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 الملخ الملخ الملخ صصصصالملخ        

في التأمين على غير الحياة ، غالبا ما تكون إحتياطات المطالبات هي الأكثر أهمية من حيث المبلغ و بالتالي تتطلب تقييما محددا  

  .للغاية

  .هذه المطالبات هي التي تحدث في تاريخ المخزون و لكن لم تتم تسويتها بعد

و نتيجة لذلك ، تتناول هذه الرسالة  . بالإضافة الى ذلك ، يستند البحث الحالي في مجال تقييم الأحكام التقنية أساسا على النظرية

  . Chain-Ladderهذا الموضوع من خلال مقـاربة بيانية لطريقة  

برامترية و غير برامترية من أجل تسليط    استنادا على تحليل مقـارن لنتائج تقديرات الإحتياطات للنموذج المقترح مع نتائج لطرق

الضوء على المخصصات التقنية داخل شركات التأمين لإعطاء جانب هندسي للنظرية القياسية للتموين بإستخدام المدفوعات  

  .الإضافية

  

، عامل تطوير   GLMs، الطريقة الهندسية ، الطريقة التدريجية   Chain-Ladderالحياة ،   - توفير غير::::الكلمات المفتاحية  الكلمات المفتاحية  الكلمات المفتاحية  الكلمات المفتاحية  

  .الرسومات
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!)'$%!* )9& (04!19""!%!&' =.'.*;

B1.)$!.*) #""*9-8!) 9&' 0'0 (04!19""0!) "9.* (9&&!* (!) !)'$%#'$9&) *#$)9&3

&#71!); P#-Q FRGH # (04!19""0 "9.* 1# "*!%$6*! =9$) .& %9(61! )'9-8#)'$?.! )9.)3

S#-!&' A 1# %0'89(! (! E8#$&3 #((!* ?.$ !)' .&! %0'89(! (0'!*%$&$)'! !' "*97#3

71!%!&' 1# %0'89(! 1# "1.) "9".1#$*! "9.* !)'$%!* 1!) *0)!*4!) (! )$&$)'*!) LMNO

FTH;

U"*6) -!1#> O!&)8#V !' W!**#1 CRXXYD FRJH 9&' "*0)!&'0 .& %9(61! )'#'$)'$?.!

)9.)3S#-!&' A 1# '!-8&$?.! E8#$&3 #((!*> ?.$ )! "*0)!&'! )9.) 1# =9*%! (+.& %9(61!

1$&0#$*! /0&0*#1$)0> "9.* Z# $1) 9&' .'$1$)0 .&! #""*9-8! ?.#)$34*#$)!%71#&-!; P#-Q

!' W!&'!* CJ[[[D FR[H =9.*&$))!&' .&! -9%"#*#$)9& (0'#$110! (!) %9(61!) )'9-8#)3

'$?.!) ?.$ *!"*9(.$)!&' 1+!)'$%#'$9& (!) *0)!*4!) (! E8#$&3 #((!* !' ?.$ "!&)! ?.!

1# ?.!)'$9& (! ?.!1 %9(61! \9.)3'!&( -!' #1/9*$'8%! &! "!.' "#) 2'*! *0"9&(. "#*

.&! (!%#&(! 8$)'9*$?.! 9. %2%! "#* .&! (0(.-'$9& 19/$?.! )'*$-'! !' "9.* 04#1.!*
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6# -!&./# *!-'1$( &1" 71*8 9:;< #+ =">/1"& #+ ?#$$1/ 9@A< 2%)  !"+ /# -!3

&./# B01)"361&&#$ &) +$)C%+)!" D$## EFGB6H #+ I!)  !"  %$3&) '#$ ( EJFIH  !"+ /# 

 #%/ 2%) !"+ *!"&%)+ K /1 -L-# # +)-1+)!" '!%$ Di,n 2%# /M1/>!$)+0-# &# B01)"3

61&&#$ #+ )/ !"+ *!"*/% 2%#  #%/ /# -!&./# FGB6 '#%+ L+$# *!" )&($( *!--#

 !% 341*#"+ K /M1/>!$)+0-# &# B01)"361&&#$5 =" %)+#, ?#$$1/ 9NN< 1 D1)+ %"# #"2%L+#

 %$ /# -!&./# &# *1/*%/ &# $( #$O#  +!*01 +)2%# #+ /1 +#*0")2%# &# B01)"361&&#$

&1" /12%#//# )/ 1 #P'/!$( #" &(+1)/ /1 $#/1+)!" #"+$# /# -!&./# &(*$)+ '1$ Q#"3

 01R #+ ?#$$1/ 9@S< #+ 71*8 9:T<, )/ 1  %>>($( &1"  !" 1$+)*/# %" "!%O#1% -!&./# #+

&# "!%O#//# D1U!" &# +#")$ *!-'+# &# '1V#-#"+ )"*$(-#"+1%P "(>1+)O# '!%$

/1 +#*0")2%# &# B01)"361&&#$ 9:;<, '%) =">/1"& 1"& ?#$$1/ 9::,:@< !"+ -!"+$(

*!--#"+ /# &) +$)C%+)!" '$(&)*+)O# &% '1  )D #"  % '#" #" 1  %$1"*# >("($1/#

'#%O#"+ L+$# !C+#"% #" %+)/) 1"+ C!!+ $1' !% /# +#*0")2%# C1V( )#""# '!%$ /# 

-!&./#  +1+) +)2%# */1)$#-#"+ &(W") 5 =+ )/ &!""#"+ %" -!V#" &M!C+#")$ %"#

&) +$)C%+)!" '$(&)*+)O# K '1$+)$ &# -!&./# &# $(*/1-1+)!" &# $( #$O# $(*%$ )O# y
*!-'$) /# -!&./# )"+$!&%)+ '1$ 71*85

B0!$W #+ Q#-)+1 9S< !"+ '$!'! ( %"# "!%O#//# -(+0!&# &# *1/*%/ &# $( #$O# #"

%+)/) 1"+ %"# 1''$!*0# )"*$(-#"+1/#  +!*01 +)2%#, #" -!&)W1"+ /# -!&./# &# 71*8

#+ #" (O)+1"+ %"# (+1'# &# *1/*%/, )/ "M!"+ %+)/) ( 2%# /# '1)#-#"+ )"*$(-#"+1%P

'!%$ # +)-#$ /# $( #$O# &#  )") +$# 5

X /1 /#*+%$# &# /M(+1+ &# /M1$+, )/ #P) +# '/% )#%$ +#*0")2%# &M(O1/%1+)!" #+ &M# 3

+)-1+)!" &# '$!O) )!" '1$-) /# 2%#//# !" $#+)#"+ *#//# &)+# YZ[Q EY"*%$$#& Z%+

[!+ Q#'!$+#&H C1 (  %$ /M(O!/%+)!" '1  (# &% *!\+ &#  )") +$# '!%$ # +)-#$  !"

&(O#/!''#-#"+ D%+%$5 =" '$1+)2%# *# +#*0")2%#  !"+ %+)/) (#  !)+ '!%$ # +)-#$

/# $( #$O# '%$#-#"+ YZ[Q,  !)+ /# $( #$O# &#  )") +$# +!+1/# 5 B#++# (+%&# 1 '#$3

-) &1" %" '$#-)#$ -!-#"+ &# $(1/) #$ %" 1$+)*/#  *)#"+)W2%# 1''#/( X''$!*0#

>$1'0)2%# '!%$ /# *1/*%/ &# $( #$O# 9]<, &1" /#2%#/ "!% 1O!" '$!'! ( %"# "!%3

O#//# O) )!" '!%$ /# '$!C/.-# &% '$!O) )!""#-#"+ '!%$ /# *!-'1>")# &M1  %$1"*# 5

[!+$# +0. # # + $('1$+)# #" +$!) *01')+$# &!"+ /# &(+1)/ E"!+$# +0. # # + !$3

>1") (# *!--#  %)+H

J" )"+$!&%)+ &1" %" '$#-)#$ /)#%, /# -(+0!&# */1  )2%# &# '$!O) )!""#-#"+,

'!%$ *#/1 "!% 1O!" &(+1)//( /1 -(+0!&# &# B01)"361&&#$ #+  1 O#$ )!"  +!*01 3

+)2%# 2%) # + /# -!&./# &# 71*8, #" %)+#, "!% 1O!" '1$/( &# /M1''$!*0# )"*$(-#"3

+1/# #+ '!%$ #" &(&%)$# /1 &) +$)C%+)!" &# $( #$O# "!% 1O!" &(W") /1 -(+0!&#

Z!!+ +$1'5 F1" %"  #*!"& /)#%, !"  M)"+($#  # 1%P -!&./# D1*+!$)#/  +!*01 +)2%# 

'!%$ /1 -!&(/) 1+)!" &# '$!O) )!" +#*0")2%# &1" /# *!-'1>")# &M1  %$1"*# ,
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 !"# $%&' (!") '*!() +,-'.&&,) &%  #!*.).!((%/%(-  '# &%) /!+0&%) &.(,'.#%) 1,(,#'2

&.),%)3 4'() "( -#!.).0/% &.%"5 (!") '*!()  #,)%(-, (!-#% -#'*'.& +% #%$6%#$6% 7". )%

#,)"/% +'() "(% '  #!$6% 1#' 6.7"%  !"# &% $'&$"& +%) #,)%#*%)3 8(9(5 !( ):'  ".%

)"# +%) +!((,%) %( '))"#'($% (!(2*.%  !"# .&&")-#%#5 $!/ #%(+#% %- $!/ '#%# &%)

(!-.!() .(-#!+".-%) -!"- '" &!(1 +% $%--% -60)%3

;:%()%/<&% +%) #,)"&-'-)  #,)%(-,) +'() $%--% -60)% !(- ,-, !<-%(") = -#'*%#) +%)

!"-.&) +,*%&!  ,) )!") &% &!1.$.%& >5 ?'-&'<5 8@$%&5 A"-!BA4 C&!1.$.%& +:.&&")-#'-.!(

1#' 6.7"%D3

 !"#$ %!&'(%!&)*+$ $& ,-&!&)-./

4'() $%--% )%$-.!(5 (!") .(-#!+".)!() &% $'+#% /'-6,/'-.7"%  !"# &%) #,)%#*%)

+% ).(.)-#%) %- &%)  #.($. '&%) (!-'-.!() "-.&.),%) +'() $%--% -60)%3 4'() &'  &" '#-

+%) $')5 &%)  ')).E) +% ).(.)-#%) %( )") %() C&%) .(+%/(.-,) +%  %#-%D )!(- %)-./,)

+'() +%) -#.'(1&%) +% +,*%&!  %/%(- +%) ).(.)-#%) 7". ), '#%(- &%) ).(.)-#%) )%&!(

+%"@ '@%) -%/ !#%&) F &%) '((,%) +% )"#*%('($% i ∈ {1, . . . , I} %- &%) '((,%) +%

+,*%&!  %/%(- j ∈ {1, . . . , J}3 G!") )"  !)!() 7"% &' +%#(.0#%  ,#.!+% +% +,*%2

&!  %/%(- %)- +!((,%  '# J 5 .3%3 Xi,j = 0  !"# j > J 5 4%  &")5  !"# )./ &.9%#5

(!") )"  !)!() 7"% I = J 3 H.%( )I#5 -!"-%) &%) E!#/"&%) )!(- *#'.%)  !"# I > J
C-#' 0J%) +% +,*%&!  %/%(-D3 G!") $!().+,#!() &' /'-#.$% +%) *'#.'<&%) '&,'-!.#%)

X := (Xi,j)1≤i,j≤I CKD

L!"# $%#-'.() I ≤ 23 G!") )"  !)!() 7"% &' *'#.'<&% Xi,j +,).1(% &%)  'M%/%(-)

.($#,/%(-'"@ +% &:'((,% +% +,*%&!  %/%(- j  !"# &%) ).(.)-#%) )"#*%(") '" $!"#)

+% &:'((,% +:'$$.+%(- i3 4'() "( -#.'(1&% +% +,*%&!  %/%(- +% ).(.)-#%)5 &%) '(2

(,%) +:'$$.+%(- )!(- 1,(,#'&%/%(- )"# &' &.1(% *%#-.$'&% '&!#) 7"% &%)  ,#.!+%) +%

+,*%&!  %/%(- )!(- )"# &' &.1(% 6!#.J!(-'&%3 N'<.-"%&&%/%(-5 &%) -'<&%) +% +,*%&! 2

 %/%(- +%)  %#-%) )% +.*.)%(- %( +%"@  '#-.%) F &% -#.'(1&% )" ,#.%"# !O (!") '*!()

+%) !<)%#*'-.!() X̂i,j ∈ R %- &% -#.'(1&% .(E,#.%"# !O (!") *!"&!() %)-./%# &%)  '.%2

/%(-) ./ 'M,)3 P"# &%) +.'1!('&%)5 (!") *!M!() -!"Q!"#) &%) '((,%) $!/ -'<&%)3

;%) +!((,%) +% ).(.)-#%) !(- +!($ &' )-#"$-"#% )".*'(-% (I = J) F

;%) +!((,%)  %"*%(- R-#%  #,)%(-,%) )!") E!#/% $"/"&'-.*% !" )!") E!#/% (!(2

$"/"&'-.*% C.($#,/%(-'&%D3 G!") $!().+,#!() "(% /'-#.$% +% *'#.'<&%) '&,'-!.#%)

C := (Ci,j)1≤i,j≤I CSD

L!"# $%#-'.() I ≥ 23 ;' *'#.'<&% Ci,j %)- .(-%# #,-,% $!//% &% /!(-'(- +%)

).(.)-#%) $"/"&,) +% &:'((,% +:'$$.+%(- i Q")7":= &:'((,% +% +,*%&!  %/%(- j5 &%)
+!((,%) $"/"&'-.*%) )!(- +!((,%)  '#

KS



Ci,j =

j∑

l=1

Xi,l  !"

#$%& '$ ()*+,-. &($%/$,/ /.& ,*&.,0.& /. &-%-&(,.&1 *2$'.3.%( $44.'*. '$ ()*+,-.

56781 +% &944+&. :9. '.& 4$-,.& (i, j) /;$%%*.& /;$<<-/.%( .( /. /*0.'+44.3.%(

$0.< i + j ≤ I + 1 /*<,-0.%( '.& $%%*.& 4$&&*.& 4+9, '.&:9.''.& '. (,-$%2'. ,9%=+>

/.& +?&.,0$(-+%& ,*.''.& Ĉi,j ∈ R &+%( /-&4+%-?'.@

Ĉ := (Ĉi,j)1≤i,j≤I+1  A"

B.& 4$-,.& (i, j) $0.< i + j > I + 1 &. ,*CD,.%( $9E $%%*.& C9(9,.& $0.< /.&

,*&9'($(& -%<+%%9& 4+9, '.& 3+%($%(& /. &-%-&(,.& <+,,.&4+%/$%(&@

 !"#$% F G H,-$%2'. /. '-:9-/$(-+%

 !"#$%&! '(  ! "#$%&'%(%)# '*+ '&,,#*+ (&,+%'#$#*+ *+) !,,-*..*/

)*#+! ,$#*-%&!. !* ./"-0#-$!. 1

B$ ()D&. $ *(* 0$'+,-&* 4$, '$ 4$,(-<-4$(-+% $9E

I J+9,%*. K.9%.& <).,<).9,&@ L%%$?$1 L'2*,-.  M<(+?,. NOFA"@

I J+9,%*.& %$(-+%$'.& &9, '.& 3$()*3$(-:9.& $44'-:9*.& PJ7QL;FAP@ RS-S/$1

L'2*,-.@  7+0.3?,. NOFA"@

I J+9,%*.& R<-.%(-T:9.& BL8MQL#;555@ H-U-=M9U+91 L'2*,-.@  M<(+?,. NOFV"@

I W-,&( -%(.,%$(-+%$' <+%C.,.%<. +% (). PX0+'9(-+% +C Y+%(.34+,$,Z Q$().=

3$(-<& $%/ ().-, 534$<( -% R<-.%<.& $%/ H.<)%+'+2ZP  XYQ5[R<-H.<)NOF\"@

Y+%&($%(-%.1 L'2*,-.  M<(+?,. NOF\"@

F!
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:;%':;% <#*6 <#(46%=> ? 6@*4(=%'5("> +% A(66%1B C'#4:%D !8*5 6# +('%:"(84 +*

<'8E%55%*' F#+G( HIJKIFLID
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)*%!+,'- ,' #&+.$-$+//'0'/%

 ! "#$% &'()"*+!*, %* -%!*"+$, .% $/+-*0+&"% !)!12&%, %3* $% -+$-0$ .%3 (")2&3&)!34

5! (+"*&-0$&%", &$ %6&3*% .&78"%!*%3 '8*9).%3 *%-9!&:0%3 .% (")2&3&)!!%'%!*, :0%

!)03 +$$)!3 "+((%$%" .+!3 -% -9+(&*"%4 ;%3 (")2&3&)!3 *%-9!&:0%3 3)!* .%3*&!8%3 <

(%"'%**"% $% "=>$%'%!* &!*8>"+$ .%3 %!>+>%'%!*3 ("&3 %!2%"3 $%3 +330"83 %* ?8!8@1

-&="%3 .% -)!*"+*34 5$$%3 3)!* $&8%3 < $+ *%-9!&:0%3 'A'% .% $/+330"+!-%, %* &'()38

(+" $+ "=>$%'%!*+*&)!, ()0" *%!&" -)'(*% .% B $/&!2%"3&)! .0 -C-$% .% (").0-*&)!B,

%6($&:08 .+!3 $+ (+"*&% &!*").0-*&)!4 D%3 (")2&3&)!3 *%-9!&:0%3 '%30"%!* +&!3& $%3

%!>+>%'%!*3 "%3*+!* < 9)!)"%" (+" $/+330"%0", %* "%("83%!*%!*, %! ')C%!!% %! +3301

"+!-% !)!12&%,75% .0 *)*+$ .0 ?&$+!4 ;%**% !)*&)! -)'(*+?$% !8-%33&*% !8+!')&!3

0! ').=$% (")?+?&$&3*% 3)031E+-%!*, (0&3:0/&$ 3/+>&* .% ("82)&" 0!% -9+">% @!+$%4

D+ '8*9).% ;9+!1D+..%" %3* (")?+?$%'%!* $+ '8*9).% $+ ($03 3&'($% %* $+ ($03

0*&$&38% (+" $%3 -)'(+>!&%3 ./+330"+!-% +0 3&=-$% .%"!&%"4 F)0*%G)&3, 3& %$$% (")1

()3% 0! %3*&'+*%0" .0 ')!*+!* .% (")2&3&)!, &$ %3* .&H-&$% ./%! %6*"+&"% .+2+!*+>%

./&!G)"'+*&)!4 I/+0*"%3 '8*9).%3 3%")!* 8>+$%'%!* (")()38%3 (+" $+ 30&*%, &!*")1

.0&3+!* 0!% +((")-9% 3*)-9+3*&:0%, (%"'%**+!* ./)?*%!&" 0!% '+">% ./%""%0" 30"

$% ')!*+!* .%3 (")2&3&)!34
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 ! "# $%&'()* +'#,-."#))*/

 ! "#$%&'( )%!*+, !''(- (.$ /+( "#$%&'(. '#$(-"*+*.$( 0/* -(1&.( ./- 23%4,

1&$%5.( '( .$!6*2*$# '/ '#2!* .3#7&/2!+$ (+$-( 2! ./-8(+!+7( '3/+ .*+*.$-( ($ 2(9.:

-5;2("(+$9.:< 0/(2 0/( .&*$ 23(=(-7*7( '( ./-8(+!+7(< (+ !6.(+7( '3*+>!$*&+< '( 7%!+,

;("(+$ '( .$-/7$/-( '( 1&-$(?(/*22(< '(. ;!-!+$*(. '(. 7&+$-!$.< '(. ?-!+7%*.(.< ($

12/. ;#+#-!2("(+$ '( 2! ;(.$*&+ '(. .*+*.$-(.@ )($$( "#$%&'( 7&"1$( 1!-"* 2(. 12/.

1&1/2!*-(.< 7!- (22( (.$ ?!7*2( A "($$-( (+ B/8-(< ($ ?!7*2( A 7&"1-(+'-(@  3*'#( (.$

0/( 2( '#-&/2("(+$ '(. 1!*("(+$. (.$ ;&/8(-+# 1!- '(. ?!7$(/-. '( '#8(2&11("(+$

.$-*7$("(+$ 1&.*$*?. 9+&$# fj: 0/* +( '#1(+'(+$ 0/( '( 23!++#( '( '#8(2&11("(+$
j@
 (. 1!-!"5$-(. *+$(-8(+!+$ '!+. 2! "#$%&'( )%!*+, !''(- 1-#.(+$(+$ 23!8!+$!;(

'3!8&*- /+( *+$(-1-#$!$*&+ 72!*-(< ($ .&+$ ?!7*2("(+$ (.$*"!62(.@  3*+7&+8#+*(+$

#$!+$ 0/( 7($$( (.$*"!$*&+ (.$ -(2!$*8("(+$ 1(/ -&6/.$(@ )($$( "#$%&'( +( ?!*$

!/7/+( %41&$%5.( 0/!+$ A 2! 2&* 0/( 1(/8(+$ ./*8-( 2(. 7&C$. '(. .*+*.$-(.< &/ 2(/-

?-#0/(+7(@

 ! ! "#$ %&'()*+,&-$

 ! "#$%&'( )%!*+, !''(- (.$ ?&+'#( ./- 23/$*2*.!$*&+ '( 2*+D,-!$*&.< (+7&-(

!11(2#. 7&(E7*(+$. '( 1!..!;(< 7&(E7*(+$. '( '#-&/2("(+$< (+$-( 2(. '*F#-(+$(.

