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Abstract

Existence, uniqueness and stability of solutions in delay fractional differential equa-
tions play an important role in the qualitative analysis of delay fractional differential
equations. In this thesis, we have used a fixed point technique to prove existence, unique-
ness and stability results of the solutions of a class of nonlinear fractional differential
equations with functional delay. This class of equations has proved very challenging in
the theory of Liapunov’s direct method. The stability results are exclusively obtained by
fixed point theorems.

Keywords: Delay fractional differential equations, Fixed point theory, Stability,

Krasnoselskii fixed point theorem.
Mathematics Subject Classification: 34K20, 34K30, 34K40.



Résumé

L’existence, I'unicité et la stabilité de solutions d’équations différentielles fraction-
naire & retard joue un role important dans l'analyse qualitative des équations différenti-
elles fractionnaires a retard. Dans cette thése, nous avons utilisé une technique de point
fixe pour prouver des résultats d’existence, d’unicité et de stabilité de solutions d’une
classe d’équations non linéaires a retard fonctionnel. Cette classe d’équations fait partie
du nombre de problémes qui ont résisté a la méthode directe de Liapounov. Les résultats
de stabilité sont exclusivement obtenus par le théoréme de point fixe.

Mots-clés: Point fixe, stabilité, théoréme de Krasnoselskii, contraction, équation dif-

ferentiales fractionaires & retard.
Mathematics Subject Classification: 34K20, 34K30, 34K40.
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Chapter

Introduction

The theory of fixed point is one of the most powerful tools of modern mathematics.
Theorem concerning the existence and properties of fixed points are known as fixed point
theorem. Fixed point theory is a beautiful mixture of analysis, topology and geometry. In
particular fixed point theorem has been applied in such field as mathematics engineering,
physics, economics, game theory, biology and chemistry etc. Classical and major results
in these areas are: Banach’s fixed point theorem, Schauder’s fixed point theorem and

Krasnoselskii’s fixed point theorem.
In 1886, Poincare [50] was the first to work in this field. Then Brouwer [I1] in 1912,

proved fixed point theorem for the solution of the equation f(x) = x. He also proved
fixed point theorem for a square, a sphere and their n-dimensional counter parts which
was further extended by Kakutani [31]. Mean while Banach principle came in to existence
which was considered as one of the fundamental principle in the field of functional analysis.
In 1922, Banach [§] proved that a contraction mapping in the field of a complete metric

space possesses a unique fixed point.
An important generalization of Brouwer’s theorem was discovered in 1930 by Schauder

it may be stated as follows: any non empty, compact convex subset of a Banach space has
the topological fixed point property. The compactness condition on subset is a stronger
one. It is natural to modify the theorem by relaxing the condition of compactness.
Schauder also proved a theorem for a compact map which is known as second form of
above stated theorem. Second fixed point theorem of Schauder stated that, every compact
self mapping of a closed bounded convex subset of a Banach space has at least one fixed
point.

In 1932, Krasnoselskii [55] studied a paper of Schauder on partial differential equations
and formulated the working hypothesis principle: the inversion of a perturbed differential
operator yields the sum of a contraction and a compact map. Accordingly, he formulated

an hybrid theorem known under its name.
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The term fractional calculus is more than 300 years old. It is a generalization of the
ordinary differentiation and integration to non-integer (arbitrary) order. The subject is
as old as the calculus of differentiation and goes back to times when Leibniz, Gauss, and
Newton invented this kind of calculation. In a letter to L’Hospital in 1695 Leibniz raised
the following question (Miller and Ross, 1993): “Can the meaning of derivatives with
integer order be generalized to derivatives with non-integer orders?" The story goes that
L’Hospital was somewhat curious about that question and replied by another question to
Leibniz. “What if the order will be 1/27" Leibniz in a letter dated September 30, 1695
replied: “It will lead to a paradox, from which one day useful consequences will be drawn."
The question raised by Leibniz for a fractional derivative was an ongoing topic in the last
300 years. Several mathematicians contributed to this subject over the years. People
like Liouville, Riemann, and Weyl made major contributions to the theory of fractional
calculus. The story of the fractional calculus continued with contributions from Fourier,
Abel, Leibniz, Griinwald, and Letnikov. Nowadays, the fractional calculus attracts many
scientists and engineers. There are several applications of this mathematical phenomenon
in mechanics, physics, chemistry, control theory and so on (Caponetto et al., 2010; Magin,
2006; Monje et al., 2010; Oldham and Spanier, 1974; Oustaloup, 1995; Podlubny, 1999).
It is natural that many authors tried to solve the fractional derivatives, fractional integrals

and fractional differential equations in Matlab.
Delay differential equations are differential equations in which the unknown function

and its derivatives enter, generally speaking, under different values of the argument (see
[10], [13], [20], [29]). For example, z’ (t) = f (t,z (t),z (t — 7)) with 7 > 0 is an example
of a such equation.

Delay equations describe many processes with an aftereffect or delayed response phe-
nomenon. Such equations appear, for example, any time when in physics or technology
we consider a problem of a force, acting on a material point, that depends on the velocity
and position of the point not only at the given moment but at some moment preceding
the given moment.

Any investigation of the stability of an equation, or a system of equations, using Lya-
punov’s direct method requires the construction of a suitable Lyapunov function or func-
tional as the case may be. This can be a hard task. In a parallel way, the study of the
stability of an equation using fixed point technic involves the construction of a suitable
fixed point mapping. This can, in so many cases, be an arduous task too. For example,
the absence of linear terms in a an equation makes it difficult to build a fixed point map-
ping. So one may begin by transforming the given equation into a more tractable one that
does not change the basic structure and properties of the original equation. Although the
transformation can tends to be difficult, but having such a transformation is fundamental

to invert the given equation and employ the fixed point theory.
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We have been interested in the use of fixed point theory to problem of stability. We
have studied and contributed to it and have obtained interesting results. In this thesis we
present a collection of results to some problems that have offered resistance to Lyapunov’s
direct method. Here, we give, what we hope, a very detailed work which clearly establish
fixed point theory as a viable tool in stability theory.

The thesis consists of four chapters. Chapter 2, is essentially an introduction to the
fixed point theory, delay fractional differential equations and stability theory, where we fix
notations, terminology to be used. It is a survey aimed at recalling some basic definitions
and theory. While some of the classical and recent results about fixed point theory, delay
fractional differential equations and stability theory are also presented in this chapter.
Fixed point theorems frequently call for compact sets in weighted Banach spaces which
may be subsets of continuous functions on finite or infinite intervals on R. For that
purpose, we give topologies which will provide many of those compact sets.

In chapter three, we present work of Gao, Liu and Luo [23] in which they established
sufficient conditions for the existence, uniqueness and stability of solutions for the non-

local non-autonomous system of fractional order differential equations with delays

Doz(t) = Zaj(t)f(t,w(t),:v(t—Tj)), t>0,

z(t) = ¢(t) fort <0 and lim ¢(t) =0,

t—0—

=2(t)y = 0,

by appealing to the contraction mapping principle in a weighted Banach space.
Finally in chapter four, we discuss standard approaches to the problem of stability and

asymptotic stability of the zero solution to the delay fractional differential equations

{ “Dfa(t) = f(tx(t),=(t — 7(t)) + “Dgilg(t,=(t — 7(t))), t >0,
x(t) = ¢(t), t € [mo,0], 2/(0) = a1,

where 1 < a < 2 and ¢(¢,0) = f(¢,0,0) = 0. By first converting the nonlinear delay
fractional differential equation to an ordinary delay differential equation with a fractional
integral perturbation. Our main results are obtained via the Krasnoselskii’s fixed point
theorem in a weighted Banach space, which surely provides a new way to the stability

analysis (see [9]).




Chapter

Preliminaries

2.1 Functional analysis

Questions concerning existence of solutions of differential equations and the existence
of periodic solutions can be well formulated in terms of fixed points of mappings. In
fact, fixed-point theory was developed, in large measure, as a means of answering such
questions. All but one of the fixed point theorems which we consider here require a setting
in a compact subset of a metric space. We consider a variety of differential equations and
as the equations become more general it becomes increasingly difficult to find a space in
which the set in question is compact. In this section we discuss six compact sets which
are central to this book [13].

Definition 2.1 A pair (E, p) is a metric space if E is a set and p : F x E — [0, 00) such
that when y, z, and u are in E then

(a) p(y,2) 2 0, p(y,y) = 0 and p(y, 2) = 0 implies y = 2,

(b) p(y,2) = p(2,y), and

(©) ply, 2) < ply,u) + p(u, 2).
The metric space is complete if every Cauchy sequence in (F,p) has a limit in that

space. A sequence {x,} C F is a Cauchy sequence if for each ¢ > 0 there exists N such

that n,m > N imply p(z,,z,) < €.

Definition 2.2 A set M in a metric space (F, p) is compact if each sequence {x,} C M

has a subsequence with limit in M.

Definition 2.3 Let {f,} be a sequence of functions with f, : [a,b] — R, the reals.
(a) {f.} is uniformly bounded on [a, b] if there exists M > 0 such that |f,(t)] < M for

all n and all ¢ € [a, b].
(b) {f.} is equicontinuous if for any € > 0 there exists § > 0 such that ¢,t € [a, ]

and [t; — to| < imply |f,.(t1) — fa(t2)| < g, for all n.

6
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The first result gives the main method of proving compactness in the spaces in which

we are interested.

Theorem 2.1 [13/[Ascoli-Arzela] If {f.(t)} is a uniformly bounded and equicontinuous
sequence of real functions on an interval |a, b, then there is a subsequence which converges

uniformly on [a,b] to a continuous function.

Proof. As the rational numbers are countable, we may let tq,1s, ... be a sequence of all
rational numbers on [a, b] taken in any fixed order. Consider the sequence { f,,(t1)}. This
sequence is bounded so it contains a convergent subsequence, say { f;}(t;)} with limit ¢(¢;)
The sequence {f!(t5)} also has a convergent subsequence, say {f>2(ty)}, with limit ¢(t,).
If we continue in this way we obtain a sequence of sequences (there will be one sequence
for each value of m):

), m=1,2,..; n=12,..,

each of which is a subsequence of all the preceding ones, and such that for each m we

have

fil(tm) — o(tm) as n — oo.

We select the diagonal. That is, consider the sequence of functions

Fy(t) = fi (1).

It is a subsequence of the given sequence and is, in fact, a subsequence of each of the
sequences {f"(t)}, for n large. As f*(t,,) — &(tn), it follows that Fy(t,,) — &(t,) as
k — oo for each m.

We now show that {Fj(t)} converges uniformly on [a,b]. Let &y > 0 be given, and
let ¢ = £1/3. Denote by ¢ the number with the property described in the definition of
equicontinuity for the number e. Now, divide the interval [a, b] into p equal parts, where
p is any integer larger than (b — a)/d. Let (; be a rational number in the j th part
(j = 1,...,p); then {Fi(t)} converges at each of these points. Hence, for each j there
exists an integer M; such that ‘Fr(Cj) — FS(Cj)} < difr > M; and s > M;. Let M be the
largest of the numbers M.

If ¢ is in the interval [a,b], it is in one of the p parts, say the jth; so !t — gj\ <
§, and |Fy(t) — Fi(¢;)| < € for every k. Also, if r > My > M; and s > M, then
}Fr(fj) - FS(CJ-)‘ < 6. Hence, if r > M and s > M then

| F(t) — Fu(t)]

|(F(t) = Fr(C))) + (Fo(CG) = Fu(¢y)) — (Fo(t) = Fo(¢))]
< ’FT(t) - FT(C])} + ‘FT(C]) - FS(C])l + ‘Fs(t) - FS(C])}

3¢ = €.

A

2.1. Functional analysis
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By the Cauchy criterion for uniform convergence, the sequence {Fy(t)} converges uni-
formly to some function ¢(t). As each Fj(t) is continuous, so is ¢(t). This completes the

proof. m

Definition 2.4 A linear space (F,+,.) is a normed space if for each x € E there is a
nonnegative real number ||z||, called the norm of x, such that

(1) ||z|| = 0 if and only if 2 =0,

(2) ||Az|| = |A| ||z]| for each A € R, and

B3) [l +yll < llzll + llyll -

Note a normed space is a vector space and it is a metric space with p(z,y) = ||l — y||.

But a vector space with a metric is not always a normed space.

Definition 2.5 A Banach space is a complete normed space.

We often say a Banach space is a complete normed vector space.

Example 2.1 (a) The space R™ over the field R is a vector space and there are many
suitable norms for it. For example, if z = (z1, ..., x,) then

(1) [Jz]] = max; |z;] ,

(@) llel = [0, 2772, or

(3) Nl = 225 il

are all suitable norms. Norm (2) is the Euclidean norm. Notice that the square root
is required in order that [|[Az|| = |A| ||z||.
(b) With any of these norms, (R", ||.||) is a Banach space. It is complete because the

real numbers are complete.
(c) A set M in (R", ||.||) is compact if and only if it is closed and bounded, as is seen

in any text on advanced calculus.

Example 2.2 (a) The space C([a, b], R™) consisting of all continuous functions f : [a,b] —
R™ is a vector space over the reals.

(b) If || f|| = max,<t<p | f(t)], where |.| is a norm in R™, then it is a Banach space.

