)

C(q, n) = CT−
n
q

(s1+l1+r1)−β+(N+2)(1−n
q

)

.I. k. ñÓ �IK. A�K C Ég.


@ 	áÓ

úÎ« É�m� 	' , Õç�' 	áÓð
Iv + Iµ0 ≤ K [T σ1 + T σ2 + · · ·+ T σ9 ] . (160)

QK
Y
�®�JË @ úÎ« É�m� 	' Iu Ég.



@ 	áÓ ,É�JÖÏ AK.

Iu + Jµ0 ≤ K
[
T δ1 + T δ2 + · · ·+ T δ9

]
. (161)

: 	à


@ 	¡kC	K T → +∞ �éK
Aî 	DË @ úÍ@
 PðQÖÏ AK. , @Q�


	g


@

úÍ@
 	áÖß



B@ I. 	KAm.Ì'@ Èð 
ñK
 , �éËAmÌ'@ è 	Yë ú


	̄ ð max {σ1, · · · , σ9, δ1, · · · , δ9} < 0 AÓ@

. 	��̄ A 	J�K úÎ« É�m� 	' Õç�' 	áÓð, AÓAÖ �ß AJ.k. ñÓ Qå��




B@ I. 	KAm.Ì'@ 	àñºK
 AÒ 	J�
K. , Q

	®�Ë@
ð


@

max {σ1, · · · , σ9, δ1, · · · , δ9} = 0

� . 	��̄ A 	J�JË @ �IJ.
�� 	K , �èYg@ð �éËXAªÓ ú


	̄ É�KAÒÖÏ @ ÉJ
Êj�JË @ YªK. ,
�éËAmÌ'@ è 	Yë ú


	̄ ð
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v �HA�®J
J.¢
�� ∼

ZAJ
ÒJ
ºË@ð ZAK
 	Q�

	®ËA¿ , �HA�@PYË@ è 	Yë É�JÖÏ �é«ñ	J�JÓð �èYK
Y« �HA�®J
J.¢

�� ¼A 	Jë
�ék. ð 	QÊËAK.

	¬QªK
AÓ Yg. ñK
 É
K@ñ�Ë@ �éJ
ºJ
ÓA 	JK
X
�é�A 	g ZAK
 	Q�


	®Ë @ ú

	̄ C�JÓ . . . . . . AJ
k. ñËñJ
J. Ë @ð

abcd
�é�®J.¢Ë@ AÒë@Yg@
 É
KA�Ë@ 	áÓ 	á�
�J

�®J.£
	Y 	g



@ ÈC 	g 	áÓ Aê 	̄Qª 	Kð . �éJ
ºJ
ÓA 	JK
YË@ 17

áb́ćd́
�é�®J.¢Ë@ úÍ@


�éJ.�
	�ËAK. v

�é«Qå��. abcd
�é�®J.¢Ë@ ¼Qm�

	' Õç�' áb́ćd́ øQ 	k


B@ð

�PAÖ �ß ú

�æË @ F ¼A¾�JkB
 @

�èñ�̄ �ém.�
�'A 	JË @ øñ�®Ë@ 	á�
K. 	áÓð . (ox) PñjÖÏ @ �� 	̄ð �éêk. ñÓ

. (oz) PñjÖÏ @ úÎ« �éK
XñÒªË@ð áb́ćd́
�é�®J.¢Ë@ úÎ«

18��®Ë@ ÈYªÓð F
�èñ�®Ë@ è 	Yë PAJ
ªÓ 	á�
K.