!++#(. '( '#8(2&11("(+$@  (. %41&$%5.(. .&/.,G!7(+$(. .&+$ H

I H1 :  (. 1!*("(+$. 7/"/2#. Ci,j '(. !++#(. '( ./-8(+!+7(. i .&+$ *+'#1(+,
'!+$.@

I H2 :  (. !++#(. '( '#8(2&11("(+$ .&+$ 2(. 8!-*!62(. (=12*7!$*8(. '/ 7&",
1&-$("(+$ '(. .*+*.$-(. ?/$/-.@

 ! "#$%&'( .$!+'!-' '( )%!*+, !''(- 7&+.*.$( A ./11&.(- 0/( 2(. (Ci,j)j=1,...,J

.&+$ 2*#. 1!- /+ "&'52( '( 2! ?&-"(

Ci,j+1 = fjCi,j 1&/- $&/$ 1 ≤ i ≤ I ($ 1 ≤ j ≤ J 9J@J:

K(2 0/( 1&/- $&/$ i ∈ 1, . . . , I ($ j ∈ 1, . . . , J <&+ ! H

E [Ci,j|Ci,1, . . . , Ci,j−1] = E [Ci,j|Ci,j−1] = fj−1Ci,j−1 9J@L:

JM



 !" #$!%#&!'(" fj )! *+,&'- ,))!. "$'( ,//!01" 2,#(!3." )! )14!0$//!5!'(6 &0"
/!34!'( 7(.! !"(&51"6 8 09,&)! )!" $:"!.4,(&$'"6 /,. 0! .,//$.( )!" ($(,3; .!0,(&2"

,3; 1015!'(" #$553'" )! )!3; #$0$''!" "3##!""&4!"6 #9!"(-8-)&.! ∀j = 0, . . . , J−1
$' ,

f̂j =

∑I−j−1
i=0 Ci,j+1∑I−j−1
i=0 Ci,j

=

I−j−1∑

i=0

Ci,j∑I−j−1
k=0 Ck,j

Ci,j+1

Ci,j

<=>?@

 !""! #$  !"# $%# &'(!)&*#%# (H1) %) (H2)+ ,!"# -.!,# / ∀1 ≤ i ≤ I

E [Ci,j|DI ] = E [Ci,J |Ci,I−i] = Ci,I−ifI−i . . . fJ−1 <=>A@

0!"1 $%# 2!%324%,)# 5% 6&-4,78-55%1 fj 2!,,"#+ $%# 9!,)-,)# 5% (1!.4#4!,#

(!"1 ",% -,,:% 5;-2245%,) i #"4.-,) $%# 4,<!19-)4!,# 54#(!,4=$%# -" 9!9%,) 5%

$;%#)49-)4!, 5%# (1!.4#4!,# DI -.%2 DI = {Ci,j|i+ j ≤ I + 1} #!,) (1:54)%# (-1

E [Ci,J |DI ]− Ci,I−i = Ci,I−i(fI−i . . . fJ−1 − 1) <=>B@

6%))% <!19"$% 2!11%#(!,5 -"> 1:#%1.%# =%#) %#)49-)% (-1 -,,:% 5;-2245%,) i %, 5-)%

I+ 2!,54)4!,,%$$%9%,) -"> !=#%1.-)4!,# DI ?@A+ A@BC

%&'(')*+*', #$ 8;%#)49-)%"1 5% 6&-4,78-55%1 (!"1 E [Ci,j|DI ] %#) 5!,,: (-1 /

∀i, j > I, ĈCL
i,j = Ê [Ci,j|DI ] = Ci,I−if̂I−i . . . f̂J−1 <=>C@

 ! !" #$%&'()*'(+, -%& ./+0(&(+,&

 9!"(&5,(&$' )!" /.$4&"&$' ,''3!00! R̂i /,. ,''1! )! "3.4!','#! i /$3. i ∈
1, . . . , I !"( )1D'&! /,. 0, .!0,(&$' "3&4,'(!

R̂i = Ĉi,J − Ĉi,J−i+1 <=>E@

 , /.$4&"&$' ($(,0! R̂ 8 #$'"(&(3!. /$3. 09!'"!5:0! )!" ,''1!" )! "3.4!','#! !"(

1F,0! 8 0, "$55! )!" /.$4&"&$'" /$3. #+,G3! ,''1! )! "3.4!','#!

R̂ =
I∑

i=1

R̂i <=>H@

I?A6 =A6 JK

=E



 !" #$ %&'()$ '$ *+,-

 !" #"$ %!&'()*$ #+ ,-./($(.!!"0"!) "$) #" 0"$+-"- '1(!2"-)()+#" #"$ ,-.3"24

)(.!$ #" !.$ -*$"-/"$ 5 ,&-)(- #+ )-(&!6'" #" '(7+(#&)(.!8 9"$ 0*):.#"$ #*)"-0(!($)"$

!" ,.+/&!) &;.+)(-< (' "$) &,,&-+ #"$ 0*):.#"$ #()"$ $).2:&$)(7+"$ .= '"$ 2.!$)(4

)+&!)$ Ci,j #+ )-(&!6'" $+,*-("+- $.!) (!)"-,-*)*$ 2.00" #"$ /&-(&;'"$ &'*&).(-"$8

>?$ '.-$< (' #"/("!) ,.$$(;'" #1*0"))-" #"$ :@,.):?$"$ $+- '" 2.0,.-)"0"!) #" 2"$

/&-(&;'"$ Ci,j 7+( $"-.!) ,'+$ .+ 0.(!$ /&'(#*"$< #1*)+#("- '& /&-(&;('()* #" '& ,-./(4

$(.! ,-*/+" ,&- '" 0.#?'"< #1.;)"!(- #"$ "$)(0&)(.!$ ") #"$ (!)"-/&''"$ #" 2.!%&!2"

,.+- #"$ ,&-&0?)-"$ #1(!)*-ê) )"'$ 7+" '& A&'+"4&)4B($C .+ '& ,-.;&;('()* #1(!$+D4
$&!2" .+ "!2.-" #" $(0+'"- '& $(!($)-&'()* #"$ "E"-2(2"$ F+)+-$8

9& )-?$ 6-&!#" $(0,'(2()* #+ 0.#?'" #" G:&(!49&##"- '+( /&+) +! "!6.+"0"!) ,&-4

)(2+'("- 5 )"' ,.(!) 7+" '"$ 0.#?'"$ $).2:&$)(7+"$ )"!)"!) #" 2.--"$,.!#-" &+ 0("+E

5 $"$ -*$+')&)$8 G"-)&(! -"0&-7+"!) 7+" '& 2:&-6" +')(0" #" CL ,"+) H)-" .;)"!+"
"! 0&E(0($&!) '& /-&($"0;'&!2" #1+! 0.#?'" #" I.($$.! JK&2:"0"($)"- ") L)&!&-#

"! MNOP< Q-"0"- "! MNRP ") S&2C "! MNNMT8 >1&+)-"$ .!) &$$.2(* '& 0*):.#" #"

G:&(!49&##"- 5 +! 0.#?'" '(!*&(-" 6*!*-&'($* JB"!$:&U "! MNRN ") B"!$:&U ")

A"-&'' "! MNNRT8

V.+$ '"$ 0.#?'"$ $.!) #(W*-"!)$ 0&($ ).+$ &;.+)($$"!) 5 #"$ -*$+')&)$ ,-.2:"$ #"

G:&(!49&##"-8 9" 0.#?'" #" S&2C "! MNNX #.!!" "E&2)"0"!) '"$ 0H0"$ -*$+')&)$8

 !"! #$%&'()*(+, -. /+-01$

91(#*" #" S&2C "$) #" 2.!$(#*-"- '"$ '(6!"$ #" -?6'"0"!)$ 2+0+'*$ 2.00" #"$

,-.2"$$+$ 0&-C./("!$ /*-(%&!) 2"-)&(!"$ ,-.,-(*)*$8 9" 0.#?'" #" S&2C "$) '& /"-4

$(.! $).2:&$)(7+" #" G:&(!49##"-< "! "W") '" 0.!)&!) #"$ ,-./($(.!$ "$)(0* "$)

(#"!)(7+"8 Y' & 2","!#&!) '1&/&!)&6" #1"$)(0"- +!" "--"+- #" ,-*#(2)(.! #"$ ,-./(4

$(.!$ ZMX<X[\8

 !"!" 2($, 34$& 13 /5*6+-$ -$ 763(,823--$'

9& 0*):.#" G:&(!49&##"- 2.!$($)" 5 $+,,.$"- 7+" '1.! & +! 0.#?'" #" '& F.-0"

Ci,j+1 = fjCi,j ,.+- ).+) 0 ≤ i ≤ I, 0 ≤ j ≤ J JM8NT

9& /"-$(.! $).2:&$)(7+" #" 2"))" -"'&)(.! 2.!$($)" 5 *2-(-"

E [Ci,j+1] = fjE [Ci,j] ,.+- ).+) 0 ≤ i ≤ I, 0 ≤ j ≤ J JM8M]T

MR



 !"!# $%&'()* '+),-.'+(/0% 1% 2-.(*34.11%&

 !"# $%&&'( ! )*+)+,- ./ 0+1234 /+/ )!*!0-5*67.48 "+/1656+//43 9 3! *-!36:

,!56+/ 1. 5*6!/;348 )4*0455!/5 1<4,5604* 34, 4**4.*, "+006,4, 3+*, 14 3<-=!3.!56+/

14, *-,4*=4,> ?+.* "43!8 63 ,.))+,4 3<6/1-)4/1!/"4 36;/4 )!* 36;/48 6>4>

(H1) @4, )!6404/5, ".0.3-, (Ci,j)j=1,...,J 45 (Ci′,j)j=1,...,J ,+/5 6/1-)4/1!/5,

)+.* i 6=i
′

> A5 7.<63 4,5 )+,,6B34 14 364* 3<4,)-*!/"4 "+/1656+//4334 14 Ci,j+18 ,!"C!/5

34 )!,,- Ci,1, . . . , Ci,j8 9 3! 14*/64*4 +B,4*=!56+/ Ci,j8 9 ./ D!"54.* 0.356)36"!56D )*2,8

"+**4,)+/1!/5 9 ./ 36/# *!56+8 6>4>

(H2) @4, (Ci,j)j=1,...,J D+*04/5 ./4 "C!6/4 14  !*#+= 45 63 4E6,54 14, "+/,5!/54,fj ≥
0 45 σ2

j ≥ 0 543 7.48 )+.* 5+.5 0 ≤ i ≤ I 8 0 ≤ j ≤ I − 1 +/ ! F

E [Ci,j+1|Ci,1, . . . , Ci,j] = fjCi,j $%>%%(

A5

V ar [Ci,j+1|Ci,1, . . . , Ci,j] = σ2
jCi,j $%>%G(

@4, "+4H"64/5, (f, σ2) := (fj, σ
2
j )j=1,...,I−1 ,+/5 !))43-, D!"54.* 14 1-=43+))404/5

14 CL 45 )!*!025*4, 14 =!*6!/"4 *4,)4"56=404/5 I&8 %JK>

 !"!5 6&)7&(8+8' 1%' %'+(9.+%0&' 1% 2-.(*34.11%&

@! ,)-"6L"!56+/ 1<./ 0+1234 ,5+"C!,567.4 ;*M"4 9 (H1) 45 (H2) )4*045 1<-5.:
164* 34, )*+)*6-5-, 14, 4,560!54.*, 14, D!"54.*, 14 1-=43+))404/5 14 3! 0-5C+14

NC!6/:@!114*>  !"# ! )*+.=- 1!/, 3<!*56"34 I%JK 34, *-,.35!5, ,.6=!/5 F

 !"#$%&% '(  !"# DI $%&'(&)*$& +& +!'',&( !*(&#-,&( &. (!"( $&( /01!./2(&(

(H1) &. (H2) '!"( 3-!'(

E (Ci,I |DI) = Ci,I−i+1

I−1∏

j=I−i+1

fj $%>%'(

4,)!'(.#3.5!'6 A/ .5636,!/5 3<!B*-=6!56+/

E(X) = E(X|Ci,I . . . Ci,I−i+1)

O<!)*2, (H2) 45 4/ *-)-5!/5 3<!))36"!56+/ 14 (H1) +/ +B564/5

E(Ci,I |D) = E(Ci,I) = E (E(Ci,I |Ci,1 . . . Ci,I−i+1))

= E (Ci,I−1|fI−1) = E(Ci,I−1)fI−1 = etc

= E (Ci,I−i+1) fI−i+1 ∗ · · · ∗ fI−1 = Ci,I−i+1fI−i+1 ∗ · · · ∗ f(I−1)

%&



 ! "#$%&'(! (%)"&! *+! ,-!."/(0"!+& Ĉi,I 0 ,0 (1(! 2%&(! *+! E(Ci,I |D) *+/
!." ,0 (!/,,!+& 3&%4/./%) 5! Ci,j 60.$ .+& ,!. %6.!&40"/%). DI 7

8! 3&%9#0/) "#$%&'(! (%)"&! *+! ,-!."/(0"/%) 5!. fI−i+1 ∗ · · · ∗ fI−1 :0& f̂I−i+1 ∗
· · · ∗ f̂I−1 !." !) !;!" +)! 3&%9$5+&! &0/.%))06,! <=>7

 !"#$%&% '(  !" !"#$%&#!'(" )' *&+#!'( )! ),-!./00!%!1# )! 23&$14 &))!(5 $6!6

f̂j =

∑I−j

i=1 Ci,j+1∑I−j

i=1 Ci,j

0/'( j = 1, . . . , I − 1 ?@7@AB

7/1# "&1" 8$&$" !# 1/1 +/((,.,!"

9,%/1"#(&#$/16 C%/" βk = {Ci,j|j ≤ k, i+ j ≤ I + 1} , 1 ≤ k ≤ I7 D-03&'. (H2) !"
(H1) %) %6"/!)"

E (Ci,k+1|βk) = E (Ci,k+1|Ci,1 . . . Ci,k) = Ci,kfk

:0& 9%).$*+!)"E )%+. 04%).

E
(
f̂k|βk

)
=

∑I−k

j=1 E(Ci,k+1βk)
∑I−k

j=1 Ci,k

= fk

E(f̂k) = E
(
E(f̂k|βk)

)
= fk , 1 ≤ k ≤ I − 1

 ! *+/ (%)"&! /(($5/0"!(!)" *+! ,!. 30&0('"&!. f̂k .%)" .0). 6/0/. <@F>7
G%)"&%). 0+../ *+! ,!. f̂k .%)" )%) 9%&&$,$. 3%+& j < k

E(f̂j f̂k) = E(E(f̂j f̂k|βk))

= E
(
f̂jE(f̂k|βk)

)

= E(f̂j)fk = E(f̂j)E(f̂k)

 ! *+/ 09#'4! ,0 5$(%)."&0"/%)

 %((! ,! )%"! G09H <@F>E 9!""! 06.!)9! 5! 9%&&$,0"/%) !)"&! ,!. !."/(0"!+&.

3!+" 30&0I"&! .+&3&!)0)"! 90& ,!. !."/(0"!+&. &!3%.!)" .+& ,!. (1(! %6.!&40"/%).7

 !""! )%) 9%&&$,0"/%) !." )$0)(%/). 9!)"&0,! 3+/.*+-!,,! 3!&(!" 5-$9&/&!

E
[
f̂I−i+1 ∗ · · · ∗ f̂I−1

]
= fI−i+1 ∗ · · · ∗ fI−i+1 ?@7@JB

D%)9E ,! (%)"0)" 5!. &$.!&4!. 0))+!,,!. !."/($ R̂i = Ĉi,I −Ci,I−i+1 !." +) !."/(0K

"!+& )%) 6/0/.$ 5+ 4&0/ (%)"0)" 5!. &$.!&4!. 0))+!,,!. R̂i = Ci,I − Ci,I−i+17

LM



 !"!# $%&''&(' )(*+'*,-)(& ./0&11& +& 2'3+-4,-/1

 !"# $%&"#%# '()*+%#,),"-% .",!"# -% '(%&,)$.,)!* -%& #/&%#0%&1 *!"& -%0!*&

-/2*)# '(%##%"# 3".-#.,)3"% $!4%**% -% 5#/-)+,)!*mse(Ĉi,I) -% '(%&,)$.,%"# Ĉi,I

-% Ci,I -/2*) 5.#

mse(Ĉi,I) = E((Ci,I − Ĉi,I)
2|DI)

= var(Ci,I |DI)︸ ︷︷ ︸
5#!+%&&"& -% 0.#).*+%

+ (E [Ci,I |DI ] Ĉi,I)
2

︸ ︷︷ ︸
'(%##%"# -(%&,)$.,)!*

67879:

;%,,% /+#),"#% -/+!$5!&% '. <=> %* -%"? ,%#$%&8 @% 5#%$)%# ,%#$% #%5#/&%*,%

'(%##%"# &,!+A.&,)3"% 65#!+%&&"& -% 0.#).*+%:1 )' -/+#), '. 0.#).,)!* -"% ." $!-B'%

&,!+A.&,)3"%1 )' %&, 5"#%$%*, .'/.,!)#% %, *% 5%", 5.& C,#% &"55#)$/8 @% &%+!*-

,%#$% -% '(/3".,)!* %&, '(%##%"# -(%&,)$.,)!* -%& D.+,%"#& -% -/0%'!55%$%*, -%

;A.)*E@.--%# fj 3") ,#.-"), '()*+%#,),"-% 5#!0%*.*, -% '(%&,)$.,)!* -%& +!%F+)%*,&

-% ;A.)*E@.--%# fj 5.# f̂j %, -% '%"# %&5/#.*+% +!*-),)!**%''%8
 '"& '(/+A.*,)''!* )*),).' %&, )$5!#,.*,1 $!)*& '(%##%"# -(%&,)$.,)!* &%#. )$5!#,.*,%8

 !"# 5!"0!)# +.'+"'%# '. <=> *!"& .0!*& G%&!)* -% '. D!#$"'% -% '. 0.#).*+% -%&

Ci,j8

H!"& 5!"0!*& )*,#!-")#% 3"% var(Ci,j+1|Ci,j|Ci,1, . . . , Ci,j) 3") -!), C,#% )*0%#&%$%*,
5#!5!#,)!**%' !" /3")0.'%*,% I Ci,j8

(H3) var

(
Ci,j+1

Ci,j

|Ci,1, . . . , Ci,j

)
= Ci,jσ

2
j 1 ≤ i ≤ I , 1 ≤ j ≤ I − 1 6787J:

K0%+ '%& 5.#.$B,#%& )*+!**"& σ2
j 1 1 ≤ j ≤ I − 18 ;(%&, '(A45!,AB&% -% '. 0.#).*+%

3") &!"&E,%*- )$5')+),%$%*, '. $/,A!-% -% ;A.)*E@--%# L7JM8

 !"#$%&% '(  !"#$%&'$"() *" σ2
j +,() 1 ≤ j ≤ I − 2 "#$ *,--. +')

σ̂2
j =

1

I − j − 1

I−j∑

i=1

Ci,j.