(c) For a given pair of positive constants M and K, the set M = {f €
C([a,b,R")| | fll < M, |f(u) — f(v)] < K|u—v|} is compact. To see this, note first
that Ascoli’s theorem is also true for vector sequences; apply it to each component suc-
cessively. If { f,,} is any sequence in M, then it is uniformly bounded and equicontinuous.
By Ascoli’s theorem it has a subsequence converging uniformly to a continuous function
f:a,b] = R™ But |f,(t)] < M for any fixed ¢, so || f|| < M. Moreover, if we denote the

2.1. Functional analysis
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subsequence by {f,} again, then for fixed v and v there exist £, > 0 and 4,, > 0 with

[f(w) = f(0)| < |f(w) = falw)] + [ fau) = fu(0)] + [fu(v) = f(0)]

Y e 4 | falw) = fulv)] + 6,

<en+op+Klu—v| - Klu—0l,
as n — oo. Hence, f € M and M is compact.

Example 2.3 (a) Let ¢ : [a,b] — R” be continuous and let £ be the set of continuous
functions f : [a,c] — R"™ with ¢ > b and with f(t) = ¢(t) for a < t < b. Define
p(f,9) = supe<i<. | f(t) — g(t)| for f,g € E.

(b) Then (FE, p) is a complete metric space but not a Banach space because f + ¢ is
not in F.

Example 2.4 (a) Let (E,p) denote the space of bounded continuous functions f :

(~00,0] = R" with p(,) = |6 — ]| = SUP_ecuco |6(5) — 1(s)| where || is the Fu-
clidean norm in R".

(b) Then (FE, p) is a Banach space.

(¢) The set

L=Afe Bl <1 [f(u) = f(v)] < Ju—vl},

is not compact in (E, p). To see this, consider the sequence of functions { f,,} from (—o0, 0]
into [0, 1] with f,(t) = 0 for t < —n, f,(t) is the straight line between the points (—n,0)
and (0,1). Any subsequence of {f,} converges pointwise to f = 1.But p(f,,1) = 1 for all
n. Thus, there is no subsequence of {f,,} with a limit in (E, p).

Example 2.5 (a) Let (E, p) denote the space of continuous functions f : (—oo,0] — R”
with

p(f,9) = 27" p,(f,9)/ {1+ pu(f.9)}

where

pu(frg9) = max |f(s) —g(s)],

—n<s<0
and |.| is the Euclidean norm on R".
(b) Then (E,p) is a complete metric space. The distance between all functions is

bounded by 1.
(c) And (E,+,.) is a vector space over R.
(d) But (£, p) is not a Banach space because p does not define a norm; p(z,0) = ||z||

will not satisfy || Az|| = |A| ||z
(e) The space (F,p) is a locally convex topological vector space. For details and

properties see [I8, 21], 5I]. The reason we need to identify the space here is that we shall

2.1. Functional analysis
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later use the Schauder-Tychonov fixed-point theorem which is applicable to this particular
space.
(f) Let M and K be given positive constants. The set

M={feE[|f{t)] <M, on (00,0}, |f(u) = f(v)| < K |u—vl},

is compact. To see this, let {f,} be a sequence in M. We must show that there is an f €
M and a subsequence, say {f,} again, such that p(f,, f) — 0 as n — oo. If we examine
p we see that p(f,, f) — 0 asn — oo just in case f,, converges to f uniformly on compact
subsets of (—o0,0]. Consider {f,} on [—1,0]; it is uniformly bounded and equicontinuous
so there is a subsequence, say {f!} converging uniformly to some continuous f on [—1,0].
Moreover, the argument in Example [2.2 shows that |f(t)] < M and |f(u) — f(v)] <
K |u — v|. Next, consider {f}} on [~2,0]; it is uniformly bounded and equicontinuous so
there is a subsequence {f2} converging uniformly to a continuous function, say f again,

n [—2,0]. Continue in this way and have F,, = f”: which is a subsequence of {f,} and
it converges uniformly on compact subsets of (—o0, 0] to a function f € M. Thus, M is

compact.

Example 2.6 Let (E,].|,) be as in Example [2.7) with (a) and (b) holding. Then the set

M={f€BI1f®)] < VAW, on (=000}, |f(w) = F©)| < lu—vl},

is compact. To prove this, let {f,} € M. We must show that there is f € M and a
subsequence { f,,, } such that |f,, — f|, — 0 as & — co. Use Ascoli’s theorem repeatedly

as before and obtain a subsequence {fF} converging uniformly to a continuous f on
compact subsets of (—oo, 0] and |f(t)| < \/h (t). Let € > 0 be given and find K > 0 with

2/y/h—K) < /2. Find N such that

max | f(t) = f(1)| < ¢/2,

—K<t<0

if k > N. Then k£ > N implies

i =Sl < sup [(F@) = FO)/h(O] + max [(fi(t) — f(1)/h(t)]

—oo<t<—K —K<t<0

< sup  24/h(t)/h(t)| + max |f,f(t)—f(t)‘

—0o<t<—K —K<t<0
< &

It is readily established that

[f(u) = f(0)] < |u—v].

2.1. Functional analysis
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Lemma 2.1 ([35]) Let
E= {x(t) [ 2(t) € C(RY), lim a(t)/h(t) = o} ,

with the norm
||| = sup x(t) /h(t).
>0

Then (E,||.||) is a Banach space.

Proof. We only prove that the space E is complete. Let {z,} be a Cauchy sequence in
E. Then, for any given ¢ > 0 and any ¢ € [0, +00), there exists a constant N > 0, such

that for n,m > N,
|2n(t) — 2m ()]
h(t)

i.e.{z,(t)/h(t)} is a Cauchy sequence in R. Thus there exists a y(t) such that

< |lzp — znm] <e, (2.1)

Tim QZ’(%) = y(t), t > 0.

This means that a function y : [0, +00) — R is well defined. In (2.1, let m — oo, we
have

m}:((tt)) —y(t)
Next, we show that y(t) € C(R™). In fact, for any given tq € [0, +00), by and the
continuity of lim; . x,(t)/h(t) on [0, +00), we could know that there exists a § > 0 such
that |t — to| < 0 implies

<ge teRYT, n> N. (2.2)

‘rN(t) ‘rN(t0> xN(tU)

b0 sl < o0 - T+ S]]l
< 2i1>1%) y(s) — x;LV(S) +e
< 35._

Therefore, y(t) € C(R"). Let x(t) = h(t)y(t), then z(t) € C(0,00), z(t) € C(R*"). Note
that

y(t) —

y (1) ‘ |25 ()]
+ . (2.3)
(t) h(t)

Then by (2.3)) together with lim; . x, (t)/h(t) = 0, we can see that lim; o x(t)/h(t) =
0. The proof is complete. =

< sup
t>0

Theorem 2.2 ([35]) Let M be a subset of the Banach space E. Then M is relatively

compact in E if the following conditions are satisfied
(i) {x(t)/h(t) : x € M} is uniformly bounded,

2.1. Functional analysis
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(it) {x(t)/h(t) : x € M} is equicontinuous on any compact interval of RT,
(1ii) {z(t)/h(t) : © € M} is equiconvergent at infinity i.e. for any given € > 0, there
exists a Ty > 0 such that for all x € M and ty,ty > Ty, if holds

|z (t2) [h(t2) — x(t1) /h(t1)| <e.

Proof. “<” From Lemma ({2.1)), we know FE is a Banach space. In order to prove that
the subset M is precompact in E, we only need to show M is totally bounded in F, that

is for all € > 0, M has a finite e-net.
For any given € > 0, by (iii), there exists a T' > 0, for all x € M and t > T , we have

Let

with the norm

= max
t€[0,T]

h(t)

In view of (i), (ii) and Ascoli-Arzela theorem, we can know that My 71 is precompact in
C[0,T]. Thus, there exist x1, 3,...,2; € M such that, for any x(t)/h(t) € Mjo1, we

have

||x||M[O,T]

z(t) _ wilt)

h(t)  h(t)

o = 22l , = s <=

te[0,7)

for some i, 1 < i < k. Therefore,

) — a4t ) — 2t
I :maX{maX |z(t) — @i( )|,sup |=(t) l’()l} <e.
te[0,7 h(t) t>T h(t)
So, for any £ > 0, M has a finite e-net {x1, z, ..., xx } C M, that is, M is totally bounded
in F. Hence M is precompact in FE.

“=" Assume that M is precompact, then for any ¢ > 0, there exists a finite e-net of M.
Let the finite e-net be {x1, z9,...,x} C M. Then for any x € M, Jx; € {x1, 22, ..., Tk}
such that

) _ w0,
h(t) — h(t)

< < il T - .
<etllaill <ot max (o} (@24

s

i (t) '
0

By virtue of (2.4), it is easy to know (i) (iii) are satisfied.
Finally, for any € > 0, there exists a T" > 0, such that

h(ty) — hi(t2)

<eg, t1,tg > T, 1€ {1,2,,]{?}

2.1. Functional analysis
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On the other hand, we know z;(¢)/h(t) € C[0,T + 1]. Thus, there exists a § > 0(d < 1),
such that for any ¢,ts € C[0, T+ 1] and i € {1,2,...,k}, if |t; — t2| < J, then

h(ti)  h(t2)

<e.

Therefore, for any z € M, we have
(1) there exists i € {1,2,...,k} such that ||z — z;|| < &;
(2) if tl,tg c [0, —|—OO) and |t1 - tg’ < (5, then

J?(tl) x(tg)

h(ti)  h(t2)

z(t)  @i(h)
h(t)  h(t1)
< 2|z — x|+ < 3e.

This means that (ii) is satisfied. Consequently, the Theorem is proved. m

Example 2.7 Let h: (—00,0] — [1,00) be a continuous strictly decreasing function with
h(0) =1 and h(r) — oo as r — —o0.
(a) Let (£, |.|,) be the space of continuous functions f : (—oo,0] — R" for which

sup | f()/h(0)] < |f],-

—oo<t<0

exists.
(b) Then (E,|.|,) is a Banach space.
(c) For positive constants M and K the set

M=A{feE|[f®)] <M, on (=00,0], |f(u) = f(v)] < K|u—wvl},

is compact. Let {f,} be a sequence in M and construct the subsequence of Example 2.5
so that {F,} converges to f € M uniformly on compact subsets of (—oo,0]. We need to
show that if

On = sup |[(Fn(t) = f())/h(@)],

—oo<t<0
then d,, — 0 as n — oo. For a given € > 0 there exists 7" > 0 such that 2M/h (=T') < /2.
Thus,
O < (¢/2) + max |F(t) — ()]

—T<t<0

Since the convergence is uniform on [—7),0], there is an N such that n > N implies
max_r<i<o |[Fn(t) — f(¢)] < €/2.

2.1. Functional analysis
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2.2 Fixed point theory

2.2.1 Banach fixed point theorem

Recall that an initial value problem
a' = f(t,x), x(to) = o, (2.5)

can be expressed as an integral equation

x(t) = xo —I—/t f(s,x(s))ds, (2.6)

from which a sequence of functions {z,} may be inductively defined by

zo(t) = o, w1(t) = w0 +/ f(s;w0)ds,
to

and, in general,
t
Tnt1(t) = o +/ f(s,xn(s))ds. (2.7)
to

This is called Picard’s method of successive approximations and, under liberal conditions
on f, one can show that {z,} converges uniformly on some interval |t — 5| < k to some
continuous function, say z(t). Taking the limit in the equation defining z,,1(t), we pass

the limit through the integral and have

x(t) = xg —|—/t f(s,x(s))ds,

so that x(ty) = z¢ and, upon differentiation, we obtain 2/(t) = f(t,z(t)). Thus, z(t) is a
solution of the initial value problem.

Banach realized that this was actually a fixed-point theorem with wide application.
For if we define an operator B on a complete metric space C([to,to + k|, R) with the
supremum norm || (see Example (2.2)) by = € C implies

(Ba)(t) =+ [ fls.a(s))ds, (2.8)

then a fixed point of B, say B¢ = ¢, is a solution of the initial value problem. The
idea had two outstanding features. First, it had application to problems in every area
of mathematics which used complete metric spaces. And it was clean. For example, the
standard muddy and shaky proofs of implicit function theorems became clear and solid
using the fixed-point theory. We will use it here to prove existence of solutions of various

kinds of differential equations.

2.2. Fixed point theory
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Definition 2.6 Let (E,p) be a complete metric space and B : E — E. The operator B
is a contraction operator if there is an A € (0,1) such that z,y € E imply

p(Bz, By) < Ap(x,y).
Theorem 2.3 [Contraction Mapping Principle] Let (E,p) be a complete metric space
and B : E — FE a contraction operator. Then there is a unique v € E with Bx = .
Furthermore, if y € E and if {y,} is defined inductively by y, = By and yn41 = Byn,
then y, — x, the unique fized point. In particular, the equation Bx = x has one and only

one solution.

Proof. Let zop € E and define a sequence {x,} in E by x; = Bxg, 2o = Bz =
B2z, ...,z, = Bx,_1 = B"zy. To see that {x,} is a Cauchy sequence, note that if m > n
then

p(Tn,Ym) = p(B"xo, B" 1)

< No(B" two, B )

< N"o(%0, Trm—n)

< XN'{p(xo, 1) + p(x1,22) + ... + P(Trm—n—1;Tm—n)}
< A" {p(xo, m1) + Ap(wo, 1) + ... + @™ p(wo, 1) }
= N'p(mo, 1) {1+ A+ ...+ X"}

< A'p(xo, 1) {1/ (1= A)}.