�é�̄CªË@ ú

	̄
µ

�éJ
ºJ
ÓA 	JK
YË@
�ék. ð 	QÊË @ Qê 	¢��ð

: I. �Jº	Kð ∂v

∂z
	QÓQË@ ø


	X

F = µA
∂v

∂z
,

. �é �®J.£ É¿ i¢� �ékA�Ó É�JÖß
 A �IJ
k
É¾ ��Ë@ 	áÓ PA ���� 	KB
 @

�éËXAªÓ ù
 ë É
K@ñ�Ë@ �é»Qk �éËXAªÓ A 	JK
YË ½Ë 	Y»ð

ρ
∂v

∂t
= µ

∂2v

∂z2
, (1)

ù
 ëð , É
KA�ÊË �éJ
 	�QªË@ �é«Qå�Ë @ ù
 ë v ð É
KA�Ë@ �ék. ð 	QË µ ð É
KA�Ë@ �é 	̄ A�J» ρ �IJ
k
. z �é 	̄ A�ÖÏ @ð t 	áÓ 	QË @ 	áK
Q�
 	ª�JÖß.

�éË @X
: �éJ
ËA�JË @

�èY«A�®Ë @ ÐY 	j�J�	� (1)
�éËXAªÒÊË �CK. B ÉK
ñm�

�' XAm.�'
B


L

[
∂f(t)

∂t

]
= sL [f(t)]− f(t = 0).

úÎ« É�m� 	' 	��
ñª�JËAK. ð

ρsL [v (t, z)]− ρv (t = 0, z) = µ
∂2

∂z2
L [v (t, z)] .

�èQ�
 	g


B@ �éËXAªÖÏ @ 	Y
KY 	J« , �éÓðYªÓ É
KA�ÊË v (t = 0, z)

�éJ

K @Y�JK. B
 @
�é«Qå�Ë @ 	à



@ AÖß.ð
iJ.�

��

ρsL [v(t, z)] = µ
∂2

∂z2
L [v(t, z)] , (2)

17la viscosité
18Contrainte de Cisaillement
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	à


B ð

v(t, z) = v(t)eλz

	Y
KY 	J«

L [v(t, z)] = eλzL [v(t)] , (3)

	àñºK
 ½Ë 	Y»

∂2

∂z2
L [v(t, z)] = λ2eλzL [v(t)] , (4)

: λ Èñêj. ÖÏ AK.
�éJ
ËA�JË @

�éK
Q�. m.Ì'@
�éËXAªÖÏ @ úÎ« É�m� 	' (2) ú


	̄
(4) ð (3) 	��
ñª�JK. ð

ρseλzL [v(t)] = µλ2eλzL [v(t)] .

: 	à


@ ú


	æªK
 AÜØ

λ =

√
ρs

µ

Y	J« É
KA�Ë@ �é«Qå� 	­��� vp(t) 	QÓQËAK. AêË 	QÓQ 	K ú

�æË @ð abcd

�é�®J.¢Ë@
�é«Qå� 	à@
 Õç�'

é 	JÓð , �é 	̄ AmÌ'@ úÎ«  Qå��Ë @ ú

	̄ É�JÒ�JK
 èPðYK. ø


	YË@ð , z = 0

v(t, z = 0) = v(t) = vp(t) ⇒ v(t, z) = vp(t)e
√

ρs
µ
z,

. �é 	̄ AmÌ'@ úÎ«  Qå��Ë @ ���®m��' ú

�æË @ �é«Qå�Ë @ ù
 ëð

�é�̄CªË@ úÎ« �CK. B ÉK
ñm�
�' ��J.¢

	� øQ 	k


@ �éêk. 	áÓ

F (t, z) = µA
∂v

∂z
(t, z),
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: Yj. 	J
	̄

L [F (t, z)] = µAL

[
∂v

∂z
(t, z)

]
= µA

∂

∂z
L [v(t, z)] ,

	à 	X@
 v(t, z) = vp(t)e
√

ρs
µ
z 	à



@ AÖß.ð

∂

∂z
L [v(t, z)] =

√
ρs

µ
L [v(t, z)] ,

Q�
 	g


B@ ú


	̄ ð

L [F (t, z)] = µA

√
ρs

µ
L [v(t, z)] = A

√
µρ

s√
s
L [v(t, z)] , (5)

: �éJ
ËA�JË @ �CK. B �HCK
ñm�
�' YK
Ym�

�' A 	J 	JºÖß
 (5) 	áÓ

sL [v(t, z)] = L

[
∂v

∂t
(t, z)