(
Ci,j+1

Ci,j

− f̂j

)2

6787N:

σ̂2
j "#$ (- "#$%&'$"() #'-# /%'%# *" σ2

j 0 '1"2 *" +3(#

σ̂2
I−1 = min

(
σ̂4
I−2

σ̂2
I−3

,min(σ̂2
I−3, σ̂

2
I−2)

)
6787O:

4'%-$"-'-$0 -,(# #,&&"# "- &"#()" *!.-,-2") 3" ).#(3$'$ +)%-2%+'3

P7



 !"#$%&% '(  !" #$ %&'!(%) $ (H1) * (H2) $( (H3) * #+$,,$", -"./,.(0-"$

1!&$22$ /$ ',3/04(0!2 MSEP (R̂i) '$"( 5(,$ $ (013 '.,

ˆMSEP (R̂i) = Ĉ2
i,I

I−i∑

j=I−i+1

σ̂2
j

f̂ 2
j

[
1

Ĉi,j

+
1

∑I−j

k=1 Ck,j

]
 !"#$%

6$(($ $7',$  0!2 $ ( #.  !11$ /$ /$"7 ',0240'."7 ($,1$ * !8 #$ ',$10$, 4!,9

,$ '!2/ ." ',!4$  " /$ :.,0.24$ $( #$  $4!2/ ; #+$,,$", /+$ (01.(0!2 <=>?@

)#$#*+,$% -( A!" #$ %&'!(%) $ $( #$ 2!(.(0!2 /" (%3!,)1$ BCD #+$,,$", -"./,.9

(0-"$ 1!&$22$ /$ ',3/04(0!2 /$ #+$ (01.($", /$ #. ,3 $,:$ (!(.#$R̂ = R̂2 + · · ·+ R̂I

'$"( 5(,$ $ (013 '.,

ˆMSEP (R̂) =
I∑

i=2

[
MSEP (R̂i) + 2Ĉi,I

(
I∑

K=i+1

Ĉk,I

)
I−1∑

j=I−i+1

σ̂2
j

f̂ 2
j

∑I−j

l=1 Ĉl,j

]

 !"#!%

&'()'* +,) -./0+,) )1.234)1'56,) (72,))'1,(1 46 8974+4:+, /, 8.),9 2.99,21,-,(1

2,914'(,) /7;('1'.()" <4 564+'17 /,) ,)1'-41,69) .6 /,) 897/'21,69) /,) 97),9=,) >

+?6+1'-, ,)1 /.((7, 849 +,) /,6@ 89,-',9) -.-,(1) A +, 2.,B2',(1 /, =49'41'.(  948C

8.91 /, +?72491C1D8, )69 +4 -.D,((,% ,1 +?,99,69 -.D,((, 564/941'56, /, 897/'21'.("

E( 8941'56,* '+ (?,)1 84) 8.))':+, /, /71,9-'(,9 4(4+D1'56,-,(1 +4 /')19':61'.( 897C

/'21'=, /,) 97),9=,) ,1 (.6) /,=.() F4'9, 488,+ > /,) 4+G.9'13-,) (6-79'56,) /,

1D8, H..1)1948 8.69 )'-6+,9 +4 /')19':61'.(" &=,2 2,) /')19':61'.() )'-6+7,)* (.6)

).--,) 4+.9) 2484:+,) (.( ),6+,-,(1 /, /71,9-'(,9 +,) /,6@ 89,-',9) -.-,(1)

/,) 97),9=,) -4') 46))' 2,914'(,) 24942179')1'56,) 1,++,) +,) '(1,9=4++,) /, 2.(;4(2,

.6 /,) -,)69,) 2.--, +4 I4+6,C41CJ')K" L4() +4 8941'56, ,1 /4() +,) 8.+'1'56,)

/, ).+=4:'+'17 46M.69/?36'* +,) ,)1'-41'.() /,) 89,-',9 ,1 /,6@'0-, -.-,(1) ).(1

)6B)4(1,) 8.69 /71,9-'(,9 6(, /')19':61'.( /, +?6+1'-, N!O*!PQ"

##



 !" #$ %&'()*+ ,))'-'.$/

 !" #$%&'!" "($)*+"(,-.!" )$##! )!'., %! /+)0 !"(,#!1( '!" #$#!1(" %2$3%3!

4 !( 56 78+1#$,1"9 ,' +33,:! -.! 1$." 1! ;.,"",$1" ;+" )+').'!3 )!" #$#!1(" +:!)

.1! <$3#.'! !=;',),(!6 >( 1$." "!3,$1" +."", ,1(83!""8" ;+3 '+ %,"(3,?.(,$1 %!" 38@

"!3:!" ;$.3 !1 %8%.,3! %!" )+3+)(83,"(,-.!" ;+3(,).',&3!" )$##! '+ :+'.!@+(@A,"0 !(

"!" +;;',)+(,$1" +. )+%3! B$':!1)C 56  + #8(*$%! D$$("(3+; !"( .1! #8(*$%! %!

388)*+1(,''$11+E! F+:!) 3!#,"!G -., + 8(8 ,1(3$%.,(! ;+3 ><3$1 !1 4HIH !( !"( )$1",@

%838! )$##! .1! +:+1)8! ";!)(+).'+,3! !1 "(+(,"(,-.! %$1( '! ;3,1),;+' +($.( !"(

%! <$.31,3 .1! !"(,#+(,$1 %! '+ %,"(3,?.(,$1 %!" ;3$:,",$1" '$3"-.2$1 <+,( ,1(!3:!@

1,3 '!" #$%&'!" ',18+,3!" E8183+',"8" FJ /G6 D!+.)$.; %2,1<$3#+(,$1"9 )$##! '!"

-.+1(,'!" %! '+ %,"(3,?.(,$19 ;!.:!1( K(3! $?(!1.!" ;+3 )!((! #8(*$%! L ;+3(,3 %2.1

.1,-.! 8)*+1(,''$19 )2!"(@L@%,3! $?(!1,3 L ;+3(,3 %2.1 8)*+1(,''$1 $?"!3:8 %2+.(3!"

8)*+1(,''$1"6  + #8(*$%! D$$("(3+;9 1$1 ;+3+#8(3,-.!9 + %!" )$1%,(,$1" %2+;;',@

)+(,$1 ?,!1 #$,1" "(3,)(!" !( 1$#?3!."!" -.! '!" #8(*$%!" %2,1<83!1)!" "(+(,"(,-.!"

)'+"",-.!" M4N9 44O6

 !"! #$%&'(')& *+ ,- .$(/)*+

 + #8(*$%! ?$$("(3+; !"( E8183+'!#!1( +""$),8! L .1 #$%&'! J / $P '+ %,"(3,@

?.(,$1 %. (!3#! %2!33!.3 ;!.( K(3! #$%8',"8 ;+3 .1 #$%&'! %! ;$,""$1 ".3@%,";!3"8

%8)3,( ;+3 A!1"*+Q !( R!33+' F4HHSG F-., "!3+ %8(+,''8 %+1" '! )*+;,(3! 5G9 )+3 '!" 38@

"!3:!" !"(,#8!" ;+3 '! #$%&'! ".3 .1 (3,+1E'! L ,1)38#!1(" ;$",(,<" !( +:!) .1 ',!1

'$E+3,(*#,-.!"9 "$1( ,%!1(,-.!" L )!''!" %$118!" ;+3 '+ #8(*$%! T*+,1@ +%%!36

 !" )+').'" %! 38"!3:!" !( !33!.3 %! ;38%,)(,$1 %!:,!11!1( ?!+.)$.; ;'." <+),'!"9

'!" %!.= +.(3!" 18)!"",(+1(" %!" +U."(!#!1(" )$#;',-.8"6

B, '!" ;+C!#!1(" ,1)38#!1(+.= Xi,j ;$.3 '2+118! %2+)),%!1( i !( '2+118! %! %8@
:!'$;;!#!1( j V :+3,+?'!" 38;$1"!" %. #$%&'! J /9 ".,:!1( .1! '$, %! ;$,""$1

".3@%,";!3"8! %! ;+3+#&(3! φ 6 W.(3!#!1( %,( φXi,j ".,( .1! '$, %! ;$,""$1 %!

;+3+#&(3! µi,j +'$3"

E(Xi,j) = µi,j et var(Xi,j) = φE(Xi,j) = φµi,j F4655G

 + <$1)(,$1 %! ',!1 !"( '! '$E+3,(*#! !( '! ;38%,)(!.3 ',18+,3! "28)3,( V∀i ∈ {1, . . . , I}, j ∈
{1, . . . , J}

ϑi,j = log(µi,j) = c+ αi + βj avec α1 = β1 = 0 F465XG

 ! ;+3+#&(3! φ !"( .1 ;+3+#&(3! %28)*!''! ,1)$11. !( !"(,#8 +. )$.3" %! '+ ;3$@

)8%.3! %2+U."(!#!1( M44O6

5X



 !"!# $%&'()(*(+,- )- *. /0(1%)20- 3((&4&0./

 !" #$%!&!'(" )'*+,&!'($-. Xi,j  ! "#$%&'()  ) ($*!$ %"$+&  )  ,-%#". !"$($/,)/

-%# 0++"/"#%-  +$1)&" 2"#) $& ,-)& %&")/ )" $ )&"$*!)3)&"  $/"#$4!,)/ (i.i.d.) 5)
*!$ &6)/" /+!1)&" -%/ () 5%/7 8& #)1%&59). ()/ #,/$ !/ /+&" -(!/ (i.i.d.) *!) ()/

1%#$%4()/ +#$'$&)(()/7 :) 0++"/"#%- /)#%  +&5 %--($*!, /!# 5)/  )#&$)#/7 ;+!# ()/

3+ <()/ =:>. ()/ #,/$ !/ ()/ -(!/ 5+33!&/ /+&" ()/ #,/$ !/  ) ?,1$%&5) )" ()/

#,/$ !/  ) ;)%#/+&  ,@&$/ -%# A

rD = signe(c−m)
√

2(c log(c|m)− c+m) BC7DEF

rp =
c−m√

m
 !"#$%

&'()* (++,-./01223/.45 50 1/65(*13/ 75 2. 83(9:25 75* (+*17:*; /3:* 3<05/3/* :/

/3:65.: 0(1./425 75 21=:17.013/" >?1/65(*13/ '.( (+*17:* 75 @+61./,5 /?.<3:010 '.*

A :/5 *32:013/ ./.2B01=:5 50 25* (+*17:* 75 C5.(*3/ *5(3/0 '(+8+(+*" >. 7+9.(,-5

5*0 73/, 2. *:16./05 D

!" &''21=:5( 25 937)25 *:( 25 0(1./425 7?1/,(+95/0*" E3995 25 937)25 F@C

(5'(37:10 ,52:1 75 E-.1/G>.775(; ,52. (5615/0 A .''21=:5( ,5005 75(/1)(5

9+0-375" @+05(91/5( .23(* 25* 8.,05:(* 75 7+6523''595/0 f̂j,j ∈ {1, . . . , j −
1} A '.(01( 7: 0(1./425 75 ,-.(45* ,:9:2+5*; ':1* 5*0195( 2. '(361*13/ R̂ '.(

2. 9+0-375 E-.1/G>.775( 7+,(105 '(+,+75995/0"

#" H*0195( 25 0(1./425 .I:*0+ D ,.2,:25( 25* 6.25:(* '(+7105* '.( 25 937)25 Ĉi,j

'3:( 2. '.(015 *:'+(15:(5 7: 0(1./425 A '.(01( 75 2. 71.43/.25 ,3//:5; A 2?.175

75* 8.,05:(* 75 7+6523''595/0 ,.2,:2+* 5/ +0.'5 !"

Ĉi,j =
Ĉi,J∏J−1
k=j f̂i,j

pour i ∈ {1, . . . , I} et j ≤ I − i+ 1  !"#J%

K" @+7:1(5 7: 0(1./425 '(+,+75/0 25* '.B595/0* 1/,(+95/0.:L .I:*0+* X̂i,j '3:(

2. '.(015 *:'+(15:(5 7: 0(1./425 D

X̂i,j = Ĉi,j − Ĉi,j−1  !"#M%

N" E.2,:25( 25* (+*17:* 75 C5.(*3/ =:1 ,3((5*'3/75/0 .:L (+*17:* <(:0* *0./G

7.(71*+* 7+O/1* '.( D

rpi,j =
Xi,j − X̂i,j√

X̂i,j

 !"#P%

>?5((5:( *0./7.(7 7: <330*0(.' /5 015/0 '.* ,39'05 7: /39<(5 75 '.(.G

9)0(5* 7: 937)25" E5,1 1/0(37:10 :/ <1.1* 7./* 2. ,39'.(.1*3/ 75* 5*019.G

013/* ./.2B01=:5* 50 <330*0(.' =:5 2?3/ ,3((145 5/ .I:*0./0 25* (+*17:* 75

#N



 !"#$%&' (& &%)!

{
n = I(I+1)

2
*! &%+,#! -! -%&&.!$

p = 2I − 1 *! &%+,#! -! -!/#. -! *0,!#).$

1!$ #.$0-2$ "32$).$ $%&) "*%#$ 4

radji,j =

√
n

n− p
rpi,j 56'789

1!$ #.$0-2$ .)"&) !& +%:!&&! ;#%<=!$ -! >.#%? *@"32$)!+!&) ;"# *! &%+,#! -!

;"#"+A)#!$ "2/+!&)! *" B"#0"&<!' 1! ;"#"+A)#! -@.<=!**! φ !$) "*%#$ !$)0+.
<%++! $20) 4

φ̂ =
∑

i+j≤I+1

(
r
Pajus

i,j

)2
56'CD9

E' 1!$ .)";!$ $20B"&)!$ $%&) #.;.).!$ N F%0$ <@!$)GHG-0#! ;%2# <="I2! $0+2*"G

)0%& 4

"G JK!<)2!# 2& #..<="&)0**%&&"/! "*.")%0#! "B!< #!+0$! -!$ #.$0-2$ -!  !"#G

$%& "32$).$'

(& %,)0!&) 2& &%2B!"2 )#0"&/*! -! #.$0-2$ r̂
(k)
i,j ;%2# *" kieme

,%2<*!

,%%)$)#";'

,G L!<%&$)0)2)0%& -2 ;$!2-%G)#0"&/*! -!$ 0&<#.+!&)$ X̂i,j ;"# *" F%#+2*!

56'789 4

X̂i,j = radji,j .

√
X̂i,j + X̂i,j 56'C69

<G L!<%&$)0)2)0%& -2 ;$!2-%G)#0"&/*! -!$ #A/*!+!&)$ 0&<#.+!&)"2M ;"# *"

#!*")0%& $20B"&)! 4

X̂
(k)
i,j = X̂i,j + r̂

(k)
i,j

√
X̂i,j 56'C79

-G N"*<2* -!$ F"<)!2#$ -! -.B!*%;;!+!&) $20B"&) N="0&G1"--!#'

!G L.2)0*0$")0%& -2 +%-A*! ;%2# 4

0' (,)!&0# *! )#0"&/*! 0&F.#0!2# ;#.B2 ;"# *! +%-A*!'

00' J$)0+!# *" ;#%B0$0%& /*%,"*! R̂(k)
;"# N="0& 1"--!#'

FG O)%<P!# *! #.$2*)") -! *" ;#%B0$0%& !) #.0).#!#'

Q' (,)!&0# 2&! -0$)#0,2)0%& !+;0#0I2! -! *@!$)0+")0%& -! *" ;#%B0$0%& R -.)!#G

+0&!# *@!##!2# -! ;#.-0<)0%& "$$%<0.! H <!))! !$)0+")0%& S66? 67T'

7E



 !" #$%&&'()*+ ,-)'./+-0%1+

 !"! #$%&'()*)+,( -' ./*00$,12'

 !"# $% &'!(!)*+ ,-.'/ %& 0%1)&! #% #."& 2!#3 4")54%1%"& #4' *%# 6.""3%# 6%#

7!)%1%"&# )"$'31%"&!48 Di,j 7.4' %#&)1%' *%# 7!'!19&'%#: ,%*! #);")/% 54<)*# "<."&

7!# 2%#.)" 6% =!)'% 4" 7!# %" !(!"& 7.4' $!*$4*%' *%# 7!)%1%"&# $414*3# $.11%

6!"# *%# &%$-")54%# &'!6)&).""%**%# 6% $!*$4* 6%# '3#%'(%# 6% #)")#&'%#+ !4&'%1%"&

6)&+ )*# ."& 1."&'3 54% ".4# 7.4(."# &'.4(%' *%# 1>1%# '3#4*&!&# 6%# &%$-")54%#

&'!6)&).""%**%# 6% 7'.()#).""%1%"& 2!#3%# #4' *% &')!";*% 6% 63(%*.77%1%"& $4?

14*3+ 6)'%$&%1%"& 7!' *% &')!";*% 6% 63(%*.77%1%"& )"$'31%"&!* %& 7.4' $%*! )*#

7'3#%"&%"& *<!77'.$-% $.11% #4)&:

@" 7'%1)%' *)%4+ 4"% 7'3#%"&!&)." 6%# -A7.&-9#%# 6% *<!77'.$-% %" 1.6)/!"& *%

1.69*% 6% B!$C %#& 6.""3+ %& 1."&'%' 54% *% 63(%*.77%1%"& #%'! $."6)&).""3 !48

6.""3%# 6% 7!)%1%"&# )"$'31%"&!48+ %" #%$."6 *)%4+ *%# =.'14*%# 6<%#&)1!&)." 6%#

7!'!19&'%# #%'."& 3&!2*)+ %& %"/"+ 4"% $.17!'!)#." %"&'% *%# =.'14*%# 6% B!$C %&

*%# =.'14*%# 6.""3%# 7!' *<!77'.$-% )"$'31%"&!*% #%'! =!)&% DEF:

G% 7'.()#).""%1%"& %#& 4" 7'.2*91% 6% 7'36)$&)."+ $."6)&).""3 7!' *<)"=.'1!&)."

6)#7.")2*% H *<)"#&!"& t = I: I.4' $%*!+ Di,j 63#);"% *<%"#%12*% 6% &.4&%# *%# 6.""3%#

6)#7.")2*%# H *<)"#&!"& t = I+ 7*4# =.'1%**%1%"&

Di,j = σ{Xi,j|i+ j ≤ I + 1}

J) ".4# ".4# $."$%"&'."# #4' *<%"#%12*% 6%# 6.""3%# .2#%'(3%# K4#54<H *<!""3% 6%

63(%*.77%1%"& j+ ." ".&%

Dj = σ{Xi,l|i+ l ≤ I + 1, l ≤ j}

Dj

⋆ ⋆ ⋆ ⋆ ⋆
⋆ ⋆ ⋆ ⋆
⋆ ⋆ ⋆
⋆ ⋆
⋆

Dj

⋆ ⋆
⋆ ⋆
⋆ ⋆
⋆ ⋆
⋆
← j →

 !"#$ L:L M G<)"=.'1!&)." 6)#7.")2*% 7.4' =!)'% *! 7'36)$&)."

NO



 !"!# $%&'()*+,+ -,+ .'-/012(/'3+ -4 .'-*5, -, 6217

 !""! #$%&!''! ())*$+,! !-" ./('!0!#" 1(-.! -%* "*$2- ,3)$",4-!-5 6%2 -$#" '!-

-%2&(#"!- 7

89 7 :' !;2-"! <!- +$#-"(#"!- fj5 "!''!- 6%! )$%* 1 ≤ i ≤ I, 1 ≤ j ≤ I − 1
#$%- (&$#-

E [Xi,j+1|Xi,1, . . . , Xi,j] = Si,j.(fj − 1), avec Si,j =

j∑

l=1

Xi,l =9>??@

8A 7 Xi,j !" Xk,j -$#" -"$+,(-"26%!0!#" 2#<.)!#<(#"- )$%* i 6= k>

8? 7 var (Xi,j+1|Xi,1, . . . , Xi,j) = Si,j.σ
2
j 5 1 ≤ i ≤ I !" 1 ≤ j ≤ J

=9>?B@

 !"!8 9+(/.2(/'3 -,+ &2:2.*(:,+

 !" #$%&!'(" )! )*+!,-..!/!0&

C$%* +,(6%! (##.! <! <.&!'$))!0!#" j ∈ {1, . . . , J − 1}5 '!- D(+"!%*- <! <.&!E
'$))!0!#" =D(+"!%*- <!  ,(2#EF(<<!*@ -$#" !-"20. )(*

f̂j =

∑I−j

i=1 Xi,j+1∑I−j

i=1 Si,j

+ 1 =9>?G@

F!- &*(2!- &('!%*- <!- D(+"!%*- <! <.&!'$))!0!#" f1, . . . , fJ−1 #! )!%&!#" )(- H"*!
<!&2#.!- I )(*"2* <!- <$##.!- +(* 'J!#-!01'! <% "*2(#/'! #J!-" )(- !#+$*! +$##%

(% 0$0!#" t = I> K''!- #! )!%&!#" H"*! !-"20.!- 6%J!# %"2'2-(#" '!- 0$#"(#"- <!-
)(3!0!#"- 2#+*.0!#"(%; Xi,j +$00! 2' ( .". 0$#"*. <(#- '( D$*0%'! =9>?G@5 %#!

.02#!#"! )*$)*2.". <J%# 1$# !-"20("!%* !-" 6%! 'J!-"20("!%* <$2" H"*! -(#- 12(2-

LMN>

12*-(!/! 34  !"# $%# &'(!)&*#%# (H1) %) (H2)+ $%# %#),-.)%"/# 0%# 1.2)%"/# 0%
034%$!((%-%5) f̂1, . . . , f̂J−1 0365,% (./ 789:;< #!5) #.5# =,.,# %) 5!5 2!//3$3# >?@9

AO



 !"#$%&'(&)#$*  !"#$%&#$' ()*+#&( ,-. /.' 0*1%.-&' (. (!2./#33.".$% '#$% '*$'

+4*4' 45.5 E(f̂j) = fj5 6$ &*4'#$ (. /* &78/. 4%!&*%42.

E(f̂j) = E
(
E
(
f̂j|Dj

))

9#-' *2#$'

E (Xi,j+1|Dj) = E (Xi,j+1|Xi,1, . . . , Xi,j) , parH2

= Si,j(fj − 1), parH1

:./* 4"3/4,-. ,-.

E
(
f̂j|Dj

)
= E

[∑I−j

i=1 Xi,j+1∑I−j

i=1 Si,j

+ 1|Dj

]

=

[∑I−j

i=1 E [Xi,j+1|Dj]∑I

i=1 Si,j

+ 1

]
car Si,j .'% Dj −mesurable

=
(fj − 1)

∑I−j

i=1 Si,j∑I−j

i=1 Si,j

+ 1 = fj

E(f̂j) = E
(
E
(
f̂j|Dj

))
= E(fj) = fj.

:. ,-4 "#$%&. ,-. /.' .'%4"*%.-&' f̂j '#$% '*$' +4*4' ;<=5

6$'-4%.> (!"#$%&#$' /* $#$?1#&&!/*%4#$ .$%&. /.' .'%4"*%.-&' (.' 0*1%.-&' (.