Because A\ < 1, the right side tends to zero as n — oo. Thus, {z,} is a Cauchy sequence

and (E, p) is complete so it has a limit x € E. Now B is certainly continuous so

Bx = B (lim xn> = lim (Bz,) = lim x,.; = z,

n—oo n—oo

and z is a fixed point. To see that x is the unique fixed point, let Bx = x and By = y.
Then

p(z,y) = p(Bz, By) < Ap(z,y),
and, because A < 1, we conclude that p(x,y) = 0 so that x = y. This completes the proof.
In applying this result to (2.5, a distressing event occurred which we now briefly

describe. Assume that f is continuous and satisfies a global Lipschitz condition in z, say
|f(tal‘1) - f(ta$2)| S L |{E1 - 'T2| )
for t € R and x1, 29 € R". Then by (2.8)) we obtain (for ¢ > ;)

/ F(s,a1(s)) — f(s25(s))] ds

to

| By (t) = Bz (1) =

< / Llan(s) — wa(s)] ds.

to

2.2. Fixed point theory
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so that if ||.|| is the sup norm on continuous functions on [tg, ¢y + k], then

This is a contraction if Lk = A < 1. Now L is fixed and we take k£ small enough that
Lk < 1. This gives a fixed point which is a solution of on [tg,to + k]. =

But the distressing part is that this interval is shorter than the one given by the results
of Picard’s successive approximations. While this can be satisfactorily dealt with in most
cases of interest, it is upsetting. Fortunately there are two ways to cure it. Hale [2§]
adopts a different metric which resolves the discrepancy. A different way is through use of
asymptotic fixed-point theorems. We shall see two other asymptotic fixed-point theorems,

Browder’s and Horn’s, in addition to the following one.

Theorem 2.4 Let (E,p) be a complete metric space and suppose that B : E — E such
that B™ is a contraction for some fixed positive integer m. Then B has a fixed point in
E.

Proof. Let z be the unique fixed point of B™, B™x = x. Then BB™x = Bx and
BB™x = B™Bx so B"Bx = Bx. Thus, Bx is also a fixed point of B™ and so, by
uniqueness, Bx = x. Thus, z is a fixed point of B. Moreover, it is unique because if
By =y, then B™y =y so x = y. This completes the proof. m

The term "contraction" is used in several different ways in the literature. Our use is

sometimes denoted by "strict contraction." The property p(Bzx, By) < p(z,y) is some-
times called "contraction" but it has limited use in fixed-point theory. A concept in

between these two which is frequently useful is portrayed in the next result.

Theorem 2.5 Let (E, p) be a compact nonempty metric space,
B:E — E and p(Bz, By) < p(x,y),

for x #vy. Then B has a unique fized point.
Proof. We have

p(z, Bx) < p(z,y) + ply, Bx) < p(z,y) + p(y, By) + p(By, Bx),

and since p(By, Bx) < p(x,y) we conclude

p(z, Bx) — p(y, By) < 2p(z,y).

Interchanging x and y yields

|p(z, Bx) — p(y, By)| < 2p(z,y).

2.2. Fixed point theory
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Thus the function ¥ : E — [0,00) defined by ¥(z) = p(z, Bzx) is continuous on E.
The compactness of E yields z € E with p(z,Bz) = p(Bz,z) = inf,egp(z, Bx). If
p(Bz,z) # 0 then 0 < p(B(Bz),Bz) < p(Bz,z) contradicting the infimum property.
Thus p(Bz,z) =0 and Bz = z. If there is another distinct fixed point, say By = y, then
p(y, z) = p(By, Bz) < p(y, z), a contradiction for y # z, This completes the proof. m
Notice that the successive approximations are constructive in spirit. At least in theory
one may begin with ¢y € E, compute z1, ..., x,. Frequently one is interested in determining
just how near zy and z, are to that unique fixed point . The next result gives an

approximation.

Theorem 2.6 If (E,p) is a complete metric space and B : E — E is a contraction

operator with fixed point x, then for any y € E we have

(a) p(z,y) < p(By,y)/(1 = X)
and

(b) p(B™y,z) < XN'p(By,y)/(1 = ).
Proof. To prove (a) we note that

p(y,x) < ply, By) + p(By, Bx) < p(y, By) + Ap(y, x),

so that
p(y, x)(1 = A) < ply, By).
For (b), recall that in the proof of Theorem [2.3| we had

p(B"y, B™y) < X'p(By,y)/(1— \).

As m — oo, B™y — x so that

p(B"y,x) < XN'p(y, By)/(1 = A).

This completes the proof. m

2.2.2 Krasnoselskii fixed point theorem

Definition 2.7 Let M be a subset of a Banach space and et A : M — FE application.
If A is continuous and AM is contained in a compact set in F, then we say that A is a

compact application (we also say that A is completely continuous).

Theorem 2.7 [Schauder[[13], [55], [62], Let M be a convex set in a Banach space E
and A: M — E a compact application. Then A has a fized point.

2.2. Fixed point theory
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In 1955 Krasnoselskii (see [13], [55]) observed that in a good number of problems, the
integration of a perturbed differential operator gives rise to a sum of two applications, a

contraction and a compact application. It declares then,
Principle: the integration of a perturbed differential operator can produce a

sum of two applications, a contraction and a compact operator.
For better understanding this observation of Krasnoselskii, consider the following dif-

ferential equation.
2 (t)=—a)z(t)—g(t,x). (2.9)

We can transform this equation in another form while writing, formally
2 (t) e~ Jya(s)ds _ —a (t) e~ Iy a(s)ds . (t) —g (t, 33) e~ I a(s)d57

thus
2 () e Jo o8 o g (1) e o @@y (1) = _g (¢, 1) e o alds,

or ,
(x (t)e” Jo a(s)d5> = —g(t,x)e” I a(s)ds

then integrating from ¢t — 7' to ¢, we obtain

t

¢ . . )
/ (g; (u) e~ Jo a(s)ds> du = — / g (u, l’) e~ Jo a(s)dsdu7
t—T ¢

=T

what gives
t
X (t) e f(f a(S)dS —x (T _ t) e~ fOT ta(s)ds — _ / g (u’ x) o fou a(s)deu’
t—=T

or

t
x(t)=az(T—t)e” Jr_pals)ds _ / Tg (u,z)e” Jitals)ds gy, (2.10)
t_

If we suppose that e J7—+*®)% .— X\ and if (E,]|.]|) is the Banach space of functions
¢ : R — F continuous, then the Equation (2.10)) can be written as

(1) = (Bp) (t) + (Ap) (t) := (Pp) (1) .

where B is contraction provides that the constant A\ < 1 and A is compact mapping.
This example shows the birth of the mapping Py := By + Ay who is identified with

a sum of a contraction and a compact mapping.
Thus, the search of the solution for (2.10)) requires an adequate theorem which applies

to this hybrid operator P and who can conclude the existence for a fixed point which will
be, in his turn, solution of the initial Equation (2.9)). Krasnoselskii found the solution
by combining the two theorems of Banach and that of Schauder in one hybrid theorem

which bears its name. In light, it establishes the following result [55].

2.2. Fixed point theory
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Theorem 2.8 (Krasnoselskii [55]) Let M be a non-empty closed convex subset of a
Banach space (E, ||.||). Suppose that A and B map M into E such that

(1) Ax + By € M for all z,y € M,

(i1) A is continuous and AM is contained in a compact set of E,

(i1i) B is a contraction with constant A\ < 1.
Then there is a * € M with Ax + Bz = x.

Note that if A = 0, the theorem become the theorem of Banach. If B = 0, then the
theorem is not other than the theorem of Schauder.
Proof. According to the condition (7ii) we have

I(/ = B)x—(I—B)y|

I(z —y) = (Bx — By

< llz =yl + |Bx — Byl
< flz =yl + Az -yl
= (1+N[z—yl,

and

(I —=B)z—(I—-B)yll = [(x—y)—(Bx— By

> ||z =yl - [|Bx — Byl|
>z =yl = Allz -yl
= 1=-Nlz—yl.

In short

A=Nlz =yl < =B)z = =Byl <1+ [z -yl

This inequality shows that (I — B) : M — (I — B) M is continuous and bijective. Thus,
(I — B)™" exist and is continuous. Let us pose U := (I — B) " A. It is clear that U is
compact mapping, because U is a composition of a continuous mapping with a compact.

Under the theorem of Schauder, U has a fixed point, i.e.
3z € M such that (I — B)™' Az = 2.

This is equivalent to z = Az + Bz. =

2.3 Fractional calculus

Some special functions, important for the fractional calculus, as Gamma and Beta func-
tions, the complementary error function, Mittag-Leffler function, are summarized in this
section see [7], 32, B34, [45] 48, 52 54].

Furthermore, fractional integration see [47, [48].

2.3. Fractional calculus
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2.3.1 Special Functions
The Gamma Function

The Gamma function, denoted by I'(z), is a generalization of the factorial function n!,
i.e., I'(n) = (n—1)! for n € N. For complex arguments with positive real part it is defined

as

I'(z) :/ t*"te~tdt, Rez > 0.
0

By analytic continuation the function is extended to the whole complex plane except for
the points 0, —1, —2, —3, ..., where it has simple poles. Thus, I" : C\ {0, -1,-2,...} — C.

Some of the most properties are

'l = re)=1,
I'z+1) = 2I'(2),
I'(n) = (n—1)!, neN, (2.11)
r(1/2) = v
Pin+1/2) = Yo@n— 1) nen.

on
The Gamma function is studied by many mathematicians. There is a long list of well-

known properties (see, for example, [27]) but in this survey formulas (2.11)) are sufficient.

The Beta function

The Beta function is defined by the integral
1
B(z,w) = / = 1(1 —t)*"'dt, Rez >0, Rew > 0.
0

In addition, B(z,w) is used sometimes for convenience to replace a combination of Gamma

functions. This relation between the Gamma and Beta function [27],
(2.12)

is used later on.
Equation (2.12)) provides the analytical continuation of the Beta function to the entire

complex plane via the analytical continuation of the Gamma function. It should also be

mentioned that the Beta function is symmetric, i. e.,

B(z,w) = B(w, 2).

2.3. Fractional calculus
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The complementary error function (erfc)

The complementary error function (see http://mathworld.wolfram.com/Erfc.html and

[48]) is an entire function, defined as

erfe(z) = —- /

Special values of the complementary error function are

erfc(—o0) = 2,
erfc(0) = 1,
erf c(+00) = 0.

The following relations are interesting to be mentioned

erfc(—t) = 2—erfc(t),
/ erfc(t)dt =
0

/ erf ¢ (t)dt =
0

The Mittag-Lefflar function

Y

=
S

S

While the Gamma function is a generalization of factorial function, the Mittag-Lefflar
function is a generalization of the exponential function, first introduced as a one-parameter

function by the series [4§]

00 k
Eo( Z— a>0, aeR, z€eC.

prd I(ak+1)
Later, the two-parameter generalization is introduced by Agarwal

o0

R 2.1
Eop ( Z a“ﬁ a,3>0, a,B€R, z€C, (2.13)

k=0
which is of great importance for the fractional calculus. It is called two-parameter function

of Mittag-Lefflar type.Some of its interesting properties are [4§]

Elal (Z) = eza

By (%) = cosh(2),
inh

Byp(z?) = SHh() (2.14)
z

Ea;l (Z) = Ea(2>,

Eija1(2) = e erf c(—z).

2.3. Fractional calculus
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2.3.2 Fractional integral according to Riemmann-Liouville

Cauchy’s formula for repeated integration [47, [4§]

Ia(t) = /;/;1.../:”1x(s)ds...d52dsl _ (n_;m/atx(s)(t—s)”_lds, (2.15)

holds for n € N, a,t € R, t > a. If n is substituted by a positive real number « and
(n — 1)! by its generalization I'(«), a formula for fractional integration is obtained.

Definition 2.8 Suppose that o > 0,t > a, «a,a,t € R. then the fractional operator

oa(t) = ﬁ / 2(s)(t — ) ds, (2.16)

is referred to as Riemmann-Liouville fractional integral of order «.

After the introduction of the fractional integration operator it is reasonable to define
also the fractional differentiation operator. There are different definitions, which do not
coincide in general. This survey regards two of them, namely, the Riemann-Liouville and

the Caputo fractional operator see [26], [4§].

Definition 2.9 Suppose that a > 0, t > a, a,a,t € R. Then

1 _dr b a(s) _
Da:E(t) — { I'(n—a) dt™ fa (t—s)atl-n dSa n I<a<ne Na (2.17)

4(t), a =n€N.

is called the Riemmann-Liouville fractional derivative or the Riemmann-Liouville frac-

tional differential operator of order a.

We have the following properties of the Riemmann-Liouville integral operator:
(i) The Riemmann-Liouville integral operator I® of order « is a linear operator.

Iz (t) + py(t)) = M*(x(t)) + ul® (y(t)), \,p €R, a € RT.
(ii) Semigroup properties:
I°(IPz(t)) = 1°P(2(t)), a,f € RT.
(iii) Commutative property:
I°(IPz(t)) = I°(I°x(t)), a,f € RT.