]
, (6)

1√
s

= L

[
1

Γ(1
2
)
√
t

]
, (7)

: úÎ« É�m� 	' (5) ú

	̄

(7) ð (6) 	��
ñª�JK. ð

L [F (t, z)] = A
√
µρL

[
1

Γ(1
2
)
√
t

]
L

[
∂v

∂t
(t, z)

]
(8)

= A
√
µρ

1

Γ(1
2
)
L

[
1√
t
?
∂v

∂t
(t, z)

]
,

: ú

	æªK
 AÜØ

L [F (t, z)] = A
√
µρ

1

Γ(1
2
)
L

[∫ t

0

∂v
∂t

(τ, z)

(t− τ)
1
2

dτ

]
,

: Ym.�
	' ú
æ�ºªË@ �CK. B ÉK
ñm�

�' Ð@Y 	j�J�A
K. ð

F (t, z) = A
√
µρ

1

Γ(1
2
)

∫ t

0

∂v
∂t

(τ, z)

(t− τ)
1
2

dτ,
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: ��X


@ ú 	æªÖß.ð

F (t, z) = A
√
µρ

1

Γ(1
2
)

∂

∂t

∫ t

0

v(τ, z)

(t− τ)
1
2

dτ

= A
√
µρD

1
2

0|tv(t, z), (9)

�H@ 	X �éJ. Ê�
�éjJ


	®� 	Y 	g


AK. , (Bagley) ð (Trovik) 	áÓ É¿ éÓY�̄ Q 	k

�
@ ÈA�JÓ ¼A 	Jë

	à


@ 	�Q 	®K. ð , k é�J 	KðQÓ �IK. A�K 	��. A 	K ú


	̄ �é�J�. �JÓð h. 	QË É
KA� ú

	̄ �èPñÒ 	ªÓ m

�éÊ�J»

éJ

	̄ AÖß. 	��
Q«

�éjJ

	®�Ë@ i¢� 	à



@ð , É
KA�Ë@ úÎ« Q�K 
ñ�K B �èQ�
 	ª�Ë@ 	��. A 	JË @ �HA¿Qk

.¡ 	ª 	�Ë@ð �HA«Qå�Ë @ É�®k �éjJ

	®�ÊË PðAj. ÖÏ @ É
KA�Ë@ ú


	̄ i. �J
	�K
 �IJ
m�'.

�éK
A
	®ºË@

( ¨PA���Ë @ ú

	̄ �éÊ�JºË@ Z @Yg. ø
 ðA��
 øñ�®Ë@ ¨ñÒm.× ) ½K
Qj�JÊË ú
æ�A�



B@



@YJ. ÖÏ @ I. �kð

: �éËXAªÖÏ AK. ù¢ª�K
�éjJ


	®�Ë@ ú
æ.
	K Ag. úÎ« �PAÖ �ß ú


�æË @ øñ�®Ë@ 	à 	P@ñ�K �éËAg 	à


@ ø




@ ,

mü(t) + ku(t) + 2F (t, z = 0) = 0,

: úÎ« É�m� 	' (9)
�éËXAªÒÊË A �® 	̄ðð

mü(t) + ku(t) + 2A
√
µρD

1
2

0|tv(t, z = 0) = 0,

�éJ. �KQË @ 	áÓ ø
 Qå�»
���J ��Ó A 	JK
YË i. �J

	�K
 v(t, z = 0) = u̇(t) : �éJ

K @Y�JK. B
 @ �HAJ
¢ªÖÏ @ ©Óð
.h. 	QÊË @ É
KA�Ë@ @ 	Yë ú


	̄ �èPñÒ 	ªÖÏ @ �éJ. Ê�Ë@ �éjJ

	®�Ë@ �ék@ 	P@
 	á« l .�

�'A 	K α = 3
2

@Q�
 	g


@

mü(t) + ku(t) + 2A
√
µρD

3
2

0|tu(t) = 0,

. STFE ¡Ò	JË @ 	áÓ �éËXAªÓ ù
 ëð
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