(!2./#33.".$%> 45.5 E
(
f̂j1 .f̂j2

)
= E(f̂j1).E(f̂j2) 3#-& j1 < j2,

E
(
f̂j1 .f̂j2

)
= E

(
E
[
f̂j1 .f̂j2 |Dj2

])

= E
(
f̂j1E

[
f̂j2 |Dj2

])
car j1 < j2

= E
(
f̂j1

)
.f̂j2

= E
(
f̂j1

)
.E
(
f̂j2

)
1*& f̂j2 .'% '*$' +4*4'

@/#&' /.' .'%4"*%.-&' (.' 0*1%.-&' (. (!2./#33.".$% '#$% $#$?1#&&!/!' ;<=5

A<



 ! "#$%&$% '! (& )*&+,! -(%."!

 ! "#$ %! &' ()$*+%! ,*'-./ '%%!0 !$ $+#1 &!1 ()$*+%!1 %! 20+3-1-+..!(!.$

!1$ &4!1$-('$-+. %# (+.$'.$ %! &' 5*'06! #&$-(! Ži 2+#0 &!1 '..)!1 %4'55-%!.$1 i =

1, . . . , I7 8'.1 5!$$! '220+5*!9 ,*+0: !$ ;!(-$' +.$ 5'&5#&) ˆ̌Zi !. '22&-<#'.$ %!#=

>+0(#&!19 &' 20!(-?0! !. #$-&-1'.$ &' 1+((! %! $+#1 &!1 2'@!(!.$1 -.50)(!.$'#=

ˆ̌Zi =
I−I+1∑

j=1

Xi,j +
J∑

I−i+2

X̂i,j AB7CDE

= Z0
i + R̂i

FG &! 20!(-!0 $!0(! 0!20)1!.$! &' 2'0$-! -.5+..#! A&4+"&-6'$-+. %! &4'..)! 2'11)!E

Z0
i 9 !$ &! %!#=-?(! $!0(! 5+00!12+.% H R̂i 9 +# 1-(2&!(!.$ !. #$-&-1'.$ &' >+0(!

5&'11-<#! %+..)! 2'0

ˆ̌Zi = Z0
i

(
f̂I−i+1 . . . f̂J−1

)
AB7CIE

/*0#+!"! 12  !"# $%# &'(!)&*#%# H1 %) H2+ $,%#)-./)-!0 1" .!0)/0) 1% $/ 2%3

4%01-5/)-!0 "$)-.%

ˆ̌Zi 1670-% (/2 89:;<= #!0) #/0# >-/-#:

?6.!0#)2/)-!0:

E
(
ˆ̌Zi

)
= E

(
Z0

i .f̂I−i+1 . . . f̂J−1

)

= E
(
E
([

Z0
i f̂I−i+1 . . . f̂J−1|DJ−1

]))

= E
(
Z0

i E
[
f̂I−i+1 . . . f̂J−1|DJ−1

])
5'0 Z0

i !1$ DJ−1/(!1#0'"&!

= E
(
Z0

i f̂I−i+1 . . . f̂J−2E
[
f̂J−1|DJ−1

])
,

J. +#$0!f̂I−i+1 . . . f̂J−2 !1$ DJ−1/ (!1#0'"&!

= E
(
Z0

i f̂I−i+1 . . . f̂J−2

)
f̂J−1

K&+01

E
(
ˆ̌Zi

)
= Z0

i .f̂I−i+1 . . . f̂J−2.f̂J−1,

J. 0)2)$'.$ &4+2)0'$-+.

= Ẑi

LM



 !" #$"!#%!" &! "'('")#!" *((+!,,!"

 !"# $%& '('#)'*%& $% +!',,-./0% 1#/-23%#)'+% %&) +% 4'1)% $% /'+/"+%- +%& -25

&%-(%& $% &1#1&)-%& '##"%++%& ,'- "#% &13,+% &.33% $%& %&)13')%"-& $% ,'6%3%#)&

1#/-23%#)'"7 ,."- i ∈ {2, . . . , I}

R̂i =
J∑

j=I−i+2

X̂i,j 89:;<=

 %& R̂i ,%"(%#) >)-% .?)%#" '"&&1 %# ")1+1&'#) +% ,-1#/1,% /+'&&1@"%A 1:%: 84'1-% +'

$1B2-%#/% %#)-% +%& %&)13')%"-& $" 3.#)'#) $% +' /0'-*% "+)13%

ˆ̌Zi %) +%& .?+1*')1.#&

,'&&2%& Z0
i @"1 ' $2CD 2)2 ,'62 C"&@"!D 3'1#)%#'#)=A %) .# #.)% ,."- i ∈ {2, . . . , I}

R̂i =
ˆ̌Zi − Z0

i = Z0
i .

(
J−1∏

j=I−i+1

f̂j − 1

)
89:;E=

F) +%"- &.33% $.##%-'

R̂ =
I∑

i=2

R̂i =
I∑

i=2

[
ˆ̌Zi − Z0

i

]
89:GH=

=
I∑

i=2

Z0
i

[
J−1∏

j=I−i+1

f̂j−1

]

I# -%3'-@"% 1/1 @"!.# ,%") .?)%#1- +' -2&%-(% ).)'+% ,'- "#% &13,+% &.33% $%&

4")"-& ,'6%3%#)& $%& 1#/-23%#)& $'#& +' ,'-)1% 1#42-1%"-% $" )-1'#*+% $% $2(%+.,5

,%3%#):

R̂i =
I∑

i=2

J∑

j=I−i+2

X̂i,j 89:G9=

-.$/#!0! 12  !"# $%# &'(!)&*#%# H1 %) H2+ $,%#)-./)-!0 1%# 23#%24%# /00"%$$%#

R̂i %) $,%#)-./)-!0 1% $/ 23#%24% )!)/$% R̂ #!0) #/0# 5-/-# 6789

:3.!0#)2/)-!09

E
(
R̂i

)
= E

(
ˆ̌Zi − Z0

i

)

= E
(
ˆ̌Zi

)
− E(Z0

i ) (C1)

= ˆ̌Zi − Z0
i = R̂i

F)

E
(
R̂
)
= E

(
I∑

i=2

R̂i

)
=

I∑

i=2

R̂i = R (C2)

;H



 !"!" #$%&'% () %*)++)'+ ,-$.($+(

 !"#$%&'$%() *" +!",,"-, &(."))" #$')*',*

 ! "#$%&'( )#&$ (*+,%($ '-($$(&$ *+!./!$/ (*+ 0!*1( *&$ '( %#/2'( /( 3!456 (+

/!.* 4(++( !))$#47(6 87#$9 (+ :(%,+! ;<= #.+ %(*&$1 4(++( ,.4($+,+&/( (. &+,',*!.+

&.,>&(%(.+ '(* )!,(%(.+* ,.4$1%(.+!&?@

M̂SE(R̂i) =
ˆ̌Z2
i

J−1∑

j=I−i+1

σ̂2
j

f̂ 2
j

(
1

Ŝi,j

+
1

∑I−j

l=1 Sl,j

)
AB@CDE

 (* )!$!%2+$(* σ2
j *#.+ ,.4#..&* (*+ /#,F(.+ G+$( (*+,%1

/,(0,%1$1 23  !"# H1$ H2 %& H3$

σ̂2
j =

1

I − j − 1

I−j∑

i=1

Si,j

(
Xi,j+1

Si,j

+ 1− f̂j

)2

'#& "( %#&)*+&%", #+(# -)+)# .% σ2
j /

 !"#$%&'$%() *!",,"-, *" +' ,1#",4" $($'+"

H' (*+ !&**, ,.+1$(**!.+ /( 4!'4&'($ '-($$(&$ /( '-(*+,%!+,#. /( '! $1*($F( +#+!'(

R̂ = R̂2+ · · ·+R̂I I#&* .( )#&F#.* )!* "!,$( '! *#%%( /(* ($$(&$* MSE(R̂) 4!$ ,'*
*#.+ 4#$$1'1* )!$ '(* %G%(* (*+,%!+(&$* f̂j (+ σ̂

2
j 6 %!,* #. )(&+ &+,',*($ '( +71#$2%(

*&,F!.+

561(,"&" 73  !"# 0%# 123!&14#%# H1 $ H2 %& H3$ MSE(R̂) 3%"& 5&,% %#&)*6 3+,

M̂SE(R̂) =
I∑

i=2


MSE(R̂i) +

ˆ̌Zi

(
I∑

k=i+1

ˆ̌Zk

)
J−1∑

j=I−i+1

2
σ̂2
j

f̂2
j∑I−j

k=1 Sk,j


 AB@CJE

JB



 !" #$%&'(')*$+ ,+-(, ., %$/0., /, 1'23 ,- .4'&5

&($26, )+2(7%,+-'.,

 !"#$%# &' ()"!!#*+,' &' -,*#. '$ /'0%$" 123 *4 !'5$ #'0"#65'# 65)'4 5$%(%7"4$

54%65'0'4$ ('7 #'8'4&%+"$%*47 %4+#90'4$"5: '$ '4 !#*+9&"4$ ; !"#$%# &'7 <*#05('7

&' +'$$' "!!#*+,'= 4*57 !*58*47 "5$*0"$%65'0'4$ "##%8'# "5 0>0'7 <*#05('7 65'

(' 0*&?(' &' @"+A 1BC3D

E' 0*&?(' &' @"+A E)"!!#*+,' %4+#90'4$"('

f̂j =
∑I−j

i=1
Ci,j+1

∑I−j
i=1

Ci,j

f̂j =
∑I−j

i=1
Xi,j+1

∑I−j
i=1

Si,j

+ 1

Ĉi,J = Ci,I−i+1

∏J−1
j=I−i+1 f̂j

ˆ̌Zi =
∑I−I+1

j=1 Xi,j +
∑J

I−i+2 X̂i,j

R̂i = Ĉi,J − Ci,I−i+1 R̂i =
∑J

j=I−i+2 X̂i,j

R̂ =
∑I

i=2 R̂i R̂ =
∑I

i=2 R̂i

 !"#$ BDF G H"I('"5 +*0!"#"$%< &5 0*&?(' &' @"+A '$ ()"!!#*+,' %4+#90'4$"('

JF



 !"#$%&' (

)'* +,-./'* 0"1%,&$'/* *%,1!"*%$23'*

 !" #$%&'!" '()*+(,!" -*)*,+'("*" "! "$). +/*,*" 0.,! 1) $1.(' .,&" 1.('! %+)"

'2+""1,+)3! -*)*,+'!4 /$(, 5+, !6!#5'! 7,$38#+) !. 9,(-:. ;<==>? !. @:'""$) !.

A$:+)""$) ;>BBC?D E' + *.* '+,-!#!). 1.('("* 5+, '!" +3.1+(,!" 3$##! ()".,1#!).

%2*.+F'(""!#!). %!" 5,(6 5!)%+). %! )$#F,!1"!" +))*!" !.4 3!" %!,)(&,!" +))*!"4

(' !". *-+'!#!). %!/!)1 1) $1.(' 51(""+). %+)" %2+1.,!" "!3.!1," %! '2+""1,+)3!

-*)*,+'!D  !" +/+).+-!" %!" #$%&'!" '()*+(,!" -*)*,+'("*" "$). ,!3$))1" %+)" %!

)$#F,!16 %$#+()!" %! '+ 5,+.(G1! +3.1+,(!''!4 5'1"(!1," +,.(3'!" +3.1+,(!'" $). *.*

,*%(-*" +1 3$1," %!" HB %!,)(&,!" +))*!" %*3,(/+). '21.('("+.($) %1 I J %+)" '+

5,$/("($) 5$1, 5!,.!"4 '2!".(#+.($) %1 3$K. %!" "()(".,!"4 '! 3$K. #$L!) %!" "()(".,!"

!. F(!) 5'1" !)3$,!D M) 3!,.+() )$#F,! %! '$-(3(!'" ".+.(".(G1!" $). *.* %*/!'$55*"

5$1, 1)! 1.('("+.($) +3.1+,(!''! !. 3$##! '!" +3.1+(,!" 3$).()1!). N "! O+#('(+,("!,

+/!3 '!" I J4 )$1" )$1" +..!)%$)" N 3! G1! '! )$#F,! +1-#!).!D

HH



 !" #$% &'()*$% *+,-.+/$% 0-,-/.*+%-%

 ! "#!$$% &%$ ' ( %$) *+% %,)%+$-.+ &%$ /.&0#%$ #-+1!-2%$ "#!$$-3*%$ %+ )%2/%$

&% #.-4 5#$ 2%621$%+)%+) *+% 7!8.+ /!)91/!)-3*% &% 3*!+)-:%2 #! 2%#!)-.+ %+)2% *+%

;!2-!<#% 216.+$% Y %) *+ %+$%/<#% &% ;!2-!<#%$ -+&16%+&!+)%$= y "./62-$ *+% "#!$$%
>1+12!#% &% /.&0#%$ $)!)-$)-3*%$4  % /.&0#% #-+1!-2% >1+12!#-$1 &1;%#.661 -+-)-!#%?

/%+) %+ @ABC 6!2 D%#&%2 %) E%&&%2<*2+ %) &.+) .+ )2.*;%2! &%$ %,6.$1$ &1)!-##1$

&!+$ D%#&%2 %) (" F*##!>9 G@AHIJ= K>2%$)- G@AALJ .* K+).+-!&-$ %) !#4 G@AACJ4

 M*)-#-$!)-.+ &% ' ( 7.*2+-) *+ !;!+)!>% -/6.2)!+) 6!2 2!66.2) !* /.&0#% &%

21>2%$$-.+ #-+1!-2% /*#)-6#%4  M*+ &%$ !;!+)!>%$ %$) 3*% +.*$ !##.+$ /!-+)%+!+)

!*?&%#N &% #M9O6.)90$% &M*+% &-$)2-<*)-.+ +.2/!#% 6.*2 #%$ ;!2-!<#%$ 216.+$%$ %)

6.*;.+$ *)-#-$%2 +M-/6.2)% 3*%# /%/<2% &% #! 7!/-##% &% &-$)2-<*)-.+$ %,6.+%+)-%##%4

F%#! -+"#*) P.-$$.+= P.-$$.+ $*2?&-$6%2$1% %) >!//!= Q+ !*)2% !;!+)!>% -/6.2?

)!+) %$) 3*% #! 2%#!)-.+ %+)2% #! ;!2-!<#% 216.+$% !))%+&*% (Y ) %) #%$ ;!2-!<#%$
&16%+&!+)%$ +M! 6#*$ <%$.-+ &MR)2% #-+1!-2%4

 !"!" #$%&'()*%+'$ ,% -'%+./%+'$

 !"#$ "% &#'()*+$

,-$+&)$ ./  ! "#$%&! &'()*'+! ,&*--'./!

0#/- ,1!+,1#(- 2 !34&'./!+ /(! 5*+'*6&! Y 4*+ P 5*+'*6&!- X = (X1, . . . , Xp)7
8*+ !3!"4&! /(! !34&',*9'#( $! &* 4+)-!(,! #/ &:*6-!(,! $:/( ,*(,!+ $/ 4#/"#(

;5*+'*6&! 2 !34&'./!+ Y < 4*+ &:=>!? &* 5*+'*6&! @/"!/+ A (#(B@/"!/+ !9,. . .
0#/- 5#/&#(- ,!4!($*(9 )9!($+! &! "#$%&! &'()*'+! ,&*--'./! Y = X+ ǫ */ ,*- #C D

E Y 4!/9 F9+! /(! 5*+'*6&! ./*&'9*9'5!7

E  !- !++!/+- 4!/5!(9 (! 4*- *5#'+ &* "F"! 5*+'*(,! ;G 1)9)+#-,)$*-9','9)<

H*44!&#(- ./:!( >)()+*& $*(- &! "#$%&! &'()*'+! ,&*--'./!? &!- 5*+'*6&!- X ,#(-'$)B

+)!- ,#""! I3!- ;(#(B*&)*9#'+!-<7 J#/9! &* -#/+,! $! 5*+'*6'&'9) ,#(-9*9)! $*(- Y
4+#5'!(9 $:/(! !++!/+ *&)*9#'+! ǫ ./' 4#--%$! &* "F"! 5*+'*(,! ./!&&! ./! -#'9 &!-
#6-!+5*9'#(-7  ! "#$%&! &'()*'+! ,&*--'./! -:),+'9 ,#""! -/'9

Y = Xβ + ǫ =

p∑

j=1

Xjβj + ǫ GC4@J

K5!, ǫ ∼ N(0; σ2)7 L!&* 5!/9 $'+! ./! Y ∼ N(Xβ; σ2)7  :!-4)+*(,! $! Y !-9 $#(,

Xβ7

M' "*'(9!(*(9 X !-9 /( 5!,9!/+ *&)*9#'+! ;2 P ,#"4#-*(9!-< *&#+- #( 5#'9 ./! &*

5*+'*6&! Y $)4!($- $! X !9 ǫ7 M' &! 5!,9!/+ *&)*9#'+! 4+!($ &* 5*&!/+ x *&#+- -*,1*(9

IS



 !""! #$%!&'( %$ )*+!,,! -! Y xβ !" %$ #$'.$, ! !/" σ2
01*&' '!/"!'  *23'!," $#! 

%! )*-4%!  %$//.5&!67 8!%$ /93 '." :

E(Y |X = x) = xβ  !"!#

V ar(Y |X = x) = σ2
 !"$#

;, <$." 1%&/ 1'3 ./3)!,"( /$ 2$," X = x( %$ -./"'.=&".*,  *,-.".*,,!%%! !/" &,! %*.

,*')$%! (Y |X = x) ∼ N(xβ; σ2)7 8!""! 1'3/!,"$".*, ,!  2$,>! '.!, )$./ !%%! #$

,*&/ 1!')!""'! -! >3,3'$%./!'  ! )*-4%! %.,3$.'! $./3)!,"7

 !"#$%" &' ?$ '3>'!//.*, %*>./".5&!

@*&/ /*&2$."*,/ !A1%.5&!' %$ #$'.$=%! Y 1'3/!, ! B $=/!, ! -9&,! )$%$-.!  $'C

-.*#$/ &%$.'! 0,*"3! $&//. 8DE6( 1$' %9F>! X -!/ 1$".!,"/7 ?! "$=%!$& -! -*,,3!/

!/" '!1'3/!,"3 -$,/ %! "$=%!$& G7H

?$ '!1'3/!,"$".*, -!/ -*,,3!/ !/" %$ /&.#$,"! :

 !"#$% !"% & '()*+,(-./.01- 20*(3.( 2( 452  -1.+( /6,,0 Y 7 8/ 9/*0/:8( ; (<)80=6(*#

(- >1-3.01- 2( 8?â@( X

$A



 ! "#$"%&'%!( )#( '*+,#!+( '*" -)*((# ./0$# !%&( %1+#!%!( )# +*1)#*& (&,2*!+ 3

 !"

#$% & #'(%&) *+,(%&) -./%&&%

012)3+4 51 06 1 0 670

512)3+4 89 0: 08 5 67088888

892)3+4 81 05 1 8 675:

812)3+4 99 0: 06 : 6788888

992)3+4 91 08 ; < 679<0:8=

912)3+4 :9 = 8 : 67<5:

:92)3+4 :1 0; 9 08 67;<9;6<

:12)3+4 <1 06 5 = 67=

 !"#$ 570 > ".&&,%( +%$+.4?,%( %& @AB((% CDB$%

4* ),*,(%! #!+"# )/0$# 5%6#! ./&!# -)*((# #+ )* '"%'%"+,%! .# 5*)*.# .*!( -#++#

-)*((# *''*"*,+ !#++#5#!+ (%&( )* 7%"5# ./&!# -%&"1# (,$5%8.# 9,:#: #! 7%"5# .#

;<;=: >) (#51)#"*,+ .%!- ;!*+&"#); .# 5%.?),(#" -#++# '"%'%"+,%! .# 5*)*.# '*"

-)*((# ./0$# #! 7%!-+,%! .# )/0$# '*" &!# -%&"1# (,$5%8.#:

%&'()$ 575 > E+,F4%&@% C%  3C ?B+ @AB((% CDâ$% %& G.&@)H.& C% ADâ$% X

8<



 !"!#$#% & '( )!*+,#$'$-,! %)(),%),./! 0 '12-! #$)3 X !%) /#! "(*,(4'! ('3()$,*!

!) #$/% ("$#% *!+(*./3 ./! '( 5*$5$*),$# 6! +('(6! 6(#% /#! 7'(%%! 612-! X ∈
[x− dx; x+ dx] %/,) (55*$8,+(),"!+!#) /#! 7$/*4! %,-+$96!: ;!))! 5*$5$*),$# 6!
+('(6! !%) !# <(,) '( +$=!##! !+5,*,./! 6!% $4%!*"(),$#% 6! 7!))! 7'(%%!> ./, !%)

/# !%),+()!/* 6! '1!%53*(#7! ?$/ +$=!##!@ 6(#% '( A7'(%%!A 612-! X = x ?%, '1$#
<(,) -*(#6,* '! #$+4*! 61$4%!*"(),$# 6(#% '( 7'(%%! )$/) !# 6,+,#/(#) '( '(*-!/*

6! '( 7'(%%!@: B$/% 5$/"$#% 6$#7 5*$5$%!* /# +$6C'! )D3$*,./! 6/ )=5! '1!%53*(#7!

7$#6,),$##!''! 6! Y %(7D(#) X = x %/,) /#! 7$/*4! %,-+$96!: E,!# !#)!#6/ '!%
<$#7),$#% 6! <$*+! %,-+$96! %$#) #$+4*!/%!% +(,% #$/% 5$/"$#% 7D$,%,* /#! <$*+!