(iv) Introduce the following causal function (vanishing for ¢ < 0)

1

e
P, (t) == =—, a>0.

(a)

2.3. Fractional calculus
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then, we have that
1) @, (t) * Pp(t) = Puip(t), o, B € RT.
2) I°x(t) = O, (t) x x(t), o € RT.
The Laplace transform:

LAT(0)) = R0} L {a(0)} = L {x(1)}.
(v) Effect on power functions
Bt

) = 5

— T 1) for all 0 and -1, t > 0.
Brita) (B+1) foralla >0and g > -1, t >

Proof of (v). Using the definition of fractional integral and the property of B(«, )
function, we get

arBy 1 t sb S_tﬁ—&-a 15 e
) = r(co/o st ‘r<a>/op“ P)*dp

th+a B 8+ . .
() (8 @) FB+1+ ) (B+1)
Proposition 2.1 1) [*(1) = ﬁta foralla> 0,1t >0.
2) Let x analytic function, then
I 1
I“z(t) = d
1) = g ), G
(0) r +2'(0) L + .+ 2M(0) e + ... for alla >0
YT+ a) T2+ a) T(n+1+a) ’

Applying this formula, we can obtain the fractional integral of order o > 0 from elementary
functions.

1 toerudy 1 te—asdg I
]a at — — at — at_/ a—1 —pd
@) = s e =T ), e =T, P

o a V(@ at) te attt A
= — ' - F = i =————
T YT ttere Tt T ite) T

foralla > 0, ¢t >0.

The special operator D* that we choose to use, which requires the dependent variable x to

be continuous and [a]—times differentiable in the independent variable ¢, is defined by
Dz (t) := Dlelrlel=eg (),

such that lim,_,,+ D%x(t) = D"z(t) for any n € N, D% (t) = z(t), where [«] is the

ceiling function giving the smallest integer greater than or equal to «, and @ — n™ means

2.3. Fractional calculus
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« approaches n from above. It is accepted practice to call D¢ the Riemann-Liouville

fractional differential operator of order «.
We have the following properties of the Riemann-Liouville fractional differential oper-

ator D® of order « :
(i) Non-semigroup and non-commutative properties:

DDPx(t) # D*Px(t), o, B € RT.
Suppose that n — 1 < a <n, m,n € N,a € R". Then in general
D™ D%x(t) = D™z (t) #£ D*D™x(t).

(i)
D%(c) = F(%—a)t_a for any constant c.

2.3.3 The Caputo fractional differential operator

In this subsection an alternative operator to the Riemann-Liouville operator (2.17) is

considered see [16].

Definition 2.10 Suppose that o > 0,¢ > a, «,a,t € R. the fractional operator

1 o 2(M(s) .
“Dx(t) := { e Ja Trgprids n-l<a<nel, (2.18)

Lx(t), a=neN,

is called the Caputo fractional derivative or Caputo fractional operator of order «. this

operator is introduced by the Italian mathematician Caputo in 1967 [16].

Example 2.8 Let a =0, a« =1/2, (n =1), z(t) = t. Then, applying formula (2.18) we
get

1 ¢ 1
CpV2t = / ds.
L(1/2) Jy (t— 972"

Taking into account the properties of the Gamma function and using the substitution
u := (t—s)'/2 the final result for the Caputo fractional derivative of the function z(t) = t is

obtained as

1 1
CpPHl/2; _ _ 2
D7t = —— ———d(t—8) = ———= —d
\/_/ t—81/2( ) NN
/‘/2u t
= —u_
NG VT
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Note “Dt =1, “D(1) = 0, ¢D3?t = 0.
Therefore,

1
cnl/2 C C 1HC N1/2
D D(t) = 0, "D~D"=(t) = , and

CD1/2 CD(t) _ CD3/2(t) :O, CDCD1/2(t> #C’ D3/2(t).

then, The Caputo fractional differential operator © D® of order a is non-semigroup prop-
erties.

If 2(t) and y(t) are sufficiently smooth functions. Then

(i) D linear operator

CDY\x(t) 4+ py(t)) = AXD(x(t)) + uD* (y(t)), \, u € R, a € RY.

(ii) Non commutative property: Suppose that n — 1 < a <n, m,n € N, o« € R" and
“Df(t) exists. Then in general

“DD™x(t) =C D™z (t) £ D™ Dx(t).
(i)
“D*(c) = 0 for any constant c.

(iv) The Laplace transform:

L{“Dx(t)} = s"L{z(t)} — i se~h=1200(0).

(v) The Riemann-Liouville integral operator /* and the Caputo fractional differential
operator ©“ D are inverse operator in the sense that

Lo

tk
“DoI%(t) = x(t) and I°“ D (t) = x(t) — E:c(k)(O*), a e R". (2.19)
k=0

where |« is the floor function giving the largest integer less than or equal to a. The

classic n-fold integral and differential operators of integer order satisfy like formula

—_

3

tk

D"I"x(t) = x(t) and I"D"x(t) = x(t) — ¥ (0%), n e N.

bl
i
7|

0

In general the two operator Riemann-Liouville and Caputo, do not coincide,i.e.,

“Dx(t) # D%x(t),

“Dox(t) = D° (a:(t) - ”Z—i tk!x(k)(())) :

>
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Remark 2.1 Suppose that n — 1 < a <n, n € N. Let x be an analytic function, then

(i) ¢ Dz(t) = 2™ (0)% + .. o
t « t’IL (e

(i) Dz (t) = 2(0) =gy + 2" (0) pamay + - + 2(0) proizey + -
From that it follows that
(i) CDet = Fopizay + - forall a e (0,1),

I‘(la a) +o Tt T(n+1
(ll)Dat I‘(tI a)—i- IE )'|— +m+..f01‘a1106€(0,1).

t?’l [e3

In this sense, the Caputo derivative and Riemann-Liouville integral are analytic con-
tinuations of the well-known operator n—fold derivative and integral from the classical

calculus. The Caputo fractional derivative ©“ D defined by
CDx(t) == ITe1=2C pDlely(t), (2.20)

such that lim “D?z(t) = D"x(t) for any n € N, “D°%(t) = x(t), where [a] is the
ceiling funcat_i)gn giving the smallest integer greater than or equal to , and &« — n~ means
« approaches n from blew.

The Caputo fractional derivative “ D defined in (2.20) can be expressed in a more

explicit notation as the integral

o 1 t 1 o n
“D x(t) = (o] —a) /0 . u)1+a—[a] (D( 1$)(u)du, a,t € RT, (2.21)

where the weak singularity caused by the Abel kernel of the integral operator is readily

observed. This singularity can be removed through an integration by parts

! j (tw Dl f(0%) + / -l <D“Wx><u>du) :

I'l+[a] —a

“D(t) =
proved that the dependent variable x is continuous and (1 + [«])-times differentiable in
the independent variable ¢ over the integral of differentiation (integration) [0,¢].
Example 2.9 Let Ny = N U{0}.If 3 € Ny and 3 < [a], then DI*l(4?) = 0 and using
formula (2.21)), we get DI*l2(t) = 0. If 3 € Ny and 3 > [a] or B ¢ N and 8 > [a], then

“DtP) = D' (uf)du

[(fa —a)/o (t—u)e ™

' 1 B+1)  sfa1g,
Pﬂa—aké(pwwm4ﬂﬂﬁ+1—MD !

= F(ﬂ+1)tﬁ_a ' B—[al(1 _ ,)—l—a+[a]

N F(fal—a)F(ﬁJrl—[a})/op (1-p) dp

B (B + 1)t el —a

= Tfal—alr@ri-fap Pt lallal=a)
i

= mr(ﬁﬂ).
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therefore

0if 5 € Ny and § < [a],

CDa(t,B) — o '
—F(BHfa)F(B—k 1)if e Nyand > [a| or B¢ N and 8 > [«].

Lemma 2.2 Let r(t) € C'[0,400). Then x(t) € C[0,+00) is a solution of the Cauchy
type problem

“Dg x(t)y=r(t), teRT, 1 <a <2, (2.22)
Z‘(O) = Zo, x,((]) = Ty, .
if and if z(t) is a solution of the Cauchy type problem
o(t) = 7' (t) + -
z(0) = xo. '

Proof. To begin with, we claim that for any 0 < v < 1, if ¢ € C[0,+00), then
(I3, ) (0) = 0. In fact, since

13, 0(t) = ﬁ / (t — sy p(s)ds,

we can conclude that

1
I'(v)

(1) Let 2 € C'[0, +00) be a solution of the problem ([2.22).
For any ¢t € R*, shows that

11l

|10, ()] = /0 (t — s)”lw(s)ds‘ < T+ 1)tk —0ast— 0.

“Dg a(t) = (°Dy; ' D'x) (t) = r(t).
According to (22.19)), we have
2'(t) =2/ (0) + 157 r(t) = I§ . r(t) + a1,

which means that z(t) is a solution of the problem (2.23)).
(2) Let x(t) be a solution of the problem ({2.23)).
For any t € R™, it is easy to see that

“Dy.x(t) =C Dy 2l (t) = (CDg IS ) () +€ D tan = r(t).

Besides, note that r(t) € C' [0, +00), we have 2/(0) = [ '7(0) + 21 = z;. =
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2.4 Retarded functional differential equations

As has been asked by many students in many classrooms, “Why study this subject?”
Why study differential equations with time delays when so much is known about equa-
tions without delays, and they are so much easier? The answer is because so many of the
processes, both natural and manmade, in biology, medicine, chemistry, physics, engineer-
ing, economics, etc., involve time delays. Like it or not, time delays occur so often, in

almost every situation, that to ignore them is to ignore reality see [20} 29, 36].

2.4.1 Delay differential equations

Suppose 7 > 0 is a given real number, R = (—o00,00), R" is an n-dimensional linear
vector space over the reals with norm |.|, C([a, b],R™) is the Banach space of continuous
functions mapping the interval [a,b] into R™ with the topology of uniform convergence.
If [a,b] = [-7,0] we let C' = C([—7,0],R") and designate the norm of an element ¢ in C
by @] = sup_, g |¢(6)|. Even though single bars are used for norms in different spaces,

no confusion should arise. If
toe RLA>0and x € C ([t — 7,10 + A ,R"),
then for any t € [ty,to + A, we let 2, € C be defined by z:(0) = z(t +6), —7 < § < 0.

Definition 2.11 If Q is a subset of R x C, f : 2 — R" is a given function and “”

represents the right-hand derivative, we say that the relation

() = f(t,xy), (2.24)

is a retarded functional differential equation on 2 and will denote this equation by RFDFE.
If we wish to emphasize that the equation is defined by f,we write the RFDE (f). A
function x is said to be a solution of Equation (2.24]) on [ty — 7,ty + A) if there are t; € R
and A > 0 such that z € C ([to — 7,t0 + A] ,R"), (t,2;) € Q and x(t) satisfies Equation
for t € [tg,t9 + A). For given ¢ty € R, ¢ € C, we say x(to, d, f) is a solution of
Equation with initial value ¢ at ty or simply a solution through (¢, ¢) if there is
an A > 0 such that x(to,®, f) is a solution of Equation (2.24) on [to — 7,to + A) and
Tty (to, &, f) = &

Equation ([2.24]) is a very general type of equation and includes ordinary differential
equations (7 = 0).

We say Equation (2.24) is linear if f(t,¢) = L(t,¢) + h(t) where L(t, ¢) is linear in
¢; is homogeneous if h = 0 and nonhomogeneous h # 0. We claim Equation (2.24]) is

autonomous if f (¢, ¢) = g(¢) where g does not depend on ¢.
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For example, the following equations are delay differential equations
z'(t) = 2x(t) + bx(t — 1), (2.25)
2'(t) = a(t)x(t) + b(t)a' (t — 7(t)) + h(t), (2.26)

2 (t) = /0 z(t + s)ds. (2.27)

-7
a, b, T are continuous functions. Equation is an linear autonomous delay differential
equation with constant 7 = 1, Equation is nonhomogeneous, linear nonautonom-
ous delay functional differential equations and Equation is a delay linear integro-
differential equation.

Iftyo € R, ¢ € C are given and f(t, ¢) is continuous, then finding a solution of Equation

(2.24) through (to, ¢) is equivalent to solving the integral equation

l’to - ¢7

) = 6(0)+ /t F(s,0)ds, t > o, (2.28)

we define T'x by

T = o0+ [ flsian)ds, £ o,
Tty = ¢ i

To prove the existence of the solution through a point (¢y,¢) € R x C, we consider an
n > 0 and all functions z on [ty — 7, tg + A] which are continuous and coincide with ¢ on
[to— T, to]; that is, x4, = ¢. The values of these functions on [tg, to+ 1| are restricted to the
class of x such that |z(t) —¢(0)| < § for t € [tg, to+7]. The usual mapping 7" obtained from
the corresponding integral equation is defined and it is then shown that n and ¢ can be so
chosen that 7" maps this class into itself and is completely continuous. Thus, Schauder’s

fixed-point theorem implies existence (for examples details see the books [29] 36]).

Theorem 2.9 (Existence) In (m, suppose ) is an open subset in R x C' and f is
continuos on Q. If (to, ») € Q, then there is a solution of passing through (tg, ¢).

Definition 2.12 We say f(t, ¢) is Lipschitz in ¢ in a compact set K of R x C if there is
a constant k > 0 such that, for any (¢,¢,) € K, i =1,2,

[f(E,01) = [t do)| S K ly — ¢yl (2.29)

Theorem 2.10 (Uniqueness) Suppose € is an open set in R x C, f : Q — R" is con-
tinuous, and f(t, @) is Lipschitz in ¢ in each compact set in Q2. If (to, ) € 2, then there

is a unique solution of Eq. through (to, ®).
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Neutral delay differential equations

In order to define a general class of neutral delay differential equations (NDDESs) (or

neutral functional differential equations (NFDFESs)), we need the definition of atomic.

Definition 2.13 Suppose 2 C Rx ' is open with elements (¢, ¢). A function ¥ : Q@ — R”
is said to be atomic at S on € if ¥ is continuous together with its first and second Fréchet

derivatives with respect to ¢: and Wy, the derivative with respect to ¢, is atomic at 3 on
Q.

Definition 2.14 Suppose 2 C R x C' is open, f : Q@ — R", ¥ : O — R" are given

continuous functions with ¥ atomic at zero. The equation

d
E\Ht’ x) = f(t, ), (2.30)

is called the neutral delay differential equation NDDE(W¥, f).

Definition 2.15 A function z is said to be a solution of the NDDE(¥, f) or Equation
(2.30)), if there are t) € R, A > 0, such that © € C([to — 7,to + A),R"), (t,x;) € Q,t €
[to, 1o + A),

U (t, x;) is continuously differentiable and satisfies Eq. on [tg, to+A). For a given
to € R, ¢ € C, and (tg, ¢) € 2, we say z(to, ¢) is a solution of Eq. with initial value
¢ at tg, or simply a solution through (tg, ®) ,if there is an A > 0 such that x(to, ¢), is a

solution of (2.30) on [tg — 7, to + A) and x4, (to, d) = ¢.

Theorem 2.11 (Ezistence) if 2 is an open set in R x C' and (ty,¢) € 2, t hen there
exists a solution of the NDDE(WV, f) through (to, ¢).

Theorem 2.12 (Uniqueness). If @ C R x C is open and f : Q@ — R™ as Lipschitz in
¢ on compact sets of ), then, for any (to, p) € ), there exists a unique solution of the
NDDE(Y, f) through (ty, ¢).

For example

() = —2'(t-1),
d(t) = wlt 1)+ [t =3) +1)°,

() = x(%) (= 1) =2t —3),

are neutral delay differential equations.
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2.4.2 Method of Steps

The method of steps is an elementary method that can be used to solve some DDFE's
analytically. This method is usually discarded as being too tedious, but in some cases
the tedium can be removed by using computer algebra see [30]. Consider the following
general DDFE :

y'(t) = ay(t) + a1y(t — wq) + ... + amy(t — wy,), (2.31)
where y(t) = H(t) on the initial interval — max(w;) <t < 0. Let b = min(w;). Then it is
clear that the values of y(t — w,,) are known in the interval 0 <t < b. These values are
H(t — wy,). Thus, for the interval 0 <t < b we have

Y (t) = aoy(t) + arH(t — wy) + ... + anH(t — wy,),
and so .
y(t) = / (apy(v) + a1 H(v —wy) + ... + apn H(v — wyy,)) dv + y(0).
0
Now that we know y(t) on [0, b] we can repeat this procedure to obtain y(t) on the interval

b <t < 2b. This is given by:

y(t) = /bt (apy(v) + a1 H(v —wy) + ...) dv + y(b). (2.32)

This process can be continued indefinitely, so long as the integrals that occur can be
evaluated without too much effort. It is this last restriction that usually causes people to
give up on this method, because the tedium and length of the method quickly overwhelms
a human computer. However, it turns out that for certain classes of problems, where the
phenomenon of "expression swell" is not too serious, we can take the method quite far,

with a computer algebra system to automate the solution of the tedious sub-problems.
Example 2.10 For an example of this method we look first at a very simple DDE :
y(t) =—ylt—1),

with y(t) = H(t) = 1 for —1 <t < 0. The solution in the interval 0 < ¢ <1 is given by:

t
y(t) = / _H(z = Ve +y(0) = 1 — ¢,
0
Now we can solve for the solution in the interval 1 < ¢ < 2. This solution is given by:

y(t) = /j—H(t— )z + y(1) = g Y g

This method can be programmed in Maple using a simple for loop.
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2.4.3 Problems with a delay

In this subsection we introduce a large number of problems, both old and new, which are
treated using the general theory of differential equations. We attempt to give sufficient
description concerning the derivation, solution, and properties of solutions so that the
reader will be able to appreciate some of the flavor of the problem. In none of the cases

do we give a complete treatment of the problem, but offer references for further study.

Economics models

The following problem is copied from an elementary text on differential equations by
Boyce and DiPrima [10]: “A young person with no initial capital invests k dollars per
year at an annual interest rate 7. Assume that investments are made continuously and
that interest is compounded continuously. If 7 = 7.5%, determine k so that one million
dollars will be available at the end of forty years.”

It is solved by writing

S" = 0.0755 + k, S(0) =0,

and solving for S(40). Several things are idealized in the problem, but still it is a fair
model. It is noted there that in certain contexts continuous investment yields roughly the
same as daily investment and it allows the student the opportunity to see the power of

differential equations in giving a simple solution to an otherwise tedious problem.
Now the forty years is up and for computational convenience instead of the one million

dollars let us say that the person has $900,000 to invest and to live off the proceeds.
During times of low interest rates a financial advisor may recommend bank certificates
of deposit of 90-day maturity, automatically renewed at the existing interest rate, but
laddered so that $10,000 of the total matures every day and both principal and interest
are reinvested. This enables the investor to quickly take advantage of rising rates and to
lock in high interest long-term instruments if they become available. We imagine that
this is changed to continuous reinvestment, just as the elementary problem imagined
continuous investment of k& dollars per year. If the total value is again S(t), then from

just the investment we would have
S'(t) = b(t)S(t — (1/4)).

The b(t) represents a product. One factor is the fraction of the total amount of S(t —1/4)
which was invested three months earlier and matured today. The other factor is the
interest being offered at that time. In addition, the person withdraws a percentage of the

total S(t) continuously for living expenses, resulting in an equation

S'(t) = —a(t)S(t) + b(t)S(t — 1/4), S(t) = (t) for —1/4 <t < t,.
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Here, the initial condition is an initial function ¢ : [-1/4,0] — R with ¢(¢) being exactly
that amount S(¢) which was invested at time ¢.

We can draw several conclusions of the following type. First, if the solutions are
bounded, then times are likely to become difficult since inflation will eat away at the
value and medical bills will increase with time; at this time, some studies have shown
that those retiring with income sufficient to meet three times their current need approach
desperate conditions within fifteen years. Next, we can ask if solutions will tend to zero.
If they do, the person will be destined for the poor farm. At a minimum, the retiree must
adjust the withdrawals so that the conditions of our theorem are not met.

Clearly, in this example it will make sense for both a(t) and b(t) to vary; a(t) can be
negative the day the income tax refund check arrives, and b(¢) can be negative when the
bank fails and the FDIC assumes control see [14].

Controlling a ship

Minorsky (1962) designed an automatic steering device for the battleship New Mexico.
The following is a sketch of the problem see [13].

Let the rudder of the ship have angular position x(¢) and suppose there is a friction
force proportional to the velocity, say —ca’(t). There is a direction indicating instrument
which points in the actual direction of motion and there is an instrument pointing in the
desired direction. These two are connected by a device which activates an electric motor
producing a certain force to move the rudder so as to bring the ship onto the desired
course. There is a time lag of amount h > 0 between the time the ship gets off course

and the time the electric motor activates the restoring force. The equation for z(t) is
z"(t) + cx'(t) + g(z(t — h)) =0, (2.33)

where zg(z) > 0 if x # 0 and c is a positive constant. The object is to give conditions

ensuring that x(t) will stay near zero so that the ship closely follows its proper course.

Epidemics (Cooke and Yorke)

In the work of Cooke and Yorke (1973) the Lotka assumption is changed so that the
number of births per unit time is a function only of the population size, not of the age
distribution see [13]. Under this assumption, we let z(¢) be the population size and let
the number of births be B(t) = g(z(t)). Assume each individual has life span L so that
the number of deaths per unit time is g(z(t — L)). Then the population size is described
by

(1) = g(=(t)) — g(z(t — L)), (2.34)
where g is some differentiable function. We note that every constant function is a solution

of @3,
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The following model for the spread of gonorrhea is considered by Cooke and Yorke
(1973). The population is divided into two classes:

(a) S(t) =the number of susceptibles, and

(b) x(t) =the number of infectious.

The rate of new infection depends only on contacts between susceptible and infectious
individuals. Since Set) equals the constant total population minus z(t), the rate is some
function g(z(t)). Assume that an exposed individual is immediately infectious and stays
infectious for a period L (the time for treatment and cure). Then z also satisfies
holds.Now, at any time ¢, z(t) equals the sum of capital produced over the period [t — L, t]

plus a constant ¢ denoting the value of nondepreciating assets. Thus,
L
z(t) = / P(s)glz(t — s)]ds + ¢ (2.35)
0

= /t_L P(t — u)g[z(u)]du + c.

Some models of war and peace

L. F. Richardson (1881-1953, see [13]), a British Quaker, observed two world wars and
was concerned about them (cf. Richardson, 1960; Jacobson, 1984). He speculated that
wars begin where arms races end and he felt that international dynamics could be modeled
mathematically because of human motivations. He claimed that men are guided by "their
traditions, which are fixed, and their instincts which are mechanical"; thus, on a grand
scale they are incapable of good and evil. He sought to develop a theory of international
dynamics to guide statesmen with domestic and foreign policy, much as dynamics guides
machine design.

Let X and Y be nations suspicious of each other. Suppose X and Y create stocks of
arms x and y, respectively; more generally, = and y represent "threats minus cooperation"
so that negative values have meaning. At least three things affect the arms buildup of X;

(a) economic burden;

(b) terror at the sight of y(¢) (or national pride);

(c) grievances and suspicions of y.

The same will, of course, apply to Y.

Richardson assumed that each side had complete and instantaneous knowledge of the
arms of the other side and that each side could react instantaneously. He reasoned from
(a) that

dx/dt = —ayx,

because the burden is proportional to the size x, and he argued from (b) that

dx/dt = —ayz + byy,
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because the terror is proportional to the size y. Finally, Richardson assumed constant
standing grievances, say ¢; so that the complete system is

/

¢ = —amz+by+ g, (2.36)

/

y = —agy+bx + go.

with a;, b;, and g; , © = 1,2 being positive constants. Domestic and foreign policy will set
the a; and b;, although Richardson maintained a more mechanical view.
Hill (1978) recognized deficiencies in Richardson’s model. He reasoned that it takes

time to respond to an observed situation and, therefore, proposed the model

/

¥ = —ax(t—=T)+ b0yt —-T)+ g1,
Y = —ay(t —T)+box(t —T) + go.

where T' is a positive constant.

Prey-predator population models (Lotka-Voltera)

Let x(t) be the population at time ¢ of some species of animal called prey and let y(t)
be the population of a predator species which lives off these prey. We assume that ()
would increase at a rate proportional to z(t) if the prey were left alone, i.e., we would
have 2'(t) = ayz(t), where a; > 0. However the predators are hungry, and the rate at
which each of them eats prey is limited only by his ability to find prey. (This seems like
a reasonable assumption as long as there are not too many prey available.) Thus we shall
assume that the activities of the predators reduce the growth rate of x(t) by an amount
proportional to the product z(t)y(t), i.e.,

7'(t) = a1x(t) — biz(t)y(t),
where b, is another positive constant.
Now let us also assume that the predators are completely dependent on the prey as
their food supply. If there were no prey, we assume y/(t) = —aoy(t), where as > 0, i.e., the
predator species would die out exponentially. However, given food the predators breed at

a rate proportional to their number and to the amount of food available to them. Thus

we consider the pair of equations
2'(t) = ax(t) — bx(t)y(t), (2.37)
y'(t) = —azy(t) + bex(t)y(t),

where aq, a9, by, and by are positive constants. This well-known model was invented and

studied by Lotka [1920], [1925] and Volterra [1928], [1931].
Vito Volterra was trying to understand the observed fluctuations in the sizes of popu-

lations z(t) of commercially desirable fish and y(t) of larger fish which fed on the smaller
ones in the Adriatic Sea in the decade from 1914 to 1923 see [20].
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The sunflower equation

Somolinos (1978) has considered the equation
2"+ (a/r)x’ + (b/r)sinz(t —r) =0,

and has obtained interesting results on the existence of periodic solutions. The study of
this problem goes back to the early 1800s and has attracted much attention. It involves

the motion of a sunflower plant see [13].

2.5 Stability in delay fractional differential equations

In this section, we present work of Sadati, Ghaderi and Ranjbar [53] on some fractional

comparison results and stability theorem for fractional time delay systems.

2.5.1 Fractional functional differential equations

Let C([a,b],R™) be the set of continuous functions mapping the interval [a,b] to R™. In
many situations, one may wish to identify a maximum time delay 7 of a system. In this
case, we are often interested in the set of continuous function mapping [—7, 0] to R, for
which we simplify the notation to C'= C([—7,0],R"). For any A > 0 and any continuous
function of time ¢ € C([to — 7,to + A] ,R™), to <t <ty + A, let 24(0) € C be a segment
of function x defined as x:(0) = z(t +0), —7 <0 < 0.