)*C% %,+5'!> 7$#),#/! !) 63*,"(4'! 6! '( <$*+!

f(x) = h(β0 + β1x) =
exp(β0 + β1x)

1 + exp(β0 + β1x)
 !"#$

F, $# 5$%! η = β0 + β1x 71!%)G&G6,*! η %/,) /# +$6C'! 6! *3-*!%%,$# ',#3(,*! %(#%
!**!/*> #$/% ("$#% 0

h(η) =
exp(η)

1 + exp(η)

;!))! <$#7),$# h(.) !%) /#! <$#7),$# ,#"!*%,4'!> #$/% 5$/"$#% ('$*% 5$%!*

g(.) = h(−1)(.)

H) *!5*!#6*! '! +$6C'! )D3$*,./! %$/% 6!/8 <$*+!%

E (Y |X = x) = h(β0 + β1x) =
exp(β0 + β1x)

1 + exp(β0 + β1x)
 !"%$

g [E(Y |X = x)] = β0 + β1x  !"&$

;!))! 6!*#,C*! <$*+/'(),$# !%) )$/) %,+5'!+!#) '( +I+! ./! 5$/* '( *3-*!%%,$#

',#3(,*! ?J-/*!K@ ("!7 ,7, g(.) #1!%) 5(% /#! <$#7),$# ,6!#),)3 (i.e.g(.) = x, ∀x) +(,%
/#! <$#7),$# 7$#),#/! 63*,"(4'! !) ,#"!*%,4'!:

B$/% ("$#% 6$#7 -3#3*(',%3 '! +$6C'! 6! *3-*!%%,$# %,+5'! !# (L$/)(#) /#!

)*(#%<$*+(),$# 6! '( +$=!##! g(.): ;!))! <$#7),$# !%) (55!'3! A<$#7),$# 6! ',!#A:

M(,% #$)$#% )$/) 6! +I+! ./! 7! +$6C'! #1!%) 5(% %/N%(#): H# !O!) 6(#% '!

+$6C'! 6! *3-*!%%,$# 7'(%%,./! #$/% %/55$%$#% ./1,' !8,%)! /# 4*/,) (66,),< 61!%53G

*(#7! #/''! !) 6! "(*,(#7! σ2
7! ./, 5!*+!) 6! 7$##(,)*! '!% 6!/8 5*!+,!*% +$+!#)%

7!#)*3% 6! '( "(*,(4'! & !85',./!* Y : H# -3#3*(' $# %/55$%! !# $/)*! ./! ǫ %/,) /#!
'$, #$*+('! 7! ./, 6$##! '( '$, 6! Y ∼ N(Xβ; σ2):

'(



 !"#$%&'!"

 !" #"$%"&'( "')"*+%$( Y (,* -."'%*"*%#(/
 0+., 1+2)'%,+3, .3( *$"3,4+$1"*%+3 2( '5(,6)$"37( 7+32%*%+33(''( E(Y |X =

x) 7"$ X (,* "')"*+%$(/
 8(**( 1+2)'%,"*%+3 9"6$:, *$"3,4+$1"*%+3; (,* '%3)"%$( (3 x <

g(Y |X = x) = β0 + β1x

 !(, ($$(.$, 3( ,+3* 6", 3+$1"'( 1"%, 2( '+% 2( =($3+.''%/

 !" #"$%"37( 3 >(,* 6", 1?1( (* #"$%( ,('+3 '(, #"'(.$, 2( X[1, 15, 34]

() *!+,$'&)-'!" .(/

!" 1+2)'%,"*%+3 @!A $(6$(32, '(, 6$%37%6(, (B6+,), 7%C2(,,., 2"3, .3 7"2$(

D)3)$"' -.% (3D'+&( '(, E (B(16'(, 6$)7)2(3*, (* 25".*$(, (37+$(/ !(, 6$%37%6"'(,

7"$"7*)$%,*%-.(, ,+3* '(, ,.%#"3*(, <

 F3( *$"3,4+$1"*%+3 2( '5(,6)$"37( 7+32%*%+33(''( 6"$ '" 4+37*%+3 g 2( '%(3 <

g(Y |X = x) = η(x)

 8(**( *$"3,4+$1"*%+3 2( '5(,6)$"37( 7+32%*%+33(''( (,* 1+2)'%,)( 6"$ .3(

7+1&%3"%,+3 '%3)"%$( 2(, #"$%"&'(, (B6'%7"*%#(, ". 6+%3*

X = x : η(x) =
∑

βjxj

 Y |X = x ,.%* .3( '+% 2( '" 4"1%''( (B6+3(3*%(''( GHIJ/

HK



 !"! #$%&''() (*+,-(-.&(''()

 !"#$%& '! ( )* +*,$*-)! . !/0)$12!,

 &3"$%$4" 56  !"# $%&# '(# )%*+'(# ,-. "%&# #&//%#(0%"# 1&( '! 2!03!4'( 5

(6/'31&(0 Y /%##+*( &"( *("#3$7 /!0 0!//%0$ 5 &"( )(#&0( *%)3"!"$( υ8 9($$(
*("#3$7 #:7;03$ <

fθ,φ(y) = exp
{
yθ − b(θ)|a(φ) + c(y, φ)

}
 !"#$

=> a(.) ?b(.) ($ c(.) #%"$ *(# @%";$3%"# ;%""&(# ($ *7032!4'(#A b(.) (#$ *( /'&# B
@%3# *7032!4'( ($ #! *70327( /0()3+0( b(.) (#$ 3"2(0#34'( (i.e.∃(b

′

)−1)8 -(# /!0!)+$0(#
(θ;φ) !//!0$3(""("$ 5 Ω ∈ R2

($ φ (#$ !//('7 /!0!)+$0( *( *3#/(0#3%" CBDE8

7$!" *+!8 )* 9*:$))! !/04"!"%$!))!

% &' φ ()* +,--.  -/()* 01) 2,-+ .- 013145*3( 6 ()*'4(3$7 81 2(-)'*9 2( y ()*

.- 9894(-* 2( 81 :14'88( (;0,-(-*'(88("

% &' φ ()* '-+,--.7 18,3) 0,.3 ,<*(-'3 .- 9894(-* 2( 81 :14'88( (;0,-(-*'(88(

c(y, φ) 2,'* )/9+3'3( ),.) 81 :,34( ).'=1-*( >

c(y, φ) = a(φ)d(y) + s(a(φ)) + t(y)

;!)*%$4" !"%,! )* :4(!""!< )* +*,$*"8! !% )!# 0*,*:=%,!# θ !% φ

?,@(--( 2( y > &,'* y .-( =13'1<8( 2( 2(-)'*9 fθ,φ ).'=1-* 81 29A-'*',-  B$"

C.')D.( fθ,φ ()* .-( 2(-)'*9 013 3100,3* 6 υ -,.) 1=,-) 2,-+

u(θ, φ) =

∫

y

fθ,φdυ = 1, ∀(θ, φ) ∈ Ω

E(**( :,-+*',- u(., .) ()* .-( :,-+*',- +,-)*1-*( 2,-+ 293'=1<8( (* 2( 293'=9( 013F

*'(88( 013 3100,3* 6 θ -.88(" G,.) 1=,-) 2,-+ H3I+( 6 81 8'-913'*9 2( 8/'-*9H318( (*

1. 8(44( 2( J1*,.

δu

δθ
= lim

h→0

u(θ + h, φ)− u(θ, φ)

h
= lim

h→0

∫
y
fθ+h,φ − fθ,φdv

h

= lim
h→0

inf

∫
y
fθ+h,φ − fθ,φdv

h
= lim

h→0
sup

∫
y
fθ+h,φ − fθ,φdv

h
= 0

∫

y

lim
h→0

inf

∫
y
fθ+h,φ − fθ,φ

h
dv ≤ 0 ≤

∫

y

lim
h→0

sup

∫
y
fθ+h,φ − fθ,φ

h
dv

KL



 !""# $% &'()*'# +%(,)#$$# &# fθ,φ +%( (%++!(, - θ #.)/,#0 1!2/ %*!1/ &!13

∫

y

δfθ,φ
δθ

dv = 0

4( /) $5!1 3%$32$ $% &'()*'# +%(,)#$$# +%( (%++!(, - θ /#$!1 $% &'61),)!1 7 1!2/ %*!1/
%$!(/

δfθ,φ
δθ

=
y − b

′

(θ)

a(φ)
f(y)

8, $5'92%,)!1 :;<=> &#*)#1,

∫

y

δfθ,φ
δθ

dv =
1

a(φ)

[∫

y

yf(y)dv − b
′

(θ)

∫

y

f(y)dv

]
= 0

?!2/ %*!1/ a(θ) 6= 0 /)1!1 fθ,φ 15#/, +%/ &'61)# %$!(/ 1!2/ #1 &'&2)/!1/ $% +(!+!@
/),)!1 /2)*%1,# ABC0 BDE<

 !"#"$%&%"' ()  !"#$%&'()" *+, -+."(("/ 0!,(" 1'&2'34" y 0+(5 4' 0"(#25% "#5

0%6(2" $'& *789/ "#5 %:'4" ; 4' 0%&21%" 0" b(.) $'& &'$$+&5 ; θ8

E(y) = b
′

(θ) :;<F>

<'&2'()" 0" Y = >2 (+,# &")+--"(?+(# 4" -@-" &'2#+(("-"(5 "( ,5242#'(5 4'

0%&21%" $'&52"44" #")+(0" $'& &'$$+&5 ; θ (+,# '1+(#

δ2u(θ, φ)

δθ2
= 0 =

∫

y

δ2fθ,φ
δθ2

dv

A5 '1") ∫

y

δ2fθ,φ
δθ2

= −
b
′′

(θ)

a(φ)
fθ,φ(y) +

y − b
′

(θ)

a(φ)

δfθ,φ
δθ

= −
b
′′

(θ)

a(φ)
fθ,φ(y) +

1

a(φ)2

[
(y − b

′

(θ))2fθ,φ(y)
]

B,2#C,"

b
′

(θ) = E(y)

D+,# +35"(+(# '4+&#

−
b
′′

(θ)

a(φ)
fθ,φ(y) +

1

a(φ)2

∫

y

(y − b
′

(θ))2fθ,φ(y) = 0

var(y) = b
′′

(θ)a(φ)

GH



 !"#"$%&%"' ()  ! "!#$!%&' ()*%' "!#$!+,' y (-%. ,! ('%/$.0 '/. (01%$' 2!# 34567
'/. &!#!&.0#$/0' 2!#

var(y) = b
′′

(θ)a(φ)  !"#$

*+,-!./+ 0)

8  ' 2!#!9:.#' θ &-%.#;,' ,! 9-<'%%' '. ,! "!#$!%&' !* 9-<'% (' b
′

(θ) '.
b
′′

(θ)= ,! 9-<'%%' '/. (-%& ,$0' > ,! "!#$!%&'5
8  ' 2!#!9:.#' φ &-%.#;,' ,! "!#$!%&' "$! a(φ)5  ' 2!#!9:.#' φ '/. !22',0

2!#!9:.#' (' ($/2'#/$-% ?@A= @BC5

 !"!# $%&'() *+$

123'%&%"' 45/' ,"467+ 89:

%& '()*+, -./ ,01 2& '()*+, 324 1,&1, ), 5,+4,5 ),0 675478+,0 ,9:+4;7146,0

X1, X2, . . . , Xp < 2&, 675478+, < ,9:+432,5 y 0,+(& +, 0;=>'7 02467&1 ?

*+,-!./+ ()

D-*# &E-$/$# *% 9-(:,' F G $, H!*. (-%& I

8 JE-$/$# ,! ,-$ (' ,! "!#$!+,' > 'K2,$L*'# y (!%/ ,! H!9$,,' 'K2-%'%.$',,' ('/
F G 3(01%$.$-%M5M7= &' L*$ 1K' b(.) '. V (.)5

8 JE-$/$# *%' H-%&.$-% (' ,$'% $%"'#/$+,' g5

D-*# *.$,$/'# *% 9-(:,' F G $ H!*(#! !,-#/ I

@A



 !"#$%&' (&" )*'*%+#'&" β = (β1, . . . , βp), -& ./$ /0& 12$" '3*($"3, 45& 620-
η(x), -& ./$ 45& µ = g−1(η(x))7 8./$ &"# (* %29&00&, 620- (* )'3:$"$20 )*'
(& %26+(&; &# -& ./$ 40*(&%&0# 45& θ = (b

′

)−1(µ) -*' &"#$%&' β 45& θ7
 !"#$%&' (& )*'*%+#'& 6& 6$")&'"$20 φ ./$ (/$ 0& 63)&06 )*" 6& β7

 !"#$%  !" # $%&'(&))* +,-./%,--*00* 123- ),140* 567
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 !"#$%!" &' (%'"

 !" #$!%&'$! ()"*%$!()" !" +")& +,- .&/" #$!%&'$! 0" *'"!1 2* #,)& ()" *, #$!%3

&'$! 0" *'"! -$'& '!4"/-'5*"1  ! %6$'7 +,/&'%)*'"/ ()' -'8+*'9" *"- %,*%)*- "-& *" %6$'7

0" *, #$!%&'$! 0" *'"! %,!$!'()": ; -,4$'/ g(.) = (b
′

)−1(.)1 %"- #$!%&'$!- 0" *'"!-
-$!& /,++"*<- 0,!- *" &,5*",) =1= >?@A1

B$' C$8 0) *'"! D$!%&'$! 0" *'"!

E"/!$)'**'FE'!$8',*" *'"! *$G'& g(µ) = logit(µ) = log(µ/1− µ)
H$'--$! *'"! *$G g(µ) = log(µ)
C$/8,*" *'"! '0"!&'&< g(µ) = µ
I,88, *'"! /<%'+/$()" g(µ) = −1/µ

 !"#$ =1= J D$!%&'$! 0" *'"! %,!$!'()" 0"- 8$0K*" )-)"*-

LM,)&/"- *'"!- %*,--'()"- "7'-&"!& "& -$!& /<%,+'&)*<- 0,!- *" &,5*",) =1?

C$8 0) *'"! D$!%&'$! 0" *'"!

*'"! '0"!&'&< g(µ) = µ
*'"! *$G g(µ) = log(µ)
*'"! %*$G*$G g(µ) = log(− log(1− µ))
*'"! *$G'& g(µ) = log(µ/1− µ)
*'"! +/$5'& g(µ) = Φ−1(µ)
*'"! /<%'+/$()" g(µ) = −1/µ

*'"! +)'--,!%"

g(µ) = µλ, λ 6 =0
g(µ) = log(µ), λ = 0

N/,!0, O/0,P g(µ) = log (1−µ)λ−1
λ

 !"#$ =1? J D$!%&'$! 0" *'"! )-)"**"-

)!**'"$ #+!%,%- ./-*% #', 0!"#$%!", &' (%'"

Q! #$!%&'$! 0) &R+" 0" *, 4,/',5*" ; "7+*'()"/ y1

S T' y "-& )! %$8+&,G" "!&/" [0,m] $U m "-& 97<: 0,!- %" %,- -")*" *, +/$+$/3

&'$! "-& '!&</"--,!&": 0" 8.8" -' y "-& 5'!,'/"1 L,!- %"- %,- *" &R+" 0" *'"!
%*,--'()" "-& *" *'"! *$G'-&'()" *,'- '* "-& +$--'5*" 0M)&'*'-"/ *" *'"! +/$5'& $)

*" *'"! %*$G*$G V*$G3*$G %$8+*<8"!&,'/"W1

X?



 !" #$% &'(()$% %'(* &$% +',-*./$%0 .#'1% #$ #"$( +#.%%"23$ $%* #$ #"$( log4
 5.1 +'(*1$ %" y $%* +'(*"(3$0 3( +6'"7 +#.%%"23$ $%* #$ #"$( +.('("23$ &$% #'"%
/.,,. '3 ('1,.#$4
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 ! "#$ %"& #' (# )*+,-$-+..#/#.'

 !"#$%$&'#$() *" + , *')& %' &-$.)-. '-#"'/$.%%. .&# 0$.) *12.%(331. .# %'/4.5

6.)# '--.3#1.7 8() &."%.6.)# %. -'*/. *. + , (9/. "). -./#'$). &("3%.&&. *')&

%' &1%.-#$() *.& 3'/'6:#/.& .# *.& 6(*:%.&; 6'$& *')& -./#'$)& -'&; -(66. *')&

%. -'& *. %' 61#<(*. = ; + , /1-"3:/. %.& 61#<(*.& #/'*$#$()).%%.& *!.&#$6'#$()

*.& /1&./2.& *. &$)$&#/.&7 >3/:& ?.)&<'@ .# A.//'%% BCDDEF; )("& 3("2()& G(/6"%./

%' 3%"3'/# *.& 6(*:%.& &#(-<'&#$H".& *. /1&./2'#$() *. /.2.)*$-'#$()& '" 6(I.)

*!"). G'6$%%. 3'/#$-"%$:/. *. 6(*:%.& %$)1'$/.& 41)1/'%$&1& B2($/ ,-="%%'4< .# 8.%5

*./ BCDJDFF7  ' &#/"-#"/. *. -.& + , &./' *())1. 3'/ K

B$F Yi,j ∼ f(y;µi,j, φ) '2.- Yi,j $)*13.)*')#&; µi,j = E(Yi,j) .# (L f(.) .&# %'
G()-#$() *. *.)&$#1 *. Yi,j '33'/#$.)# M %' G'6$%%. .N3().)#$.%%.; φ .&# %.

3'/'6:#/. *!1-<.%%.7

B$$F ηi,j = g(µi,j)
B$$$F ηi,j = c+ αi + βj '2.- α1 = β1 = 0 3("/ 12$#./ %' &"/53'/'61#/$&'#$()7

O% .&# -("/')# *')& %!.&#$6'#$() *.& /1&./2.& *. 3/.)*/. .) -(63#. #/($& *$&#/$5

0"#$()& 3(&&$0%.& 3("/ %' 2'/$'0%. Ci,j K  (4)(/6'%; +'66' (" P($&&()7 P("/ %.&

6(*:%.& 0'&1& &"/ %.& *$&#/$0"#$()& +'66' (" P($&&(); %.& /.%'#$()& B$F 5 B$$$F *1Q5

)$&&.)# ") + , '2.- Yi,j = Ci,j $)*$H"')# %.& 6()#')#& $)-/16.)#'"N *.& &$)$&#/.&7

 ' G()-#$() *. %$.) .&# ηi,j = ln(µi,j) RC; STU7

 ! !" #$ %&'()$ '$ *&+,,&-

 (/& *. %' /.-<./-<. *!") 6(*:%. &#(-<'&#$H". H"$ /.3/(*"$# %.& .&#$6'#$()&

*. =<'$)5 '**./; -./#'$).& <I3(#<:&.& *($2.)# V#/. G(/6"%1.& '" &"W.# *.& /1-%'5

6'#$()& *!'&&"/')-.7 O% .&# 3(&&$0%. &($# *. 3/1-$&./ %' /13'/#$#$() *.& &$)$&#/.&

*!'&&"/')-.; &($# *!$)*$H"./ &$63%.6.)# %.& *."N 3/.6$./& 6(6.)#& RCSU7

O% .N$&#. ") %'/4. 12.)#'$% *. 6(*:%.& *. /1&./2'#$() &#(-<'&#$H". .# $%& 3."2.)#

V#/. *$2$&1& .) X#I3.Y *. =<'$)5 '**./ .# .) #')# H"!.N#.)&$()& *. =<'$)5 '**./7

 .& 6(*:%.& Z#I3.Z *. =<'$)5 '**./ 3."2.)# /.3/(*"$/. .N'-#.6.)# %.& /1&"%#'#&

*. =<'$)5 '**./ (" 3."2.)# '2($/ "). &#/"-#"/. &$6$%'$/. M =<'$)5 '**./ &')&

*())./ .N'-#.6.)# %.& 6V6.& /1&"%#'#&7 8("& -()&$*1/()& %. 6(*:%. *. P($&&()

H"$ /.3/(*"$# %.& .&#$6'#$()& *. /1&./2.& *())1.& 3'/ %' #.-<)$H". *. =<'$)5 '**./

RCSU7

B[)4%')*; A.//'%%; \]]\F7 ?.)&<'@ & A.//'%% BCDDJF )!()# 3'& 1#1 %.& 3/.6$./&

M /.6'/H"./ %. %$.) .)#/. %' #.-<)$H". *. =<'$)5 '**./ .# %' *$&#/$0"#$() *. P($&5

E^



 !"# $%& !"' ('( )* +,*$&*, - %.%+'*, )* $!./)* *" 0'&)& %"' 0"* $('1!.!)!2&*

 '%".%,. .%" )% $!.()& %'&!"  '%'& '&30*4 5(6- *" 789:# 0" $!./)*  '!;1% '&30*

;!,,* +!".%"' %0 $!./)* .* <!&  !"# 30& ;!".0&' - )% '*;1"&30* .* =1%&">?%..*,

% ('( .(;!0@*,'4 =* $!./)* A!";'&!""*  0, )* $!"'%"' &";,($*"'%0B4

Ci,j = Di,j  ! j = 1  !"#$%

Ci,j = Di,j −Di,j−1 &' j > 1  !"##%

 !"#$%&'('

()& *+,-.*/&)& 01 2-0/3) &-4. 3)& &1'564.)& 7

 8#% E(Ci,j) = xiyj 65)9 xi ). yj 0)& ,6:62/.:)& '49-441&"

 8!% ;*6<1) 2-4.64. '49:=2)4.63 Ci,j 6 14) 0'&.:'>1.'-4 0) 8-'&&-4"

 8?% ()& 2-4.64.& '49:=2)4.61@ Ci,j &-4. '40=,)4064.& A!BC"

D9' xi )&. 3) 2-4.64. 0)& &'4'&.:)& 13.'2)& 6..)401&  E1&<1FG 36 0):4'/:) 644=)

0) 0=5)3-,,)2)4. ->&):5=) E1&<1F'9'% ). yj )&. 36 ,:-,-:.'-4 0)& &'4'&.:)& 13.'2)&

6,,6:6'&&64. 064& 9*6<1) 644=) 0) 0=5)3-,,)2)4. 65)9 36 :)&.:'9.'-4

∑n

k=1 yk = 1"
(6 :)&.:'9.'-4 0=9-13) '22=0'6.)2)4. 01 H6'. <1) yj )&. '4.):,:=.= 9-22) 36 ,:-I

,-:.'-4 0) &'4'&.:)& 0=936:=& 064& 3F644=) 0) 0=5)3-,,)2)4. j" J5'0)22)4.K 36

,:-,-:.'-4 L3->63) ,-1: .-1.)& 3)& ,=:'-0)& 0-'. M.:) 1"

N-1& )&.'2-4& 3)& ,6:62/.:)& '49-441& xi ). yj 01 .:'64L3) 0)& 0-44=)& 9-441)&

 36 4-.6.'-4 ∆ )&. 1.'3'&=) ,-1: 9)36% 65)9 36 2=.*-0) 01 26@'212 0) 5:6'&)2I

>3649)" (6 ,:-9=01:) 0F)&.'26.'-4 ). 3)& :=&13.6.& &-4. 0-44=& 064& 3) 3)22) &1'I

564. A!BK !OC"

)(**( +,  !""#$#%$ &!' (#!$ )'$ Ci,j $#%( *%+,"'%+-%($ -.'/ !%' +*$(0*1!(*#% +'

2#*$$#% '( E(Ci,j) = xiyj3 4)#0$5 )'$ '$(*6-('!0$ +! 6-7*6!6 +' .0-*$'61)-%/'

"#!0 xi '( yj $#%( +#%%,$ "-0 8

xi =

∑
j∈∆ Ci,j∑
j∈∆ yj

 !"#!%

yj =

∑
j∈∆ Ci,j∑
j∈∆ xi

 !"#?%

9,6#%$(0-(*#%3 N-1& 0=:'5-4& 3)& )&.'26.'-4& 01 26@'212 0) 5:6'&)2>3649) ,-1:

3)& ,6:62/.:)& '49-441& xi ). yj 65)9 36 H-49.'-4 0) 5:6'&)2>3649)

L =
∏

i,j∈∆

(xiyj)
Ci,j

Ci,j!
exp(−xiyj).