Consider Caputo fractional nonlinear time-delay system

o Dix(t) = f(t, 24). (2.38)

where z(t) € R", 0 < a < 1l and f : R x C — R". Equation (2.38)) indicates Caputo
derivatives of the state variable x on [ty, t] and x(() for t —7 < ¢ < t. A such, to determine
the future evolution of the state, it is necessary to specify the initial state variables x(t)

in a time interval of length 7, say, from ¢ty — 7 to %o, i.e.,
Ty = ¢, (2.39)

where ¢ € C'is given. In other words we have z(ty + 0) = ¢(0), —7 < 6 < 0. Throughout
the manuscript we will use the Euclidean norm for vectors denoted by ||.||. The space of

continuous initial functions C([—7,0],R") is provided with the supremum norm
= 0)| . 2.40
6l = ,max, [(0)] (240
Let p > 0 be a given constant, and let

Co ={¢ € C:llolly <}, (2.41)
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and
S,={z eR":||z|| < p}. (2.42)

2.5.2 Generalization of some comparison results in fractional

functional differential equations

In this subsection we will develop and generalize some basic comparison results in theory
of functional differential equation to the fractional case. The integer order derivative

version of these theorems can be found in [37].
Let 0 < @ < 1 and p = 1 — a. Denote by C,([to,T],R), the function space as follows:

C,([to, T, R) = {u € C((to, T], R) and (t — to)" u(t) € C([to, T],R)} . (2.43)

Lemma 2.3 Let m € Cy,([to,T],R) be locally Holder continuous with exponent A > «
and t; € (ty,T], we have

m(ty) =0 and m(t) <0 forty <t <t. (2.44)

Then it follows that,
Do‘m(tl) Z 0. (245)

For proof of Lemmal[2.3, please see in [35].

Definition 2.16 A function a(r) is said to belong to the class R, if a €
C([0,p) ,R+), a(0) = 0 and a(r) is strictly monotone increasing in 7.

Definition 2.17 A function V (¢, z) with V(¢,0) = 0 is said to positive definite if there
exist a function b € K such that

Vi(t,x) = b([[=]]), (2.46)

is satisfied for (t,z) € |4 x S, and it is said to be decrescent if a function a € R exist
such that
V(t,z) <a(lz|), (t,z) € Rt x S,. (2.47)

Definition 2.18 (Lyapunov-like function).Let V' € C([—7,00) x S,, R ), and let ¢ € C,.
We define the fractional-order Dini derivatives in Caputo’s sence DSV (¢, ¢(0), ¢) and
°D*V(t,#(0), ») with respect to the functional differential system ({2.38) as follows:

‘DYV(t, ¢(0),¢) = lim sup hi [V(t,¢(0)) = V(¢ = h,¢(0) = h*f(t, 8))], (2.48)

h—0t

DUV (1,0(0), 6) = N inf - [V(t,6(0)) ~ V(i — h,6(0) ~ hf(,0)],  (249)

h—0—
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we need, consequently, the following subsets of C defined by
O ={¢ e G [Vilp =Vt 6(0)), t € [to,00]}, (2.50)

Qo ={pe C:V(t+0,0(0)) < L(V(td(0)), t € [to, o]}, (2.51)

where L(u) is continuous on R*, non-decreasing in u, and L(u) < u, for u > 0; and

Vilp = sup V(t+6,¢(0)). (2.52)

—7<6<0
In fact, these Lyapunov-like functions act like a transformation of into a relatively
simple fractional differential equation, the properties of solutions of this simple system
can be transferred back to the original more complicated system. This is known as the
comparison principle, in general. We can now state some fractional comparison results via

the Lyapunov-like function.

Theorem 2.13 Let V € C([—7,00) X S,,R;) and V(t,z) be locally Lipschitzian in
x. Assume that functional “D*V (t, $(0), ¢), defined by . verifies the inequality

‘DIV(t,¢(0),¢) < g(t, V(E,0(0))), t >to, ¢ €, (2.53)

where g € C([tg,00) X Ry, Ry) and r(t,to, ug) is the mazimal solution of the scalar dif-
ferential equations of
‘D% = g(t,u), u(ty) =up >0, (2.54)

existing on [tg, 00) . Let x(to, ¢y) be any solution of defined in the future, satisfying

_Sl<lp<0V(to, $o(s)) < uo. (2.55)
Then,
V(t> m(tm ¢O(t))) < T(t, th uO)a t > to. (256)

Proof. Let z(t, ¢,) be any solution of (2.38)) with an initial function ¢, € C, at t =

to. Define the function
m(t) =V (t, z(to, ¢o)(1))-
For £ > 0 sufficiently small, consider the fractional differential equation
‘D% = g(t,u) + e, u(ty) =uo >0, (2.57)

whose solutions u(t, e) = wu(t, to, ug, €) exists as far as r(t,to, ug) to the right of ¢y. Since

limu(t,e) = r(t, to, uo), (2.58)

e—0
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it is enough to show that
m(t) < wu(t,e), t >ty. (2.59)

If this inequality is not true, let t; be greatest lower bound of numbers ¢ > ¢, for which
(2.59)) is false. The continuity of the functions m(t) and u(t,€) implies that

(1) m(t) < wult,e), to <t <ty

(i) m(t) = u(t,e), t = t;.

Now by Lemma 2.3 we have

Dam(tl) > Dau<t1, to, Ug, Ef) = g(tl, u(tl, to, Ug, 5)) + €. (260)

Since g(t,u) +¢e > 0, u(t,to, up,€) is non-decreasing in ¢; and this implies, from (i) and
(ii) that
‘mt1|0 - U(tl,to,UO,Fj) = m(tl) (261)

Setting ¢ = xy, (to, ¢y) and noting that ¢(0) = z(tg, ¢y)(t1), it follows that

Vil = V(t1, 6(0)). (2.62)

This means that ¢ € 2, and, consequently. using the Lipschitzian character of V (¢, x) in
x and the relation (2.53), we obtain the inequality

Dm(ty) < gltr,m(tr)). (2.63)
which is incompatible with (2.60)). Hence (2.56)) is valid and the proof is complete. m

Corollary 2.1 LetV € C([—7,00)xS,, R;) and V (t,x) be locally Lipschitz in x. Assume
that, fort > ty, ¢ € (),
DYV (t, ¢(0),9) < 0. (2.64)

Let x(tg, ¢o) be any solution of such that x(t, o) (t) € S, fort € [to,t1]. Then

V(t,2(to, d)(t)) < sup_ V(to, do(s)), t € [to, ta]. (2.65)

—7<s<0

Proof. If we set ¢ = 0 in Theorem [2.13], we obtain the inequality

VIt x(to, ¢0) (1)) < V(ta, x(to, ¢o)(t2)), (2.66)
where ty € (to,t1) . Since V (t2, z(to, ¢)(t2)) > 0, the assumption on L(u) implies that
V(ta + s, 2(to, do) (12 + 8)) < L (V(t2, 2(fo, ¢0)(t2))) , (2.67)

which shows that x,(to, ¢y) € Qo, to <t < ty. The remain of the proof is similar to the

proof of Theorem [2.13, m
The next comparison theorem gives a better estimate.
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Theorem 2.14 Let the assumptions of Theorem hold except that inequality
18 replaced by

DIV (t,¢(0), ¢) +d([[¢(0)]) < g(t, V(t, 6(0))), (2.68)

fort >ty, ¢ € C,, where the function d € R. Assume further that g(t,u) is monotone
non-decreasing in u for each t.Then implies

V(£ 2(to, ¢o) (1)) + ﬁ/t (t =) d([lx(to, o) (s)l))ds < r(t). (2.69)

Proof. Consider

m(t) = V(t, o(to, 60) (1)) + %a) / (t — 8" (| (to. o) (s) s, (2.70)

for t > to and set ¢ = x4(to, ¢y) so that ¢(0) = x(to, ¢(0))(t). We obtain, using the
condition (2.68)), the inequality
CDim(tl) S g(tl,m(tl)) (271)

Here, we have used the monotonicity of ¢g(¢,u) in u and the fact that

V(t, x(to, ¢o) (1)) < m(t), (2.72)

while applying the assumption (2.69). Therefore, it is eazy to prove the result of Theorem
[2.14] following the statements in the proof of Theorem [2.13] =

2.5.3 Stability

Let us consider the fractional functional differential system (2.38)). We will assume that
f(t,0) = 0, so that the system ([2.38)) possesses the trivial solution (z = 0). Let us also
suppose that the solutions x(tg, ¢,) of (2.38]) exist in the future.

Definition 2.19 The trivial solution of (2.38) is said to be stable if, for each € > 0 , to,
there exists a positive function § = d(ty,¢) that is continuous in ¢, for each e, such that,

whenever

[l <, (2.73)

we have
[z (to, do) (B)]| <&, t = to. (2.74)

Definition 2.20 The solution x = 0 is said to be uniformly stable if the number ¢ in the

previous definition is independent of t,.
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Theorem 2.15 Assume that there exists a function V(t,x) satisfying the following con-
ditions:
(i) V e C(]—7,00) x S,,RY), V(t,x) is positive definite, decrescent, and locally
Lipschitzian in x;
(1) fort > ty, ¢ € Q,
DIV (t,9(0),¢) <O0. (2.75)

Then, the trivial solution of 18 uniformly stable.

Proof. Since V is positive definite and decrescent, there exist functions a, b € K satisfying
b(ll=l)) <Vt 2) <a(llzl]), (£ ) € [to,00) X Sp. (2.76)

Let 0 < e < p, to € RT be given. Choose 6 = d(g) > 0 such that
a(d) < b(e). (2.77)

We claim that, if ||¢y] < 9, then ||z(to, ¢y)|| < &, t > to. Suppose that this is not true.
Then, there exists a solution z(to, ¢,) of (2.38) with ||¢y|l, < ¢ such that

|z(to, do)(2)|| = ¢, (2.78)
and
Hx(tﬂa ¢0)(t)H <eg te [tOv tﬂ ) (2-79)
so that
V(t2, 2(to, ¢o)(t2)) > b(e), (2.80)

because of (2.76]). Furthermore, this means that z(to, ¢,)(t2) € S,, t € [to, t2] . Hence, the

choise uy = a (||¢y||,) and the condition

CD%V(t’ ¢(0)7 ¢) S 07 te [t07t2] ) ¢ € QO, (281)

give the estimate
V{(t, x(to, ¢0) (1)) < alllollo), € [to, t2], (2.82)
because of Corollary 2.1l Now the relations (2.80), (2.82)), and (2.77) lead to contradiction
b(e) < V(ta, (to, ¢o)(t2)) < allldolly) < a(d) < ble). (2.83)

This proves that the trivial solution of (2.38)) is uniformly stable. m
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Existence and uniqueness for delay

fractional differential equations

In this chapter, we establish sufficient conditions for the existence, uniqueness and sta-
bility of solutions for nonlinear fractional differential equations with delays and integral

boundary conditions (see [23]).

3.1 Introduction

Fractional differential equations is a generalization of ordinary differential equations
and integration to arbitrary non-integer orders. The origin of fractional calculus goes
back to Newton and Leibniz in the seventeenth century. Fractional differential equa-
tions appear naturally in a number of fields such as physics, engineering, biophysics,
blood flow phenomena, aerodynamics, electron-analytical chemistry, biology, control the-
ory, etc. An excellent account of the study of fractional differential equations can
be found in [2, B, 19, B4, B9, 44, [45, 48, 49, 52, 54, 6I] and the references therein.
Boundary value problems for fractional differential equations have been discussed in
[5, ©, 15, [43], 56, 57, B8, 60, 61, 63, 64]. By contrast, the development of stability for
solutions of fractional differential equations is a bit slow. El-Sayed, Gaafar and Hama-
dalla [22] discuss the existence, uniqueness and stability of solutions for the non-local

non-autonomous system of fractional order differential equations with delays
Doxi(t) =Y ay(t)z;(t) + Y bij(t)a(t — ;) + hilt), t >0,
j=1 j=1

where D% denotes the Riemann-Liouville derivative of order «.
We consider nonlinear fractional differential equations with delay and integral boundary

42
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conditions of the form

Doz(t) = Zaj(t)f(t,x(t),x(t —7,)), t>0, (3.1)
z(t) = ;S(t) for t < 0 and tl_igl_ o(t) =0, (3.2)
I'"z(t)|=0 = 0, (3.3)

where a € (0,1), f: Rt x R? — R are continuous functions, a;(t), ¢(t) are given continu-
ous functions, 7; > 0, j = 1,2,...,n are constants.

In this chapter our aim is to show the existence of a unique solution for (3.1)-(3.3) and
its uniform stability.

Let f : RT x R? — R be continuous functions and satisfy the Lipschitz conditions

l[f(t,z,y;) — ftu,vy)| <kl —ul+kily; —vi|, k>0, k; >0, j=1,2,...,n,

for all z,y;,u,v; € R.

3.2 Existence of a unique solution for nonlinear frac-
tional differential equations
Let X be the class of all continuous functions defined on R* with the norm
|z = sup {e " |z(t)|}, z € X.
Theorem 3.1 Let f: R x R* — R be continuous and satisfy the Lipschitz condition: if

Sy aj(k+ kjemN9)

Jj=1

<1
N ’

where a; = maxycr+{|a;(t)|}, then nonlinear fractional differential equations —
have a unique positive solution.

Proof. For ¢t > 0, equation (3.1)) can be written as

St = 3 a7 a(0), 7t 7))

J=1

Integrating both sides of the above equation, we obtain

I'oz(t) — "2 (t)|j—0 = Z/o a;(s)f(s,x(s), z(s — 7;))ds,

then

I'x(t) = Z/o a;(s)f(s,x(s),z(s — 7;))ds.

3.2. Existence of a unique solution for nonlinear fractional differential equations
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Applying the operator by /“ on both sides,

n

Lo(t) = > I°Ma;(t) f(t,x(t), z(t — 7)),

=1

differentiating both sides, we obtain

= ilfaaj(t) Ft,z(t), z(t — 7). (3.4)
Now, let F': X — X be defined ;y
_ Z Foay(t) £t (), 2(t — 7).
then J
Fa(t) — Fy(h)] = ZI o(0) ot = ) — f;f“aj@)f(t,y(t),y(t—rm
- z / (607 (5) s — 7)) — ay (s, 0(8), s — 7)) ds
< Z / g (517520, 25 — 7)) — ay(5) £ (5, w(5), (s — 7)) s

<Z%/ {/f|$() y(s)| + kjle(s = 75) —y(s — 7;)[} ds
<§;aj/@/0t “;8; o(s) — (o)) ds
+gajkj/0” (t;(‘z)a—l (s — ;) — y(s — )| ds
e [ O (s =) = ol — 7l ds
By conditions (3:2), we have
\Fa(t) — Fy(t |<Za]/ 2(5) — y(s)] ds
+Za] /t_(;oz;_lm(s—ﬁ)—y(s—ﬁﬂds,

3.2. Existence of a unique solution for
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and
eV [Fa(t) — Fy(t)]
t . 8)@ 1
< Zaj [ e e () -y
+ Z a;k; / WQ_N@_SJF”)(?_N(S_”) 2(s = 7;) —y(s —7;)|ds

< Zajk; sup {e N |z(t) |}/ _N(t_s)ds

j=1 teR+

-0 t—0) —N
+Zaa/ e e u() —y6)] do

Nt udle—u
<Zajksup {e™ N |x(t) ]}/

‘o1 teRY
a— 1 —
—i—Zak su Nt — i) M
j p{e |z (t) |} df
2 ()
1 n Nt t—7; ua 1 —Nu —NT
< mz%kﬂx y||—|—Za]k sup {e=""z(t) |} idu
j=1 j=1
—NT; N(t—7;) ,u/oc—le—u
k|lz— k; Nt e_/ —d
< Nazaj E y||+Za] sup (e alt) v} o [
—N’TJ
< NQZajk|]x—yH+Zajk sup {e ™ |z (t) — y()|} Na
7j=1 7=1
n 1 n
< — a;kl|lx —y|| + — ajkieNTi sup e N x(t) — y(t
v okl =l e o™ s e a) )
1 <& N
< 2 Sy (ke ke [l =)
j=1

Now, choose N large enough such that %2?21 a; (k + kje_NTj) < 1. So, the map
F : X — X is a contraction and it has a fixed point x = F'z, and hence there exists a
unique x € X which is a solution of integral equation (3.4)).

We now prove the equivalence between integral equation and nonlinear fractional

differential equations (3.1))-(3.3)). Indeed, sincex € X and I'~“xz(t) € C'(X), applying the

3.2. Existence of a unique solution for nonlinear fractional differential equations
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operator I'™* on both sides of (3.4)), we obtain

I'eg(t) = le_o‘laaj(t)f(t,x(t),x(t—7']-))

= > Ta;(t)f(t (1), x(t — 7))).
j=1
Differentiating both sides,
DIn(t) = 3 Dlay() (1, 0(t), 2(t — 7)),
j=1

we get
Da(t) = 3 ay(0) (1, 2(1), a(t = 7)), 1> 0,

which proves the equivalence of (3.4) and (3.1)).We want to prove that lim; .o+ x = 0.
Since a;(t)f(t,z(t), x(t — 7;)) are continuous on [0,77], there exist constants m, M such
that m < a;(t)f(t,z(t),x(t — 7;)) < M. We have

1

I%(t) f(t, x(t),x(t — 75)) = m /0 (t — s)o"laj(s)f(s, x(s), x(s — 7;))ds,

which implies

a—1

t—<t_8)a_1 S @ x(t), x(t — 7, t—(t_8>
m [ s < It —ry) < 01 [ ST

Pt —s)ot o o o Pt —s) .
nm/o s ]Zlf as () (1, 2(t), 2t — 7)) < M/O s

ds,

which in turn implies

te N te
nmm < ;[ a;(t)f(t z(t),z(t — 75)) < ”Mm7

and

Then from (3.4]) lim; .o+ z(¢) = 0 and from (3.2), we have lim; .o+ ¢(t) =0. =
Now, for t € (—o0,T],T < o0, the solution of nonlinear fractional differential equations

(3.1)-(3.3) takes the form
o). o
x(t) = 072 t=0,
Zlﬁfot(t— 3)0‘—1@]-(5>f($,33(3),x(3—Tj))ds, t>0.
j:

3.2. Existence of a unique solution for nonlinear fractional differential equations



Chapter 3. Existence and uniqueness for delay fractional differential equations 47

3.3 Stability of a unique solution for nonlinear frac-
tional differential equations

In this section, we study the stability of the solution of nonlinear fractional differential

equations ({3.1))-(3.3)).

The Z(t) is a solution of the nonlinear fractional differential equations

| PrE () =2 a () f (8T (), T (E—75)), £ >0,
(P) F(t) = (1) fort <0 and lim, o () =0,
I'F (t) =0 = 0.

Definition 3.1 The solution of nonlinear fractional differential equation (3.1)) is stable if
for any € > 0, there exists § > 0 such that for any two solutions z (¢) and z () of nonlinear
fractional differential equations — and P respectively, one has H¢ (t) — 5 (1) H <0,
then ||z (t) — 7z (t)|| < e for all ¢ > 0.

Theorem 3.2 The solution of nonlinear fractional differential equations (3.1)-(3.9) is

uniformly stable.

Proof. Let z (f) and 7 (¢) be the solutions of nonlinear fractional differential equations

— and P respectively, then for ¢t > 0, from , we have

[z (1) — 2 (t)| = Zfaaj (t) f(t,x (t),2(t — 75)) Z[O‘aj F(6),5(t — 7))

"Lt — )t

= ;/ﬁ o) la;(s)f(s,2(s), (s — 75)) — a;(s) f(s,3(s), (s — 7;))| ds
- Lt —s)!

<3 o || iy et - 3001 d
n Tj (t_s)a 1 N B

+2_aik T T(a) 19T mols )| ds

+Zajkj/' (t;(z))”‘_ (s — ;) = F(s — 7;)| ds

3.3. Stability of a unique solution for nonlinear fractional differential equations
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and
e a(t) — 2(1)]
n t t — g)e1 _
< ;ajk/o (F(%.z)emts)em |z(s) — z(s)|ds
n T _ a—1 N
+ Z ajkj/ (t=s)” e NU=st7)e=NE=7i) 1h(s — 1) — p(s — 7;)| ds
= 0 ['(a)
a bt —s)ot
e —N(t—s+7;),—N(s—T _ o d
# 3y [ e NN s = ) = e =
1 n Nt ue 1 e U
< s 2 oikllelt) =3 ol
O (t—0— Tj)a_l e~ N(=0)
+Zaﬂf ) sup {¢ {e™ o) - ¢(t)‘} /_ ) ) d6
J
t—7; t— _7_) —1 7N(t 9)
—|—jzla]k; Sup {e Nt |z (t) |} f‘(a) do
1 © _
< 2 gk la() ~ ()]
j=1
~ e N7 Nt u—le—Nu
e S s (o a0} [, g
7NTJ N(t—75) uaflefu
—i—ZaJk sup {e ™" |x(t) — Z(t)|} e / o) du
j=1 0
1 < ~ 1 N _ _
S Ve > ak||x(t) — F(1)]| + N > ajkje N sup {e N |z(t) — 2(t)|}
Jj=1 j=1
1 © -
+ — aikie ™™ sup {e N |o(t) — B(t ‘
i 2 eakae ™ sup (e o)~ 900}
1< N N -
< 2o a5 (b kie™) Jlo() = F0) | + Zaﬂc e ||ott) = 301
j=1
Then
1 n . _ 1 n . _
L= D ay (ki ke ™ ’)] lo(t) = F(O)) < 575 D ashie™ ||o(t) - ¢(¢)H
J=1 Jj=1
and

Je(t) — FO) < >k [1 - > (it @e‘“ﬁ)] o) =5
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NDC

-1
n . '(:‘_NTj n '
therefore, for € > 0, we can find 0 = Z]_IL) [1 — % ijl a; (k + k‘je_NT]ﬂ €

such that Hgb(t) — 5(@“ < 0. Then ||z(t) — z(t)|| < ¢, which proves that the solution x(t)

is uniformly stable. m

3.3. Stability of a unique solution for nonlinear fractional differential equations
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Stability in delay nonlinear fractional

differential equations

In this chapter, we give sufficient conditions to guarantee the asymptotic stability of
the zero solution to a kind of delay nonlinear fractional differential equations of order «
(1 < o < 2). By using the Krasnoselskii’s fixed point theorem in a weighted Banach space,
we establish new results on the asymptotic stability of the zero solution provided that
g (t,0) = f(¢,0,0) = 0, which include and improve some related results in the literature
(see [9]).

4.1 Introduction

Fractional differential equations with and without delay arise from a variety of applic-
ations including in various fields of science and engineering such as applied sciences,
practical problems concerning mechanics, the engineering technique fields, economy, con-
trol systems, physics, chemistry, biology, medicine, atomic energy, information theory,
harmonic oscillator, nonlinear oscillations, conservative systems, stability and instability
of geodesic on Riemannian manifolds, dynamics in Hamiltonian systems, etc. In partic-
ular, problems concerning qualitative analysis of linear and nonlinear fractional differen-
tial equations with and without delay have received the attention of many authors, see
[T, 2, 12, 17, 24], 25, 34, [35], 40], 411, 42| [46], 48], [59] and the references therein.

Recently, Agarwal, Zhou and He [2] discussed the existence of solutions for the neutral

fractional differential equation with bounded delay

{ D (a(t) — gt 2,) = f (t,z,), t > to,

xto = ¢7

where ¢ D® is the standard Caputo’s fractional derivative of order 0 < o < 1. By employ-
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ing the Krasnoselskii’s fixed point theorem, the authors obtained existence results.
The delay fractional differential equation
dOé
Cnlt) = f (t(t) ot — 7)), £ € [0,7],
z(t)=0¢(t), te|-7,0], 0<a<]l,
has been investigated in [I], where —— denotes Riemann-Liouville fractional derivative
of order 0 < o < 1. By using the Krasnoselskii’s fixed point theorem, the existence of
solutions has been established.
In [24], Ge and Kou investigated the asymptotic stability of the zero solution of the

following nonlinear fractional differential equation

{CD&ﬂﬂzf@x@%t>&
x(0) = xo, 2/(0) = a1,

where ©Dg, is the standard Caputo’s fractional derivative of order 1 < a < 2. By
employing the Krasnoselskii’s fixed point theorem in a weighted Banach space, the authors

obtained stability results.

In this paper, we are interested in the analysis of qualitative theory of the problems
of the asymptotic stability of the zero solution to delay fractional differential equations.
Inspired and motivated by the works mentioned above and the papers [1, 2, 12} 17, 24]
20, (341, 35, [40], 41, 42] 146, 48], [59] and the references therein, we concentrate on the
asymptotic stability of the zero solution for the nonlinear fractional differential equation

with variable delay

{CD&ﬂﬂszx@ﬂﬂ—T@»+CD&@@x@—ﬂm%t>Q
x(t) = ¢(t), t € [mo,0], 2/(0) =y,

where 1 < o < 2, R* = [0,400), 7 : Rt — R* is continuous with ¢t — 7(t) — oo as t — oo,
mo =infso{t —7(¢)}, 21 €R, g: Rt xR —>Rand f: R" x R x R — R are continuous
functions and ¢(¢,0) = f(¢,0,0) = 0, “Dg, is the standard Caputo fractional derivative
and we denote the solution of by z (t, ¢, z1). To show the asymptotic stability of the

zero solution, we transform (4.1]) into an integral equation and then use Krasnoselskii’s

(4.1)

fixed point theorem. The obtained integral equation is the sum of two mappings, one is

a contraction and the other is compact.
This paper is organized as follows. In section 2, we introduce some notations and lem-

mas, and state some preliminaries results needed in later sections. Also, we present the
inversion of (4.1)) and the Krasnoselskii’s fixed point theorem. For details on Krasnosel-
skii’s theorem we refer the reader to [55]. In Section 3, we give and prove our main results

on stability.