PQ



 !" #$%&'()*%+, -! .$%#+/$% 0* -$123"!/&*45-!%#* *&+

l = ln(L) = −
∑

i,j∈∆

xiyj +
∑

i,j∈∆

Ci,j ln(xiyj)−
∑

i,j∈∆

ln(Ci,j!).

67 -! &$44* *&+ 8$)" +$)+ i, j $7 Ci,j *&+ #$%%)9 :*& *&+/4!+*)"& 0) 4!;/4)4

0* 3"!/&*45-!%#* &$%+ -*& 3!-*)"& xi, yj ()/ 4!;/4/&*%+ L $) 0* 4!%/<"* '()/3!-*%+*
ln(L) 9 =-& &$%+ 0$%%'& 8!" -*& '()!+/$%&

0 =
δl

δxi

= −
∑

j∈∆i

yj +
∑

j∈∆i

Ci,j

1

xi

0 =
δl

δyj
= −

∑

i∈∆j

xi +
∑

i∈∆j

Ci,j

1

yj

>/%&/ -?*&+/4!+*)" 0* 3"!/&*45-!%#* 8$)" xi *+ yj *&+ 0$%%', "*&8*#+/3*4*%+, 8!"

xi =

∑
j∈∆ Ci,j∑
j∈∆ yj

yj =

∑
j∈∆ Ci,j∑
j∈∆ xi

:* -*44* *&+ 8"$)3' @ABC9

>/%&/, -*& .!#+*)"& 0* 8"$8$"+/$% yj *;8"/4*%+ -* "!88$"+ 0* -! &$44* 0*& 3!-*)"&
/%#"'4*%+!-*& $5&*"3'*& 8$)" #*"+!/%*& !%%'*& 0* 0'3*-$88*4*%+ j 8!" "!88$"+ D
#*"+!/%*& "*3*%0/#!+/$%& E%!-*&, #?*&+2D20/"* yj -! 8"$8$"+/$% 0* &/%/&+"*& 0'#-!"'&
0!%& -?!%%'* 0* 0'3*-$88*4*%+ j9 :*& 8!"!4<+"*& xi &* "'.<"*%+ !) "!88$"+ 0* -!

&$44* 0*& 3!-*)"& /%#"'4*%+!-*& $5&*"3'*& 8$)" #*"+!/%*& !%%'*& 0?$"/1/%* i 8!"
"!88$"+ !); .!#+*)"& 8"$8$"+/$%%*-& #$""*&8$%0!%+&, #?*&+2D20/"* ()* &/ -*& 4$%2

+!%+& /%#"'4*%+!); 0*& &/%/&+"*& *+ -*& 8"$8$"+/$%& "*&8*#+/3*& &$%+ #$%%)&, /- *&+

&/48-* 0* 0'0)/"* -?!%%'* 0?$"/1/%* i9 6% 8*)+ %$+*" -*& 8"/%#/8!-*& &/4/-/+)0*& !3*#
-! +*#F%/()* 0* GF!/%2:!00*", $7 -*& .!#+*)"& 0* 0'3*-$88*4*%+ &$%+ !)&&/ -*& "'2

&)-+!+& 0* #*"+!/%& "!+/$&9

:! 4$H*%%* 0$%%'* 8!" E(Ci,j) = xiyj 0!%& -?FH8$+F<&* I JK ! )%* &+")#+)"*
4)-+/8-/#!+/3*, #?*&+2D20/"* ()?*--* *&+ -* 8"$0)/+ 0* -?*L*+ 0* -! -/1%* *+ 0* -?*L*+

0* -! #$-$%%*9 :*& *L*+& 0* -! -/1%* *+ 0* -! #$-$%%* $%+ +$)& -*& 0*); 0*& /%+*"8"'2

+!+/$%& &8'#/E()*& *+ /- *&+ 8!".$/& )+/-* 0* #$%&*"3*" -* 4$0<-* &$)& #*++* .$"4*9

MB



 !"#$%&#'( ) *+' ,#' *-+'.&$".&%#( &/ +'. 0"12%&' 01!2!1"3/+ *+ 1+0"1"$!.1+1 /+

$%*4/+ 0%51 65+ /" $%7+##+ "&. 5#+ 2%1$+ /&#!"&1+8 9+ $%*4/+ *+ :%&''%# 0+5.

;.1+ $%5/! '%5' /" 2%1$+ *-5# <9= +. /&#!"1&'+1 /+ $%*4/+ $5/.&0/&>".&2 *%#. #%5'

"?%#' 3+'%&# 0%51 >@%&'&1 /+ /%A"1&.@$+ +# ."#. 65+ 2%#>.&%# *+ /&+# *+ '%1.+ 65+

E(Ci,j) = exp(ln xi + ln yj) BC8DEF

G5( !65&?"/+#.(

ln (E(Ci,j)) = αi + βj BC8DHF

GI αi = ln xi +. βj = ln yj +. /" '.15>.51+ *5 01!*&>.+51 /&#!"&1+ BC8DHF +'.
+#>%1+ *+ .70+ J@"&#K9"**+18 J"1 /+' 0"1"$4.1+' 0%51 >@"65+ /&A#+ i +. >@"65+
>%/%##+ j '%#. *%##!'8

L&#'&( /" '.15>.51+ BC8DHF +'. *!,#&+ >%$$+ 5# $%*4/+ /&#!"&1+ A!#!1"/&'!( *"#'

/+65+/ /+' ?"/+51' &#>1!$+#."/+' Ci,j '%#. $%*!/&'!+' >%$$+ *+' ?"1&"3/+' "/!".%&1+'

*+ :%&''%# "?+> 5#+ 2%#>.&%# *+ /&+# /%A"1&.@$&65+ +. 5# 01!*&>.+51 /&#!"&1+ MCNO8

ηi,j = c+ αi + βj BC8DPF

L?+> /" >%#.1"&#.+

α1 = β1 = 0 BC8DQF

R'. #!>+''"&1+ 0%51 +'.&$+1 /+' 0"1"$4.1+' 1+'."#.' *5 $%*4/+ c, αi, βj +. 0%51

!?&.+1 /" '510"1"$!.1&'".&%#8 J%#'&*!1"#. 5# '+5/ 0"&+$+#. &#>1!$+#."/ Ci,j "?+>

/-"##!+ *-%1&A&#+ i +. /+' 0"&+$+#.' *+ '&#&'.1+' *"#' /-"##!+ *+ *!?+/%00+$+#. j
B+#>%1+ ) %3'+1?+1F( #%5' %3.+#%#' /+' +'.&$".&%#' *+' 0"&+$+#.' 25.51' ) 0"1.&1 *+'

+'.&$".&%#' *+' 0"1"$4.1+' +# /+' &#'!1"#. *"#' /-!65".&%# BC8DHF +. +S0%#+#.&+//+'(

1!'5/."#. >%$$+

C̄i,j = x̄iȳj = exp(η̄i,j) BC8DNF

J%$0.+ .+#5 *+ /-!65".&%# BC8DNF( /+' +'.&$".&%#' *+ /" 1!'+1?+ 0%51 /-"##!+ *-%1&K

A&#+ +. /+' +'.&$".&%#' A/%3"/+' 0+5?+#. ;.1+ 2">&/+$+#. %3.+#5+' 0"1 '%$$+ T

R̄i = x̄iȳn+2−i + · · ·+ x̄iȳn BC8DUF

V 0"1.&1 *+' @70%.@4'+' B:DF K B:WF( /-+'.&$".+51 *5 $"S&$5$ *+ ?1"&'+$3/"#>+

BC8DUF *+ /" 1!'+1?+ *+ '&#&'.1+' 0%51 /-"##!+ *-%1&A&#+ i( Ri = Ci,I+2−i+ · · ·+Ci,I =
Di,I −Di,I+1−i( *%##+ /" $;$+ 01!*&>.&%# Ďi,I = Di,I+1−i + R̄i 65+ /" $!.@%*+ *+

J@"&#K9"**+18 X+/%# /-@70%.@4'+ B:WF( Di,I+1−i + R̄i +'. 5# +'.&$".+51 *+ /-+'0!K

1"#>+ >%#*&.&%##+//+ E (Di,I |Di,I+1−i) +. /-@70%.@4'+ B:CF >%#.1"&#. .%5' /+' $%#K
."#.' &#>1!$+#."5S Ci,j ) ;.1+ *+' +#.&+1' #%# #!A".&2' MCNO8

EN



 !"# $% &'()$% (% *'+##'", -'./ $! -/'0+#+'" -'./ -%/1%, +$ %#1 #.--'#2 3.% $%#

/24$!&!1+'"# +"4/2&%"1!$%# #'"1 +"(2-%"(!"1%# %1 3.% *'+##'" %#1 (+#1/+5.2 !0%4

$%# !"1+4+-!1+'"# 21!"1 $% -/'(.+1 (% (%.6 7!41%./#, #%$'" $8!""2% (% #./0%"!"4% %1

$8!""2% (% (20%$'--%&%"1, /%#-%41+0%&%"19 :$ %#1 5+%" 4'"". 3.% $8%#1+&!1+'" (%

$! 0/!+#%&5$!"4% &!6+&!$% (!"# $% &'()$% (% *'+##'" ('""% $%# %#1+&!1%./# (%

;<!+"=>!((%/ (%# /%0%"(+4!1+'"# ?$'5!$%# .$1+&%# !11%"(.%# @A4<&+(1, BCCBD9  %

-$.#, E%"#<!F %1 G%//!$$ @HIIJD '"1 /%&!/3.2 3.% 4%$! %#1 2?!$%&%"1 0/!+ -'./ $%#

&'()$%# (% *'+##'" #./=(+#-%/#2#9

K'.# /!--%$'"# 3.% $%# #%.$%# <L-'1<)#%# (% (+#1/+5.1+'" .1+$+#2%# (!"# $%# M>N

#'"1 $! /%$!1+'" 7'"41+'""%$$% %"1/% $! 0!/+!"4% %1 $! &'L%""% %1 $% 7!+1 3.% $!

(+#1/+5.1+'" !--!/1+%"1 O $! 7!&+$$% %6-'"%"1+%$$%9  !"# $% 4!# (% *'+##'", $! /%$!1+'"

&%"1+'""2% %#1 V (Ci,j) = E(Ci,j) %1 %$$% -%.1 P1/% ?2"2/!$+#2% O V (Ci,j) = E(Ci,j)
#!"# !.4." 4<!"?%&%"1 (% 7'/&% %1 (% #'$.1+'" (%# 23.!1+'"# (% 0/!+#%&5$!"4%

@N!4Q, G%"1%/, HIIID9 ;% ?%"/% (% ?2"2/!$+#!1+'" -%/&%1 -$.# (% (+#-%/#+'" (!"# $%#

('""2%#9 *'./ $! /2#'$.1+'" (%# 23.!1+'"# (% 0/!+#%&5$!"4%, +$ "8%#1 -!# "24%##!+/%

3.% $%# 0!$%./# +"4/2&%"1!$%# Ci,j #'+%"1 "'"="2?!1+0%# '. %"1+)/%# %1 4%4+ 4'"(.+1

O ." &'()$% (% *'+##'" #./=(+#-%/#2 %1 O (%# 23.!1+'"# (% 3.!#+=0/!+#%&5$!"4%,

-.+#3.% $! (+#1/+5.1+'" #'.#=R!4%"1% "8%#1 -$.# +&-'/1!"1% STTU9

 ! ! "# $%&'(# )*+ ,)-#./&012#.1#& 2%011%34

>! -$.-!/1 (%# &'()$%# 7!41'/+%$# -'##)(%"1 (%.6 -!/!&)1/%#9 ;%11% V%6+5+$+12

"!1./%$$% -%/&%1 (% 4!-1%/ !.##+ 5+%" $! &'L%""% 3.% $! 0!/+!"4% (%# ('""2%#9 :$

! 212 (2&'"1/2 3.% 4%/1!+"%# (% 4%# $'+# '"1 ."% 0!/+!"4% 3.+ %#1 7'"41+'" (% $!

&'L%""%9

;%-%"(!"1, 4%/1!+"%# (+#1/+5.1+'"#, 1%$ 3.% $! $'+ (% -'+##'" "% -'##)(% -!#

#.W#!&&%"1 (% -!/!&)1/%# -'./ &'(2$+#%/ !.##+ 5+%" $! 0!/+!"4% 3.% $8%#-2/!"4%

-.+#3.% $8%#-2/!"4% %#1 2?!$% O $! 0!/+!"4%9 X" 0'.(/!+1 1/'.0%/ ."% 7!Y'" (% /%"(/%

4%# &'()$%# -$.# V%6+5$%#9 >8+(2% %#1 (8!R'.1%/ !/1+Z4+%$$%&%"1 ." -!/!&)1/% #.-=

-$2&%"1!+/% -'./ 7'/4%/ $! $'+ O !0'+/ ."% 0!/+!"4% 3.+ /%V)1% &+%.6 $%# ('""2%#9

[+"#+, "'.# (2Z"+##'"# ." -!/!&)1/% (% #./=(+#-%/#+'", "'12 φ, 4'&&% 21!"1 $%
7!41%./ (8!R.#1%&%"1 (% $! 0!/+!"4%, $'/#3.% $! 0!/+!"4% (% $! $'+ %#1 7'"41+'" (%

#'" %#-2/!"4% ST\U9

 !"# $% 4!# (% $! $'+ M!&&!, "'.# "8!0'"# -!# 5%#'+" (8!R'.1%/ !/1+Z4+%$$%&%"1

(% "'.0%!.6 -!/!&)1/%# 4!/ $! $'+ -'##)(% (2RO (%.6 -!/!&)1/%#9 [+"#+, $% -!/!=

&)1/% (% #./ (+#-%/#+'" %#1 +"1/'(.+1 #.+1% O ."% /%-!/!&21/+#!1+'" (% #'/1% O 4%

3.8'" +#'$% $8%]%1 (% $! &'L%""% λij %1 (% $! #./ (+#-%/#+'" φ, "'.# '51%"'"# !$'/#

^I



 ! "#$%&' #( )

E(Cij) = λij, V (Cij) = φλ2
ij *+,+-.

/#!0 φ 0#"1&%2' &3 4'&325#! #( &3 63453!0' '72 8#!025#! $ 03449 $' &:'71943!0',

;! 0' < 5 0#!0'4!' &3 &#5 !#4"3&'= &' 1343"%24' $' 7 4 $571'475#! φ '72 '>302'?

"'!2 &' 1343"%24' < 5 4'1497'!2' &3 63453!0' $' &3 &#5= 0#""' 5& '72 $9"#!249 $3!7

&'7 9< 325#!7 *+,+@. '2 *+,++.,

Cij ∼ N(λij, σ
2) *+,+@.

σ2 = φ *+,++.

A5!3&'"'!2= 1# 4  ! "#$%&' $' B#577#!= &:5!24#$ 025#! $: ! 8302' 4 $' 7 4 $571'4?

75#! $#52 7' 8354' '!  25&573!2 &' 145!051' $' &3 < 375?64357'"C&3!0', B# 4 D24' C4'8=

0' 145!051' "'2 &:300'!2 7 4 &3 4'&325#! '!24' &:'71943!0' '2 &3 63453!0' $' &3 &#5

1& 2E2 < ' 7 4 &3 8#!025#! $' $'!7529 '2 7#! $#"35!', ;! $:3 24'7 "#27= 5& 7 F2

$' 24# 6'4  !' 72325725< ' < 5 '!G'!$4' &3 4'&325#! '!24' &:'71943!0' '2 &3 63453!0'

$97549' 7 4  ! $#"35!' 149923C&5, /3!7 &' 037 $' &3 &#5 $' 1#577#!= &' !# 6'3 "#?

$%&' 311'&9 &#5 $' B#577#! 7 4?$571'479' '2 1' 2 D24' $9H!5 I &:35$' $ 4357#!!'"'!2

05?$'77# 7,

 !"#$%$&# '( Xij  !" #$%&$'(" $()$*+&%" , & - &*  !" (+& ." /+&--+! ." 0+1"!!"

"* ." #$%&$!2" *+ *"- ("- ." 3 )4$("- 5 µij 6789 7:;<

Xij ∼ /+&--+! (µij)

=* $ --& -+&*

Yij ∼ /+&--+! (
µij

φ
), Y ∈ {0, 1, . . .}

Zij = φYij, Zij ∈ {0, φ, 2φ, . . .}

>? φ "-* (" @$2*" % ." - %A.&-B"%-&+! .)-&%)< C+ - $#+!- $(+%- D

E(Yij) =
µij

φ
, V ar(Yij) =

µij

φ
*+,+J.

E(Zij) = µij, V ar(Zij) = φµij *+,+K.

L3 63453C&' 3&932#54' 1#77%$' 3&#47  !' 4'&325#! '!24' &:'71943!0' '2 &3 63453!0',

/' 1& 7= '&&' 7' 0#"1#42' 0#""'  !' &#5 $' B#577#!= "357 < 5 '72 $9H!5' 7' &'"'!2

7 4 &'7 " &251&'7 $ 8302' 4 $' 7 4?$571'475#!= 0' < 5 8352 '! 7#42' < ' 1# 4  ! 2'&

"#$%&'= &3 $57245C 25#! $'7 497'46'7 7'43 '! '703&5'47 MJKN,

O-



 ! "#$%&! $! &' &#( $! )#(**#+ *,-.$(*/!-*0!