4.1. Introduction
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4.2 Preliminaries and inversion of the equation

The following Banach space plays a fundamental role in our discussion. Let h :
[mg, +00) — [1,4+00) be a strictly increasing continuous function with h(mg) = 1,
h(t) — oo as t — oo, h(s)h(t — s) < h(t) for all mg < s <t < oo. Let

E = {x € C ([mg, +00)) : sup |z(t)] /h(t) < oo} :

t=mg

Then E is a Banach space equipped with the norm ||z|| = sup;,, |Z8‘ For more prop-

erties of this Banach space, see [35]. Moreover, let

lell, = max {[e(s)] : mo < s <t}

for any ¢ > myg, any given ¢ € C ([mg, +o0)) and let S(e) = {z € E : ||z (t)]| < € for
t € [mg,+o0) and x (t) = ¢ (t) if t € [my,0]} for any & > 0.

Lemma 4.1 ([24]) Let r € C ([mg, +00)). Then x € C ([mg, +00)) is a solution of the
Cauchy type problem

“Dg z(t)=r(t), te R, 1<a<2, 42)
z(t) = ¢(t), t € [mo,0], 2'(0) = 21, ’
if and only if x 1s a solution of the Cauchy type problem
P(0) = (D) + o, tERY, w
x(t) = o(t), t € [mo,0].

Lemma 4.2 Let k € R. Then x € C ([my, +00)) is a solution of [§.1] if and only if
1 — ekt

k
. /0 e M) (ka(s) + g(s, 2(s — 7(s)))) ds

z(t) = p(0)e ™ + (1 = g(0,¢(=7(0))))

1 L —k({t—=8) (o _ ., \a—2 o
+ =1 /0 /u e (s —w)*2dsf(u, z(u), z(u — 7(u)))du. (4.4)
Proof. Let z € C ([my, +00)) be a solution of (4.1]). From Lemma [4.1] we have
@'(t) = Igy " (f (8, 2(t), a(t — 7(t)) + “Dgg(t, a(t — 7(1)))) + 21, t € RY,
z(t) = ¢(t), t € [mo,0].

Then
(1) = gy Jo (e — 572 (s, (5), a5 — 7(5)))ds
+g(t,z(t — (1)) — 9(0,6(=7(0))) + z1, t € RT, (4.5)
z(t) = ¢(t), t € [my,0].

4.2. Preliminaries and inversion of the equation
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Rewrite (4.5)) as

(1) 4k (8) = ke (8) + gy Jo (0= 5)°2f (s,2(s), (s — 7(s)))ds
+9(t,x(t —7(t)) — 9(0,6(—7(0))) + =1, t € RY,
z(t) = ¢(t), t € [my,0].
By the variation of constants formula, we obtain (4.4). Since each step is reversible, the

converse follows easily. This completes the proof. m

Definition 4.1 The trivial solution z = 0 of (4.1)) is said to be
(1) stable in Banach space F, if for every € > 0, there exists a § = 6 (¢) > 0 such

that [¢(t)| + |z1| < ¢ implies that the solution (t) = x(t, ¢, 1) exists for all ¢ > mg and
satisfies ||z|| < e.
(77) asymptotically stable,if it is stable in Banach space £ and there exists a number

o > 0 such that |¢(t)| + |z1| < o implies lim; ., ||z(¢)|| = 0.

4.3 Stability and asymptotic stability

Before stating and proving the main results, we introduce the following hypotheses.
(hl) g and f are continuous functions and ¢(t,0) = f(¢,0,0) = 0. g is also supposed to
be locally Lipschitz continuous in z. That is, there is a Ly > 0 so that if |z|, |y| < then

lg(t,z) —g(t,y) < Lgllz =yl (4.6)

(h2) There exists a constant 3, € (0,1) such that

B4 (1 + |L?g|> <1, (4.7)

and
e /() € BC (jmo, +00)) N L ([mo, +00)) , [K] /0 e h(u)du < B, < 1. (48)

(h3) There exists constants > 0, 8, € (0,1 —f3,) and a continuous function f :
[0,00) x (0,m] x (0,n] — R* such that

|f (&, v1h(t), vah(t — 7(1)))]

- < 7t o s, (49)
holds for all t > 0, 0 < |v1], |ve| < 1 and
PK(t—u) -

ik U du < 1- 8, 4.10

st;lg/o W= u) Jlu,rira)du < By <1 -5, (4.10)

4.3. Stability and asymptotic stability
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holds for every 0 < r1,79 < 1, where f (t,r1,72) is nondecreasing in r; and rq for fixed t,
f(t,r1,m39) € L' ([0, +00)) in t for fixed r; and 75, and

[re =9 (s —u)*=2ds, t —u >0,

411
t—u<0. ( )

1
K(t—u)= { 0 Ple-1)

Theorem 4.1 Suppose that (hl) — (h3) hold. Then the trivial solution x = 0 of is

stable in Banach space E.

Proof. For any given € > 0, we first prove the existence of § > 0 such that
|6 (t)| + |z1| < 6 implies ||z]| < ¢

In fact, according to (4.8), there exists a constant M; > 0 such that

<M. (4.12)

By (14 Bz )|k )
Let 0 < § < gw | k‘l JE(I +'J'\“/[1)) (1jZL)|5' Consider the non-empty closed convex subset & () C E,

for t > 0, we denote two mapping A and B on & (g) as follows:

x :; t te_k(t_s)s—uo‘_2s u, z(uw), x(u—7(u)))du
Ax(t) = o [ [ e s = 0 Rl o = (@)

= /0 Kt —u)f(u,z(u),z(u—71(u)))du, (4.13)
and
1— ekt
Ba(t) = ¢(0)e ™ + ——— (21— (0, 6(=7(0))))
+ /0 e =9 (ka(s) + g(s, (s — 7(s)))) ds. (4.14)

Obviously, for z € & (g), both Az and Bx are continuous functions on [mg, +00). Fur-
thermore, for x € S (¢), by (4.8)-(4.10) for any ¢ > 0, we have

|Aa: PRt —u) | f(u,z(u), z(u — T(u)))|du
h(t —u) h(u)
K(t—u) [z(w)] [2(u —7(u)|
/ = (e )
< By HxH < Bye < 00, (4.15)

4.3. Stability and asymptotic stability
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and

|Bx ]¢ t+1k—hg)t<xl_g<o,¢<—7<o>>>>

t e—k(t—s)
+/0 iy (ko) + als.als = () ds

M, *° 7ku Lg

< Mi|g(0)] + LR Tk‘| (lz1] + 19(0, ¢(=7(0)))]) + Vf|/ m) ]
M,

< W00+ E (ol + Ly o0 + 641+ Wg <x. (@)

Then AS (¢) C E and BS (¢) C E. Next, we shall use Theorem [4.1] to prove there exists
at least one fixed point of the operator A + B in & (g). Here, we divide the proof into

three steps.
Stepl. We prove that Az + By € S (e) for all z,y € I (e).

For any z,y € S (¢), from (4.15)) and (4.16), we obtain that
|Az (1) + By (t)] { 1™

e e
sup = sup

20 h(t) >0 ¢(0) + (1 = 9(0,(=7(0))))

h(t) " kh(t)
t 7k(tfs) L J
< [f W( (s) + gls,y(s — 7(5)))) ds
/ KA t — ) flu,z(u), z(u — 7(u)))du }

1+M

00 fku L
FIn [ s (14 58 Il + s e

My |k 1 M) (1+ L L

which implies Ax + By € J (¢) for all z,y € I (e).
Step 2. It is easy to see that A is continuous. Now we only prove that A () is a relatively
compact in E. In fact, from (4.15), we get that {x(t)/h(t): x € S (e)} is uniformly

— (21l + Lyd)

bounded in E. Moreover, a classical theorem states the fact that the convolution of an
L'-function with a function tending to zero, does also tend to zero. Then we conclude

that for t — u > 0, we have

. K({t—u) _ .. 1 bemk(t=9) (5 — )22
0< lim —= <1 d
P h(t — u) P ['a—1) /J h(t —u) h(s—u) i
1 t e—k(t—u—s) a—2
iirm_1péh@—u—@h@)s ’ (4.17)

4.3. Stability and asymptotic stability
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due to the fact lim; ., % = 0. Together with the continuity of K and h, we get that
there exists a constant My > 0 such that
K(t —u)
— | S My, 4.18
‘ h(t — u) ? (4.18)

and for any Ty € R*, the function K (t — u)h(u)/h(t) is uniformly continuous on {(¢,u) :
0<u<tL To} For any ti,to € [O,To], t1 < g, We have

_ /OZMf(u,x(u),x(u — r(w)))du

ANOY hlE2)
— Otl %f(u, z(u),z(u —7(uw)))du
< [Pt B ).t - )
+/: %f(u,a,g)du
. /Otl K(tgh—tz))h(u) _K(tlh—(:))h(u) Flwee)du

to B
+M2/ f(u,e,e)du — 0,
t1

as ty — t1, which means that {z(¢)/h(t) : x € S (g)} is equicontinuous on any compact
interval of R™. By Theorem [2.2 in order to show that AS (¢) is a relatively compact set
of E, we only need to prove that {z(t)/h(t) : € I ()} is equiconvergent at infinity. In
fact, for any £, > 0, there exists a L > 0 such that

Mg/ fuee)du < =
I 3

According to (4.17)), we get that

K(t— K(t—L K
lim sup M < max { lim ¢ ), lim ) } = 0.
S A

Thus, there exists T' > L such that ¢, > T, we have

sup K(ts —u)h(u)  K(ti — u)h(u)
uel0, 1) h(ts) h(t1)

K(tl — U)
h(tl — 'U,)

S K(tQ — U)
- welo,r] | h(ta —u)

< 83—1 </0 f(u,e,a)du)

sup
u€e[0,L]

4.3. Stability and asymptotic stability
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Therefore, for t1,to > T,

Aw(tg) Al’(tl) t2 K(tQ — U)

flu,z(u), z(u — 7(u)))du

W) h(t) o ht)
_ % fu,o(u), 2 (u — 7(u)))du
<, [y ey
. :2 %ﬁ(u,g, &) du + Ltl %f(u,w) du
<2, / Fluee

Hence the required conclusion is true.
Step 3. we claim that B : J(¢) — E is a contraction mapping.
In fact, for any =,y € S (¢), from (4.6])-(4.8), we obtain that

= sup
>0

tefk(tfu)
/0 7 (o) + gl = () du
te—k:(t—u)
- [ S )+ gl = ) o
ek () — y(u)
Sl ae—w k)

t o—k(t—u) |g( (u _ T(u))) — g(u,y(u — T(U)))|
o [ i) "

t e—k(t—u) L
< |k ——du | 1+ x —
b ) gyt (1 ) b=
L,
< (1458 ) o=l <l = ol

By Theorem [2.8] we know that there exists at least one fixed point of the operator A+ B

1-8, (1+29) 8, |k
in S (). Finally, for any e; > 0, if 0 < 07 < |<k|M11JS(:j}1))(1jzg) g9, then |¢ ()| + |z1] < 6

Ba(t)  By(t)
Rt h(Y)

sup
=0

du

4.3. Stability and asymptotic stability
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implies that

e—kt 1_e—kt
Joll = sup { |60 + iy (01 = 900, 6(-7(0)
t 7k(tfs)
+ [ S Uhet) + gl (= r(u)) du

/ Kt—u (u, z(u), z(u — 7(u)))du

|

ekt }1_ —kt}
\igg{% (0)+W(|$1|+Lg|¢(—7(0))|)

b [ s (el + 22 et ) do

K t—u If u x(u) 2(u = 7(w)
/ ht = u) h(u) d“}
1+ M, L,

B2 e 100+, (1422 ) el + B
o KM+ (L4 M) (1 + Ly)

(- (i) )

Thus, we know that trivial solution of (4.1)) is stable in Banach space F. m

< Myoy +

Theorem 4.2 Suppose that all conditions of Theorem[{.1] are satisfied,

lim e /h(t) = 0, (4.19)

t—00
and for any r > 0, there exists a function ,.(t) € L' ([0,4+00)), ©,(t) > 0 such that
lu| , [v| < r implies

|f(t,u,v)] /h(t) < p,.(t), a.e t€[0,+00). (4.20)

Then the trivial solution of 18 asymptotically stable.

Proof. First, it follows from Theorem [4.1] that the trivial solution of (4.1)) is stable in the
Banach space E. Next, we shall show that the trivial solution z = 0 of (4.1)) is attractive.
For any r > 0, defining

%Jﬂz{$€%&%}mmﬂﬂMﬂ:0}
We only need to prove that Az + By € S, (r) for any x,y € S, (r), ie.

Az(t) + By(t)
h(t)

— 0 ast — oo,

4.3. Stability and asymptotic stability
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where

Aa(t) + By(t) = 9(0)e ™ + ——— (21 = 9(0,6(~7(0)))
+ /0 e =) (ky(u) + g(u, y(u — 7(u)))) du

+ /0 K(t—u)f(u,z(u), x(u — 7(u)))du.

In fact, for =,y € 3, (1), based on the fact that used in the proof of Theorem (Step2),

it follows from (4.6)-(4.8) and (4.19) that

/t e—k(t—u) (ky(u) + g(u, y(u — T(U))))d
o h(t—u) )

u — 0,

and R )
K(t—u)  Ju o (s —w)ds
h(t —u) F(a - 1)

as t — oo. Together with the hypothesis ¢, (t) € L' ([0, +00)), we obtain that

— 0,

Kt—u|fux(u),:v(u—7 Kt—u
h(t — u) h(u) At —u)

(u)du — 0,

as t — oo. Thus we get the conclusion. m

4.3. Stability and asymptotic stability
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