 !"#$% &'"()"&*+% #!,( -.#/+% +"($*"'% 0$($'*+"1$ #*(1 )%22% $2,#% %12 #% )*&3

2,'%' +* 2%(#*()% #%1 '/0+%-%(21 "()'$-%(2*,4 *, 5+ #%1 *(($%1 #!.'"0"(% %2 #%1

*(($%1 #% #$6%+.&&%-%(2 %( 1,&&.1*(2 7,% +%1 '/0+%-%(21 1,"6%(2 ,(% +." &*'*-$3

2'"7,%8

9*'-" +%1 :*-"++%1 #% #"12'";,2".( &.11";+%1 2%++%1 7,% 9."11.( 1,'3#"1&%'1$%<

 .0(.'-*+< =*--* %2)8 (.,1 )>."1"11.(1 #% &'$1%(2%' +* &'%-"/'% )*' +* 2>$.'"%

&'.,6% 7,!*6%) ,( = ? )%22% :*-"++% '%&'.#,"2 %4*)2%-%(2 +%1 -@-%1 &'$#")2".(1

7,% +* -$2>.#% #% A>*"(3 *##%' #$2%'-"("12%8 B6*(2 #!%(2'%' #*(1 +%1 #$2*"+1<

(.,1 '*&&%+.(1 +* (.2".( #!,(% +." #% &."11.( 1,'3#"1&%'1$%8

102+(3(#+ 45  !"# $% &"#''"( ')*+$#'&%*',%-

."#%(/ µ, φ $%)0 *,%1' '/*#2/%3%(/ &"'#/#4'5 6(% 78*#891% 81,8/"#*% X ')#/ 18 1"#

$% :"#''"( ')* $#'&%*',% $% &8*83;/*% (µ, φ) '# %/ '%)1%3%(/ '#

X
φ

')#/ )(% 1"#

$% :"#''"( $% &8*83;/*%

X
φ
5 <8(' 2% 28' (")' ("/"(' X = ODP (µ, φ)5 =7%2

1% &8*83;/*% φ %( &1)'> )(% 1"# $% :"#''"( ')*+$#'&%*',% ?,(,*81#'% )(% 1"# $%

:"#''"( @89#/)%11%5 A11% &%*3%/ 8#('# )(% *%18/#"( &1)' B%0#91% %(/*% 18 78*#8(2%

%/ 1C%'&,*8(2% $% 18 78*#891%5 D"(2*;/%3%(/> V ar(X) = φE(X)5 :8* 8#11%)*'> 18

483#11% $% 18 1"# $% :"#''"( ')*+$#'&%*',% &"'';$% )(% &*"&*#,/, #(/,*%''8(/% E %11%

%'/ #(78*#8(/% &8* 1C8$$#/#7#/, 3"(/*,% $8(' 1% /@,"*;3% 2"(() ')#78(/ E

670#-!"! 85 ."#%(/ X1, X2 $%)0 78*#891%' 81,8/"#*%' /%11%' F)% X1 = ODP (µ1, φ)
%/ X2 = ODP (µ2, φ)5 =1"*'> (")' 87"(' X1 +X2 = ODP (µ1 + µ2, φ)GHIJ5

A%1 &'.&'"$2$1 .(2 ,( 'C+% "-&.'2*(2 #*(1 +% -.#/+% +"($*"'% 0$($'*+"1$% ;*1$

1,' +!>D&.2>/1% 1,"6*(2% E

9:/#37%*!* ; <= >?  #( $! /#(**#+ *,-.$(*/!-*0!@

F."%(2 (Yi,j)i,j≥1 +%1 '/0+%-%(21 (.( ),-,+$1< *+.'1 &.,' 2.,2 i, j = 1, 2, . . . , n E

G  %1 (Yi,j)i,j 1.(2 "(#$&%(#*(218
G Yi,j 1,"2 +* +." #% &."11.( 1,'3#"1&%'1$% #% &*'*-/2'% (µi,j, φ) *6%) φ > 08
G H+ %4"12% #%1 &*'*-/2'%1 '$%+1 µ, α1, α2, . . . , αn %2 β1, β2, . . . , βn 2%+1 7,% E

µi,j = exp(µ+ αi + βj)
G α1 = 0 %2 β1 = 08

IJ



 !" #$%$&'(%!" αi )*( #)+% %,-! .! /$#(!% -$ (!*.$*/! .!" %'0-!&!*(" #$% %$#1

#)%( $+2 .)**3!" .4)%505*!6 7! &8&! 9$:)*; -!" βj .3/%5<!*( -$ (!*.$*/! .!" %'0-!1

&!*(" #$% %$##)%( $**3!" .! .3<!-)##!&!*( $-)%" =+! µ #!%&!( +* %,-! 0-)>$- ?@AB6

 4CD#)(C'"! A !"( +*! &$*5'%! "5&#-! .! 9$5%! 9$/! $+ #%)>-'&! .! "+%#$%$&31

(%5"$(5)*6 E* !F!(; "5 *)+" *)+" *4$<5)*" #$" /!((! CD#)(C'"!; -! &).'-! *! "!%$5(

#$" 5.!*(5G$>-! /$% !* %!&#-$:$*( µ #$% µ − ǫ !( αi #$% αi−ǫ; -!" µi,j %!"(!%)*(

5*/C$*03"6 H4!"( #)+% /!((! %$5")*; α1 !( β1 *! 9)*( #$" #$%(5! .!" #$%$&'(%!" I

!"(5&!% .$*" -$ "+5(! !( -!+%" <$-!+%" ")*( .3JI G23!"; #$% -4CD#)(C'"! A; I K6

L)+" $<)*" I *)(%! .5"#)"5(5)* -$ %3$-5"$(5)* yi,j .!" <$%5$>-!" $-3$()5%!" Yi,j $<!/

i+ j ≤ n6 H!( 3/C$*(5--)* "!%<5%$ I !"(5&!% -! <!/(!+% .!" #$%$&'(%!" θ = (µ, α, β)
)M α = (α2, . . . , αn) !( β = (β2, . . . , βn) #$% -$ &3(C).! .! &$25&+& .! <%$5"!&1

>-$*/!6

N*! 9)5" $<)5% )>(!*+ -4!"(5&$(!+% θ̌ .! θ; *)+" %!&#-5%)*" -!" /$"!" &$*=+$*(!";
/4!"( I .5%! -!" /$"!" (i, j) )M n+1 < i ; j < 2n #$% -!+%" <$-!+%" !"#3%3!" !"(5&3!"

Ě(Yi,j) = (µ̌+ α̌i + β̌j)

 !"#$%"#&' ()! *%+%$,"+)!

E($*( .)**3 =+! -$ <$%5$>-! Yi,j "+5( -$ -)5 .! O)5"")* "+%1.5"#!%"3! .! #$%$1

&'(%!" (µi,j, φ); -$ .!*"5(3 .! #%)>$>5-5(3 .! Yi,j !* yi,j !"( P

P (Yi,j = yi,j) =
(
µi,j

φ
)
yi,j

φ exp(−
µi,j

φ
)

(
yi,j
φ
)!

QR6RST

O$% $5--!+%"; -45*.3#!*.$*/! .!" <$%5$>-!" Yi,j *)+" #!%&!( .43/%5%! -! -)0$%5(C&!

.! -$ <%$5"!&>-$*/! .+ &).'-! /)&&! "+5(

l(∆, θ) = log
∏

i+j≤n

(
µi,j

φ
)
yi,j

φ

(
yi,j
φ
)!

=
1

φ

∑

i+j≤n

(yi,j(µ+ αi + βj)− exp(µ+ αi + βj))− f(yi,j, φ) QR6RUT

V<!/ f(yi,j, φ) =+5 %!0%)+#! ()+" -!" (!%&!" =+5 *! .3#!*.!*( =+! .! yi,j !( φ6
W!&$%=+)*" =+! f(yi,j, φ) !( φ *! J)+!*( $+/+* %,-! .$*" -$ &$25&5"$(5)* .! -$

SR



 !"#$%&'(")*% +"! !"++,!- ". +"!"&/-!% θ0 1% 2"#- 3.%4 (5%$-#&"-%.! 6% &"7#&.&

6%  !"#$%&'(")*% 6. +"!"&/-!% θ %$- (% !8$.(-"- 6. +!,9!"&&% $.# ")- :

θ̌ = argmax l(∆, θ) =
∑

i+j≤n

(yi,j(µ+ αi + βj)− exp(µ+ αi + βj)) ;<0<=>

?,.! !8$,.6!% *% +!,9!"&&%4 ),.$ 68!# ,)$ l(∆, θ) +"! !"++,!- @ µ4 ,) ,'-#%)- :

xi,j − exp(µ+ αi + βj) = 0

ln xi,j = µ̌+ α̌i + β̌j

 !" #$%&'#("!" )* +&)(,! -./

A%$ $#)#$-!%$ #)*!8&%)-".7 Xi,j $,)- #)68+%)6")-$ %- 6#$-!#'.8$ $%(,) (" (,# 6%

?,#$$,) $.!B6#$+%!$8% C #( %7#$-% φ, µi, γj -%($ 3.%

Xi,j

φ
∼ Poisson(

µiγj
φ

)

D-

J∑

j=0

γj = 1

E% &,6/(% %7#9% 3.% (%$ $#)#$-!%$ #)*!8&%)-".7 Xi,j )% $,#%)- +"$ )89"-#2$4 *% 3.#

%$- $,. %)- (% *"$ +,.! (%$ +"#%&%)-$ 6% $#)#$-!%$4 &"#$ +"$ +,.! (%$ +%!-%$ $.'#%$

FGH4 HIJ0

 0 %1!+2(1! %1&%123'3 )* +&)(,! -./

K,.$ " ,)$ (% &,6/(% &.(-#+(#*"-#2 " %*

E(Xi,j) = µiγj %- var(Xi,j) = φµiγj

?"! "#((%.!$

(γj)j=0,...,J : %$- (% &,6/(% 6% 68 %(,++%&%)- 6%$ $#)#$-!%$ #)*!8&%)-".70

βj =
∑j

k=0 γk &,6/(% 6% 68 %(,++%&%)- 6%$ $#)#$-!%$ *.&.(8$ FHIJ0

LH



 ! "#$%&'#$ () *#+,-.!'/)01*!$%)

 ! "#$%&'#$ () *#+,-.!'/)01*!$%)2 %#03&) &)$4 ()/ (#$$5)/ DI )/& 6

lDI
(µi, γj) ∝

∑

i+j≤I

−µiγj
φ

+
Xi,j

φ
log(

µiγj
φ

)

 ) 14& () &.#4-). *)/ )/&'0!&)4./ (4 0!7'040 () -.!'/)01*!$%) µ̌i )& γ̌j '8)8
0!7'0'/). lDI

(µi, γj)8 95/#4(.) 3#4. &#4& i )& j 6

δDI
(µi, γj)

δµi

= 0 )&
δlDI

(µi, γj)

δγj
= 0

2/&'0!&)3./ (3 0!4'030 () -.!'/)01*!$%) (3 0#(5*) 678

 )/ )0- µ̌emv
i )& γ̌emv

j (!$/ *) 0#(:*) ;<= /#$& #1&)$4/ )$ .5/#*-!$& 6

µi

I−i+1∑

j=1

γj =
I−i+1∑

j=1

Xi,j = Ci,I−i >?8?@A

γj

I−i+1∑

j=1

µi =
I−i+1∑

j=1

Xi,j >?8?BA

C#4/ *! %#$&.!'$&) *!&5.!*)

∑J

j=0 γj = 1 DEF2 EGH8

9)0!.:3) ;<  ! "#$#%&'$! (! ()*"!$*)+, -.+,*'#,'/ *0#,,12! !, -3435/6-3437/4

 ! =.>('%&'#$ ()/ /'$'/&.)/ '$%.>0)$&!34 (!$/ *) 0#(5*) 678

 )/ 3!I)0)$&/ %404*5/ Ci,J (#$$5)/ 3!. DI )/& 3.5('&/ 3!. *J)0- 6

Či,J = Ci,I−i + µ̌emv
i

J∑

j=I−i+1

γ̌emv
j

X̌i,j = µ̌emv
i γ̌emv,i+j≥I

j

9)0!.:3) ?< 8, 9:,:$#2!; X̌i,j ,0!*' "#* 1, !*')%#'!1$ *#,* <)#)*; )4!4

E(X̌i,j) 6= E(Xi,j) = µiγj

GF



 !" #$ %# &'()%# *+ ,*-./01+.((#23

4-5'2#&# 678  !"# $%!&#

ČCL
i,J = Či,J = µ̌emv

i  !"#$%

'()!&#*+$*,!&- &'()*+,-.+/01.'2'/3  4567%8 9/+*+/  45:7%8 ;'(<  4554% =4:>"

?+- *@3AB+- C? +. DEF -@2. ./A- 3,GH/+2.- 3IJ2 K@,2. 3+ LJ+ -.@()'-.,MJ+8

*',- ,B- *A2+2. K'/ )'-'/3 L+/- B+- *N*+- /H-+/L+- K@J/ -,2,-./+-" ?' 3,GH/+2(+

+-. 3'2- B+ ('B(JB 3+- *@*+2.- 3I@/3/+ -JKH/,+J/8 (@**+ ;1OF =!$>"

F'/ (@2-HMJ+2.8 B+ K/H3,(.+J/ 3+ C? (B'--,MJ+ ČCL
i,J 8 K+J. N./+ J.,B,-H K@J/ @P0

.+2,/ -@2 +*L"

EH-@/*',-8  !"#$% Q@J/2,- J2+ -@BJ.,@2 '2'BR.,MJ+ K@J/  !"!:%0 !"!5%8 K'/ ',BB+J/-

βemv
j =

j∑

k=0

γ̌emv
j =

J−1∏

l=j

1

f̌CL
l

DS β̌emv
j +-. BI+-.,*'.+J/ 3J *@3AB+ 3+ 3HL+B@KK+*+2. 3+- -,2,-./+- (J*JBH-

βj =

j∑

k=0

γk

T@,/ U";+/V  !$$:%8 C@/@BB'/R !"4: =!!>"

 ! !" #$ %&'()$ *+%%+

?' *@3HB,-'.,@2 3+- *@2.'2.- 3+- K'R+*+2.- ,2(/H*+2.'JW +2 .'2. MJ+ L'0

/,'PB+- /HK@2-+ X'**' ,23HK+23'2.+-8 'L+( J2+ Q@2(.,@2 3+ B,+2 B@X'/,.)*,MJ+ +.

B+ K/H3,(.+J/ B,2H',/+ 3+ .RK+ C)',20?'33+/ =!$> K/@3J,. +W'(.+*+2. B+- *N*+-

/H-JB.'.- MJ+ (+JW @P.+2J- K'/ ;'(<  4554%" ?' /+B'.,@2 +2./+ (+ *@3AB+ B,2H',/+

XH2H/'B,-H +. B+ *@3AB+ K/@K@-H K'/ ;'(< ' 3I'P@/3 H.H *,-+ +2 HL,3+2(+ K'/ Y+20

-)'Z +. T+//'BB  455[%" ?+ *N*+ *@3AB+ K+J. N./+ '\J-.H +2 J.,B,-'2. B+ ]?;

3H(/,. 3'2- B+ *@3AB+ 3+ F@,--@2 -J/03,-K+/-H8 *',- 3'2- B+MJ+B B+- *@2.'2.- ,2(/H0

*+2.'JW -@2. *@3HB,-H- (@**+ 3+- L'/,'PB+- /HK@2-+ ]'**' ,23HK+23'2.+-8 'L+(

J2+ Q@2(.,@2 3+ B,+2 B@X'/,.)*,MJ+ +. B+ *N*+ K/H3,(.+J/8 +. \J-.+ +2 /+*KB'^'2.

V ar(Ci,j) = φµi,j K'/ V ar(Ci,j) = φµ2
i,j " C@**+ (IH.',. B+ ('- 'L+( B+ *@3AB+

B@X02@/*'B8 B+- L'B+J/- K/H3,.+- Q@J/2,+- K'/ B+ *@3AB+ ]'**' -@2. XH2H/'B+*+2.

K/@()+- 3+- +-.,*'.,@2- 3+ C)',20?'33+/8 *',- +BB+- 2+ K+JL+2. N./+ X'/'2.,+- =4#>"

77



 !"#$%&! '(  !"#$%"&' ()**%$$' +,,-. /) 01&2$) 3%00% 045 )" 678*) 5175 $%

91*0) &:7" 01&2$) $4";%4*) #;";*%$45; &1"") )<%=>)0)"> $)5 0?0)5 )5>40%>41"5 &)

*;5)*8)5 @7) $) 01&2$) 3%00% 045 )" 678*) A%* B%=C  +,,+.' =) @74 )5> A$7>D>

*;=1"91*>%"> @7) 57*A*)"%">E F17* 1G>)"4* &)5 A*;&4=>41"5 )> &)5 )**)7*5 &) A*;&4=H

>41" A17* $) 01&2$) 3%00%' 4$ 57I> &:7" A)>4> =J%"#)0)"> &%"5 $) 01&2$) KLFE

/) 01&2$) 3%00% )5> &1""; %8)= $% 01M)"")

E(Ci,j) = µi,j  !"#$%

N8)= $% 8%*4%"=)

V ar(Ci,j) = φ(E(Ci,j))
2 = φµ2

i,j  !"#!%

L1"= $% 8%*4%"=) &) =) 01&2$) )5> A*1A1*>41"")$$) O $% 01M)"") @7%&*%>4@7)' "1"

A*1A1*>41"")$$) O $% 01M)"") =100) &%"5 $) =%5 &7 01&2$) KLF P+QRE

 !"#$%&! )( S175 &)81"5 40A15)* @7) =J%@7) 8%$)7* 4"=*;0)">%$) 514> "1" ";H

#%>48) 54 "175 >*%8%4$$1"5 %8)= &)5 01&2$)5 #%00%  F14551".E T)>>) *)5>*4=>41" A)7>

?>*) 57*01">;) )" 7>4$45%"> 7") %AA*1=J) &) @7%54H8*%45)0G$%"=)E

!" 7>4$45%"> &) $% 5>*7=>7*) &) A*;&4=>)7* &) >MA) TJ%4"H/%&&)*

ηi,j = c+ αi + βj, α1 = β1 = 0

log(µi,j) = ηi,j

U$ )5> 9%=4$) &:1G>)"4* &)5 )5>40%>41"5 &) A%*%02>*)5 )> &)5 8%$)7*5 A*;&4>)5 )"

7>4$45%"> $)5 3/B PVW' +-RE

&'



 !"#$%&' (

)*& +,"##&-.!' /0-10%&$2*' 3' +"

10%!-3'  !"$456"33'& 7 8&-#&$0%09

'% :##+$."%$-4

 ! "#$%&'(!) $*!" +,!-+,!. /0*!-1%%!2!3'. !' 21/&4"$'&13. !.' -! '!5'! /6,3

$('&"-! $%%$(, /$3. -! 71,(3$- 893'!(3$'&13$- :1,(3$- 1; <%%-&!/ 2$'#!2$'&". &
='$'&.'&". 8 /$3. -!+,!- ,3 $.%!"' >0120'(&+,! /! -$ '#01(&! .'$3/$(/ /!. !.'&2$?

'&13. /!. (0.!(*!. !3 ,'&-&.$3' -!. %$@!2!3'. &3"(02!3'$,5 !.' /1330A B! %-,.) -!.

;$"'!,(. /! /0*!-1%%!2!3' (kj)  !"# $ #%&' ()* +"$ #$,-"%.+$ /*)(-%.+$0 %1 $ #

2!", "',$  )%*$ 2$ ,)1,+1$* 1$ #)"/$"#$ (!+* ,-).+$ )""'$ 2$ 2'3$1!(($&$"# j0
(+% 1$ ,$*,1$ %"4'*%$+*  !"# $ #%&' $" +#%1% )"# 2$ ,$*,1$ $# 2$ #)"/$"#$ !56

 $*3' 7 8$1) ,!"2+%# 9 2$ $ #%&)#%!" )""+$11$ $# 2$ (*!3% %!" #!#)1$ 7

:;" 2$ 3)1%2$* 1<)((*!,-$ (*!(! '$0 +"$ )((1%,)#%!" "+&'*%.+$ $ # $=$,#+'$0 .+$1.+$ 

$>$&(1$  !"# 2!""' (!+* %11+ #*$* $# &!"#*$* 1<$?,),%#' 2$ 1<)((*!,-$ (*!(! '$7

@";"0 +"$ )((1%,)#%!" $# +"$ )")1A $ ,*%#%.+$ 2$ 2%='*$"#$ &'#-!2$ 2$ (*!3%6

 %!""$&$"# "!"63%$ .+% !"# '#' '3!.+$* 2)" 1$ ,-)(%#*$ (*','2$"#  !"# (*!(! '7

BC



 !" #$$%&'() *%+$(,-.) $&.% /) '+/'./ 0)1 %21)%3)1

 !"!" #$%&'() )* +%,)-&..)/)0* +1 /&+2-)

 ! "#$!%&''!(!)* *+#&,-./! "/ (&"0%! ',&'&1# !1* 231# 1/, %!1 1/''&1-*-&)1

1/-$3)*!1 4

5&/, 6!,*3-)1 I ≥ 27 %3 $3,-32%! X !1* -)*!,',#*#! 6&((! %! (&)*3)* "!1 '38!9

(!)*1 -)6,#(!)*3/: "!1 3))#!1 ";366-"!)* i !* "!1 3))#!1 "! "#$!%&''!(!)* j<
5&/, '%/1 "! 6&((&"-*#7 )&/1 "#=)-11&)1 X = 07 !* )&/1 1/''&1&)1 ./! I = J <

>3)1 %3 *+#&,-! 1*3)"3," "! %3 ,!$!)"-63*-&) "!1 ,#1!,$!17 #?3%!(!)* 3''!%#! %3

*+#&,-! @ABC7 &) 1/''&1! ./! %!1 '3-,!1 (i, j) "!1 3))#!1 ";366-"!)* !* "! "#$!%&'9
'!(!)* 3$!6 i+ j ≤ I + 1 "#6,-* %!1 "!,)-0,!1 3))#!1 '&/, %!1./!%%!1 %! D E,-3)?%!
F ,/)9&G "!1 &21!,$3*-&)1 ,#!%%!1 X ∈ R 1&)* "-1'&)-2%!1 4

X̂ :=
(
X̂i,j

)
(i,j)∈ℑ

HI<JK

LM ℑ :=
{
(i, j)

∣∣1 ≤ i ≤ I, 1 ≤ j ≤ I − i+ 1
}
!1* %;!)1!(2%! ";-)"!: "/ D*,-3)?%!F<

 !1 '3-,1 (i, j) 3$!6 i + j > I + 1 1! ,#N0,! 3/: 3))#!1 N/*/,!1 3$!6 "!1 ,#1/%*3*1
-)6&))/1 '&/, %!1 (&)*3)*1 "! ,#6%3(3*-&) 6&,,!1'&)"3)*1< O;!1* %3 *P6+! "! %3

*+#&,-! @ABC "! N&/,)-, "!1 !1*-(3*-&)1 '&/, %!1 1-)-1*,!1 Q '38!,7 6;!1*9Q9"-,! "!1

!1*-(3*!/,1 '&/, %3 ',&$-1-&) *&*3%! 3%#3*&-,!<

>3)1 %! (&"0%! ',&'&1#!7 %3 $3,-32%! "/ (&)*3)* "!1 '38!(!)*1 -)6,#(!)*3/:

Xi,j '3, %3 1/,N36! "!1 6!,6%!1 Si,j 3$!6 4

Si,j = πR2
S, HI<RK

I−j∑

i=1

Si,j+1 = πR2
ΣS HI<IK

 !1 (&)*3)*1 "!1 '38!(!)*1 6/(/%#!1 Ci,j 1&)* ,!',#1!)*#1 '3, %3 1&((! "!1

6!,6%!1 Di,j 3$!6 4

Di,j = πR2
D, HI<SK

I−j∑

i=1

Di,j = πR2
ΣD HI<TK

TU



 !"#$%&'('

 !"##$%&'( )*+(,%##*( (-. /"-* -0$ )(01 '2#%.'3-(- )%44*(- &%55( -06. 7

 ) * 8%0$ &'"90( 1 ≤ i ≤ I: 1 ≤ j ≤ I − 1 ;, (16-.( )(- &%4-."4.(- kj "+(& 7

S̃i,j+1 =

j∑

l=1

Si,l · k̃j

 + * 7  (- -0$<"&(- {Si,1, . . . , Si,I} (. {Sk,1, . . . , Sk,I} )(- )6=*$(4.(- "44*(-

)!"&&6)(4. i 6= k -%4. 64)*#(4)"4.>

 !"!# $%&'()*+ ,( ,-.(/011(2(3' 4*%1567)( 8

8%0$ &'"90( "44*( )( )*+(,%##(5(4. j ∈ {1, ..., I − 1},(- &%(?&6(4.- (k) :=
(kj) -%4. "##(,*- ,(' -./$(01' 2( 234(,#""(5(6$ 71."%890(' : 6>(> :;< (.

-%4. (-.65*- #"$ 7

k̃j =

(
1− H · tanα

RΣD

)2

@A>BC

D%0- -0##%-%4- 90(H 04( 046.* )( 5(-0$(: %E H (-. ," )6-."4&( (4.$( ,(- )(01

&($&,(- R2
ΣS (. R

2
ΣD>

 !"#$% A>F G  " $(#$*-(4.".6%4 )0 <"&.(0$ )( )*+(,%##(5(4. H$"#'690(

IJ



 !"# $% &!"'!$# &(# )%'*$%+ ,%# '+(*%# '(,%"+# )%# -(./%"+# )% )0'%,!&&%1%$/

2+(&3*4"% k1, ..., kI−1 .(+ ,%# #"+-(.%# )%# .%+.,%# $% #!$/ &(# %$.!+% .!$$"%# 5 t = I6
7,# $% &%"'%$/ 8/+% %#/*10# 4"9%$ "/*,*#($/ ,%# #"+-(.%# )%# &(*%1%$/# *$.+01%$/(":

Si,j .!11% $!"# ,9('!$# 1!$/+0 )($# ,( -!+1",% ;6<6

 !"#$%&'(&)#$* =+%"'% >  !"# )01!$/+!$# .!11%$/ $!"# ('!$# !?/%$" ,%# @ABC

tanα =
RΣD

A
=

RΣS

A−H

D$ "/*,*#($/ EC ; %/ FC $!"# !?/%$!$#

k̃ =

(
A−H

A

)2

D$ +%1&,(G($/ A )($# ,( )%+$*H+% 04"(/*!$ $!"# !?/%$!$#

k̃ =

(
RΣD

tanα
−H

RΣD

tanα

)2

=

(
1−

H · tanα

RΣD

)2

 !"# %:&!#!$# *.* "$% ("/+% 10/3!)% &!"+ .(,.",%+ ,%# -(./%"+# )% )0'%,!&&%I

1%$/ 2+(&3*4"%  !"6

k̃j =

I−j∑
i=1

Si,j+1

I−j∑
i=1

Di,j

J;6EK

L$% &+!&+*0/0 01*$%$/% )9"$ ?!$ %#/*1(/%"+ %#/ 4"% ,9%#/*1(/%"+ )!*/ 8/+% #($#

?*(*#6

#$%&'()( **+ +#,% -.% /01#&/2%.% H1 .& H2 3 -.% .%&)"(&.,'% 4.% 5(6&.,'% 4.

4!7.-#11.".$& 8'(1/)9,. k̃1, ..., k̃I−1 4!:$) 1(' ; %#$& %($% <)()% .& $#$ 6#''!-!%*

 !"#$%&'(&)#$* A9(?!+)C $!"# )01!$/+!$# 4"% ,%# -(./%"+# )% )0'%,!&&%1%$/ 2+(I

&3*4"% #!$/ E

[
k̃j

]
= kj $!$ ?*(*#0# *6%6 Fj := {xi,l|i + l ≤ I + 1, l ≤ j} M(

#*2$*N.(/*!$ 1(/301(/*4"% )% ,( &+%1*H+% 3O&!/3H#% H1 %#/ )!$$0% &(+C

E(Si,j+1|Si,1, ..., Si,j) = Di,j · kj , 1 ≤ i ≤ I, 1 ≤ j ≤ I − 1

D$ +(*#!$ )% ,( +H2,% */0+(/*'% )%# (//%$/%#C

E

[
k̃j

]
= E

[
E

[
k̃j | Fj

]]

<P



 !"# $%!&#

E [Si,j+1 | Fj] = E [Si,j+1 | Si,1, ..., Si,j] ' () H2

=

j∑

l=1

Si,l · kj = Di,j · kj ' () H1

*+,$ -./,-0"+ 0"+

E

[
k̃j | Fj

]
= E[

I−j∑
i=1

Si,j+1

I−j∑
i=1

Di,j

| Fj]

=

I−j∑
i=1

E [Si,j+1 | Fj]

I−j∑
i=1

Di,j

'1$2 Di,j -# Fj3.+$#"2$(,+

=

kj ·
I−j∑
i=1

Di,j

I−j∑
i=1

Di,j

= kj

E

[
k̃j

]
= E [kj] *+ 0"- .!&42+ 0"+ ,+# +#4-.$4+"2# k̃j &+ #!&4 /$# (-$-#5#6

 !"# /$##!&# .$-&4+&$&4 7 ,$ &!&31!225,$4-!& +&42+ ,+# +#4-.$4+"2# 8+# 9$14+"2#

8+ 85%+,!//+.+&4' E

[
k̃j1 · k̃j2

]
= E

[
k̃j1

]
· E
[
k̃j2

]
9!2 j1 < j2.

E

[
k̃j1 .k̃j2

]
= E

[
E

[
k̃j1 · k̃j2 | Fj2

]]

= E

[
k̃j1 · E

[
k̃j2 | Fj2

]]
1$2 j1 < j2

= E

[
k̃j1

]
· kj2

= E

[
k̃j1

]
· E
[
k̃j2

]
' 1$2 k̃j &+ #!&4 /$# (-$-#5#

:;



 !"! #$%&'(&% )& %*+*%,'&%

 !"#$%&'() *% +, -.'/"*% *% 0.1%02,'("3 *%1 1(3(1'0%1 %1' +!%1'(-,'("3 *%1 0.4

1%02%1 5"60 &%+, 3"61 *%2"31 %1'(-%0 +%1 160),&%1 *%1 &%0&+%1 )6'6017 %3 6'(+(1,3'

+!/85"'/91% H17 :"60 '"6' 2 ≤ i ≤ I7 1 ≤ j ≤ I − 1

S̃i,j+1 =

j∑

l=1

Si,l · k̃j

;3 ,**('("33,3' +, 160),&% *%1 &%0&+%1 *% &/,<6% +(=3%7 3"61 "#'%3"31 +%1 0.4

1%02%1 *% 1(3(1'0%1 ,336%++%1 *% +!,33.% *!,&&(*%3' 5"60 i = 2, ..., I

R̃i =
I∑

j=I−i+2

S̃i,j >?@AB

;' +!%31%-#+% *%1 160),&%1 %1'(-.%1 *"33% *% +, 0.1%02% '"',+% C

R̃ =
I∑

i=2

R̃i >?@DB

 !"!- .//0%,'1,*2+ +03$'*40&

:"60 3"'0% %E%-5+% 36-.0(<6%7 3"61 6'(+(1"31 +!%31%-#+% *% *"33.%1 *,31 +,

F=60% G@  % ',#+%,6 &"3'(%3' *%1 5,(%-%3'1 (3&0.-%3',6E 5"60 +%1 ,33.%1 *!,&&(*%3'

i ∈ {1, ..., 6}
H"61 ,55+(<6%0"31 3"'0% ,550"&/% =0,5/(<6% 5"60 +%1 0.&+,-,'("31 *% 0.1%02%1

160 +%1 *"33.%1 *% 5,(%-%3'1 (3&0.-%3',6E Xi,j@

 !"#$% ?@G I J0(,3=+% *%1 5,8%-%3'1 (3&0.-%3',6E7 %3 ;60" KLLL

J"6' *!,#"0*7 3"61 *.*6(1"31 +% 0,8"3 *%1 &%0&+%1 Si,j *% &/,<6% 5,(%-%3'

(3&0.-%3',+ Xi,j7 56(1 3"61 +%1 0%50.1%3'"31 &"--% *,31 +, F=60% ?@?@

MG



 !"#$%  ! " #$%&'($)*+*,-) .$( (/&0+1$( .$( ,)1&'2$)*( %+& .$( 1$&13$(!

4) /*,3,(+)* 3+ 0-&2/3$  !56 )-/( %-/7-)( $(*,2$& 3$( 0+1*$/&( .$ .'7$3-%%$2$)*

8&+%9,:/$ ;<= %-/& 19+:/$ j ∈ {1, ..., I − 1}6 3$( &+>-)( .$( 1$&13$( $* 3+ .,(*+)1$

A )-/( %$&2$**$)* .$ 1+31/3$& 3$( *+)8$)*$( 1-22$ )-/( 3?+7-)( 2-)*&' .+)( 3+

@8/&$  !A!

k̃j B6CBDE B6BD5BC B6BFBA B6BAFEF B6BBC55

&'()%  !A " 4(*,2+*,-) .$( 0+1*$/&( .$ .'7$3-%%$2$)* 8&+%9,:/$!

4)(/,*$6 )-/( $(*,2-)( 3$( 1$&13$( ,)0'&,$/&( $) /*,3,(+)* 3+ %&$2,G&$ 9>%-*9G($H1
$* $)@) )-/( 1+31/3-)( 3$( &'($&7$( 1-22$ (/&0+1$( .$( 1$&13$( $(*,2'(6 3$( &'(/3*+*(

(-)* .-))'( .+)( 3+ @8/&$  !H!

5 



 !"#$%  !" # $%&'()%*+,+-.* /%) )0'1,2%) /%) &,3%4%*+) 10+0') &,' /%) 2%'25%)!

 !"#$%&%" '% ()"*#"")+,"

6%) '()05+,+) .7+%*0) ).*+ %8,2+%4%*+ 5%) 494%) :0% 2%08 2,5205() &,' 5, 4(;

+<./% /% =<,-*;6,//%' >?@A %+ 5B,&&'.2<% -*2'(4%*+,5% )+.2<,)+-:0% >CA! 6%) '(;

)%'D%) %)+-4(%) &,' 5B,&&'.2<% E',&<-:0% >"A /.**%*+ &.0' 5, &'%4-F'% 1.-) 0*

,)&%2+ E(.4(+'-:0% G 5, +<(.'-% )+,*/,'/ /% &'.D-)-.**%4%*+!

6% +,75%,0 2-;/%)).0) 2.4&,'% 5%) '()05+,+) /% 5B,&&'.2<% &'.&.)( H4./F5% E',;

&<-:0%I >"AJ 5% 4./F5% /% K,2L >?@A %+ 5B,&&'.2<% -*2'(4%*+,5% )+.2<,)+-:0% >CA!

M"



 !"#$%& #& !'() *++,"'(-& .,'+- /0& *++,"'(-& 12"(-'32 /0&  4(,$5&42'%&

6 7 7 7

8 9:;< 9:;< 9:;<

= 6:=;8 6:=;8 6:=;8

> =<8;< =<8;< =<8;<

9 67:9;? 67:9;? 67:9;?

< >=>?;= >=>?;= >=>?;=

@"2'% <79A;> <79A;> <79A;>

 !"#$ =;8 B C"5+',' 3"4 #&3 +,"D 3 "43 #&3 # E$,&423 5"#F%&3

 !"#$%&'!"

C& 2,'D' % &32 'G$ 30, 04 '3+&(2 H$"5$2, /0& #& %' 2-$", & 32'4#',# #& +,"D I

3 "44&5&42 &4 02 % 3'42 #&3 +'J&5&423  4(,$5&42'0G; K4& '++,"(-& H,'+- /0& &32

+,"+"3$& +"0, %& ('%(0% #&3 +,"D 3 "43 +"0, 3 4 32,&3 &4 '330,'4(& 4"4ID &L '++&%$&

'++,"(-& H,'+- /0& +"0, ('%(0% #&3 ,$3&,D&3 #& 3 4 32,&3 &4 02 % 3'42 #&3 ,FH%&5&423

 4(,$5&42'0G; K4& '++% ('2 "4 405$, /0& &32 &E&(20$& &2 %&3 ,$30%2'23 "M2&403 3"42

&4 '((",# 'D&( %&3 ,$30%2'23 #& %' 5$2-"#& #& C-' 4IN##&, O6?P &2 %Q'++,"(-&  4(,$I

5&42'%& 32"(-'32 /0& OAP; N&3 ,&(-&,(-&3 '(20&%%&3 #'43 %& #"5' 4& #&3 +,"D 3 "43

2&(-4 /0&3 ,&+"3&42 +, 4( +'%&5&42 30, %' 2-$", & R C&+&4#'42L #'43 (& 2,'D' %L 04&

'++,"(-& H,'+- /0& &32 #$D&%"++$&;

<9



 !" #$$%&'()&*+ ,) (+(%-., '/&)&01,

 !""! #$%"&! !'" ()*'$(%+! #),% ,*! $##-&($"&)* *,.+%&/,! !" $*$-0'! (%&"&/,!

1!' 1&2+%!*"!' .+"3)1!' 1! #%)4&'&)**!.!*" !* $'',%$*(! *)*54&! 1$*' -! ($1%!

1! 6)-4$7&-&"+ 8 !" /,& ')*" +4)/,+!' #%+(+1!..!*"9

:)"%! +",1! $0$*" #),% 7," -;!'"&.$"&)* 1!' #$&!.!*"' <,",%' ()*(!%*$*" -!'

'&*&'"%!' ',%4!*,' $4$*" -;$**+! I= (;!'"5>51&%! -$ #$%"&! ',#+%&!,%! 1, "$7-!$,9 ?-
!@&'"! 1! *).7%!,'!' .+"3)1!' #!%.!""$*" 1;!'"&.!% -! "%&$*A-! &*<+%&!,%9 :),'

$4)*' %!"!*,' -!' .+"3)1!' (-$''&/,!' /,& ')*" -! .)1B-! 1! C$(D EFG= FHI /,&

!'" -$ 4!%'&)* '")(3$'"&/,! 1! -$ .+"3)1! 1!  3$&* J$11!% EH= FKI !" -;$##%)(3!

&*(%+.!*"$-! EKI 1+"$&--+' 1$*' -! (3$#&"%! F= $&*'& /,! -!' .)1B-!' -&*+$&%! A+*+%$5

-&'+! +4)/,+ 1$*' -! (3$#&"%! 8 !" -;$##%)(3! A%$#3&/,! #%)#)'+! 1$*' -! (3$#&"%! L9

:),' $*$-0')*' -;!*'!.7-! 1! 1)**+!' '"$*1$%1 1! MN"3%&(3= C!%O ELPI= 4)&%

-! "$7-!$, L (&51!''),'9 J! "$7-!$, ()*"&!*" 1!' #$0!.!*"' &*(%+.!*"$,@ #),% -!'

$**+!' 1;$((&1!*" i ∈ {0, . . . , 9}= 1;$7)%1 *),' $##-&/,!%)*' -! .)1B-! 1! C$(D
#),% !'"&.!% -!' #%)4&'&)*' 1! '&*&'"%!' /,& '!%$ ,* $@! 1! ().#$%$&')* #),% -;$#5

#%)(3! &*(%+.!*"$-! !" -;$##%)(3! A%$#3&/,! $&*'& /,! -$ 1&'"%&7,"&)* 1! Q)&'')*

',%51&'#!%'+! !" R$..$ #$% -$ ',&"!9

 !"#$% L9S T -!' #$0!.!*"' &*(%+.!*"$,@ )7'!%4+!' Xi,j !* U,%) VFWWWX9

Y;$7)%1= *),' ,"&-&')*' -$ <)%.,-! VF9FFX #),% $4)&% -!' !'"&.$"&)*' 1!' #$0!5

.!*"' #),% -!' $**+!' <,",%!'= -!' %+',-"$"' ')*" 1)**+' 1$*' -! "$7-!$, L9Z9

ZZ



 !"#$%  !" # $%& %&'()*'(+,& -%& .*/%)%,'& .+01 2%& *,,3%& 40'01%&!

$%& 13&02'*'& -% 25%&'()*'(+, -%& .1+6(&(+,& -%& &(,(&'1%& .*1 2* )3'7+-% -%

8*9: &+,' -+,,3& -*,& 2% '*;2%*0  !<!

 !"#$%  !< # $%& 13&%16%& 9*29023%& .*1 2% )+-=2% -% 8*9: >?<@ %, A01+ B?CCCD!

A&'()%1 2%& 13&%16%& .*1 25*..1+97% (,913)%,'*2% >E@ ,+0& .%1)%' -5*6+(1 2%

'*;2%*0 &0(6*,' F

"<



 !"#$%  !" # $%&'()*+ ,+- .'/+0+(1- &(2%30+(1'45 +( 64%7 89:::;!

<=+-1&0'1&7( ,+- >'21+4%- ,+ ,3?+*7..+0+(1 +( 41&*&-'(1 *' >7%04*+ 8 !@; .+%0+1

,='?7&% *+ 1'A*+'4 -4&?'(1 B

k̃j :CDEF@ :C:GED :C:9G@ :C:9GE :C::F@ :C::D :C::9 :C::9 :C::9H

&'()%  ! # <+- +-1&0'1&7(- ,+- >'21+4%- ,+ ,3?+*7..+0+(1 )%'.I&J4+ KHL!

M.%N- *' %+.%3-+(1'1&7( )%'.I&J4+ ,+- -4%>'2+- ,+- .'/+0+(1- &(2%30+(1'45 .'%

,+- 2+%2*+- ,'(- *+ *7)&2&+* -1'1&-1&J4+ O'1*'AC +1 +( 41&*&-'(1 *' >7%04*+ 8 !D; .74%

'?7&% *+- -4%>'2+- ,+- .'/+0+(1- >414%+-C +1 +( '..*&J4'(1 *' >7%04*+ 8 !G; .74%

7A1+(&% *+- %3-+%?+- ,+- -&(&-1%+- '((4+**+- +1 +(P( *' >7%04*+ 8 !9:; (74- .+%0+1

,='?7&% *' %3-+%?+ 171'*+C *+- %3-4*1'1- -7(1 0+(1&7((3- ,'(- *+ 1'A*+'4 -4&?'(1 B

D"



i/i  ! " # $ % & ' ( ) R̂

R̂Graphique
i  !%*! "&*# #$*% (%*# !%&*% "(&*! $$)*" ! $#*" #)% *( & $'*!

 !"#$ #*$ + ,-. /0.-/1-. 2- .343.5/-. 67/ ,8766/9:;- </76;3=>- ?$@

 !"#"$%&%"' ()  !""# $!%& '()'*'+'$%, -' .!$/%0!$ 1# 1#$20%& (2.7) 1&%#*"0$#
3 4(#--# .'"0--# -' 102%*05(%0!$ #6)!$#$%0#--# '))'*%0#$%7 8# "9"# !$ )#(% 2)&/0:#*

-' 2%*(/%(*# 1# -' .!$/%0!$ 1# +'*0'$/# ($0%'0*# 2!(2;<'/#$%#,V (.) , 1&:$0# /!""# =

V (µ) = b
′′

((b
′

)−1(µ))

>!(2 $!(2 /!$/#$%*!$2 2(* -#2 .!$/%0!$2 1# +'*0'$/# ($0%'0*# 1?($# +'*0&%& )(02;

2'$%#, 3 2'+!0* V (µ) = µp
)!(* p ∈ (−∞, 0] ∪ [1,∞)7 @#2 +'-#(*2 2)&/0:4(#2 1# p

/!**#2)!$1#$% 3 1#2 102%*05(%0!$2 2)&/0:4(#2, )'* #6#")-# 4('$1 p = 0, 1, 2, 3 !$
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